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In this paper we consider the overdetermined system of equations:
|grad u|=g(u), Au=h(u), (1)

for a real function u defined on an open connected set £ in R°. Under the assumption that
grad u never vanishes, we show that the solution ¥ must have an extremely restricted
behaviour. In particular, its level surfaces are necessarily either all concentric spheres, or
all concentric circular cylinders, or all parallel planes (or pieces of these).

The system (1) arises in the theory of phase transitions, as shown in the paper in this
journal by James Serrin. His suggestion that the above result would be useful in
Korteweg’s theory was the motivation for this note.

We now formally state the result and its proof.

THEOREM. Let u: € — R be of class C? on a connected open set £ in R°, and suppose that
|grad u|=g(u), Au=h(u) inQ,
where g: u(2) - /", h: u(Q) — R are of class C' and class C° respectively.
Then the level surfaces of u in § are all of one of the following three types:
(1) pieces of concentric spheres;

(i1) pieces of concentric circular cylinders;
(ii1) pieces of parallel planes.

Proof. We first show that it is possible to take g(u) = 1, without loss of generality.
Indeed, consider the function v: & - R defined by

o(x) = /a 20}

where a is some fixed number in u(§). Since g is of class C' and g(¢) # 0 for ¢ € u(Q), it
is evident that v is of class C? in &, and moreover that

lgradv|=1, Av=[h(u)/g(u)] —g'(4) inQ.
Because of the identity

u(x)=a +fv(x)g(t) dt inQ
0
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clearly the function [A(u)/g(u)] — g’(u) can be written in the form A(v), with
h: v(Q) - R of class C°.

If we can show that the level surfaces of v are either concentric spheres, or concentric
circular cylinders, or parallel planes, then the same would of course hold true for u, and
the proof would be complete. Consequently in what follows we can assume g(u) = 1.

Consider now any orthogonal trajectory I' of the level surfaces of u. This is defined as a
solution x: I — R of the differential equation

%x(s) = (grad u)(x(s)),

where s € I and I is an interval of ®. Naturally the solution can be continued until it
leaves ©, because the function (grad u)(x) is of class C' in Q. By differentiation, for each
i = 1,2,3 we obtain

:;"'S_Zz(x,(s)) =%(%}("(s»)

_3 P w0 (13
= ,2/.= dx; Ox,

: d
§ xax ds %, (x)

I

Ox; ax ax ox,

Iaixi(glg(u)lz);

where the expressions on the right hand side are evaluated at the position x(s).
Since g(u) = 1, it follows that d%x/ds? = 0; that is, T is straight. Even more, since

d
‘d—: =|gradu|=1,
we see that s is the arc-length along I'; and because

dx; S 0u du ,
—u(X(S)) E ax = —Flgja—xj—lg(u)l =1,

the value of u varies linearly with s along I'.
We now evaluate the mean curvature H: Z_ — } of any level surface

Z.={x€eQu(x)=c}

of u, using the well-known, and easily proved, formula (cf. [3] pages 306-307)
Au=u,,+2Hu, onZ,,

where u, denotes the first directional derivative, and u,, the second directional derivative

of u along the normal to 2 at x.
Observing that

the above formula yields
H(x) = 3h(u(x)), forx€Z,.
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It follows that the mean curvature of 2 _ everywhere has the same constant value 1A(c).
Let 2, denote the fixed level surface =, of u. The level surfaces 2, near Z, are
obviously parallel to 2, since by the condition du/ds = 1 on T they can be obtained as
the locus of points on the normals to Z, which have distance ¢ — ¢, from £,. A
well-known formula for the mean curvature of parallel surfaces (see [1, p. 209]) states that

H(x)= H(y)_SK(y) ,
1 —2sH(y) + s2K(y)
where s is the distance between the surfaces = and 2, along any normal T and x and y lie
on the same normal.
In our case H(x) = h(c)/2, H(y) = h(cy)/2 and s = ¢ — ¢,. Thus for y € Z; and ¢
near c, we have

xXEZ.,y €2,

h(co) - 2(" - Co)K(J’)
5 .
1—(c— Co)h(co) + (¢ = ¢o) K(y)
Since the right hand side, for fixed y, is a rational function of c, it follows that 4 is also.
Hence we can differentiate both sides with respect to ¢ and then put ¢ = ¢, to obtain

(co) = -2K(p) + (h(cy))’,

h(c) =

or, in other words,

K(y) =[(h(e))* = H(er)] /2.
Thus 2, and in consequence any level surface 3 of u, has constant Gaussian curvature as
well as constant mean curvature.

Now any surface having both constant Gaussian curvature and mean curvature is a
piece of either a sphere, or a circular cylinder, or a plane (see [1, p. 263] and use Theorem
2.7, p. 255, and formulas on pp. 86-87 and 91). Thus each level surface = of u is a piece of
either a sphere, or a circular cylinder, or a plane. But also these level surfaces are parallel.
Thus, if 2, were a piece of a sphere, for example, then all the level surfaces = of ¥ would
be pieces of concentric spheres. Similarly, if 2, were a piece of either a circular cylinder,
or a plane, then the other level surfaces would be pieces of either concentric circular
cylinders, or parallel planes.

The proof is now complete.
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