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A PERTURBATION METHOD
FOR SOLVING A QUADRATIC EVOLUTION EQUATION*

By
JOHN W. HILGERS anD ROBERT J. SPAHN

Michigan Technological University

Abstract. A quadratic evolution equation of the form
u= Lu+ eQu
is considered where L and Q are particular linear and quadratic integral operators
respectively. This equation has been proposed to describe the variation with time of
u(x, t), the volume density of an ensemble of particles undergoing concurrent coalescence
and fracture.

The equation is solved in an important special case by standard perturbation techniques
where ¢ is the sufficiently small parameter. This method, in combination with certain
results from the theory of semigroups of linear operators, provides computable approxi-
mations as well as an existence proof. An example is also given.

A number of mechanical and physiochemical processes involve ensembles of particles
undergoing concurrent coalescence and fracture (see bibliography in [4]). The result is an
ensemble volume density that varies with time.

An equation proposed by T. H. Courtney (see [4]) to describe the evolution of the
volume density with time is:

du _ —Bx“u(x,t) — Cx"u(x, t)/V°_xy7u(y, t)dy
ot 0

Vo gm C rx
+2B [y ‘u(y,t)dy+7f0y’(x—y)’u(y,t)u(x—y,t)dy

with u(x,0) = up(x) for0 < x < ¥,. (1)

In (1), u(x, t) dx is the number of particles at time ¢ with volume between x and x + dx,
uo(x) is the initial volume distribution and

Vo= £ Voxuo(x) dx = total volume of all particles in the ensemble. (2)

* Received November 10, 1982. The authors wish to thank Professor Otto Ruehr of Michigan Technological
University for the vital help he provided.
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Parameters B and a are positive and represent the “tendency to fracture”. C is a positive
constant representing the “coalescence tendency” and y gives the dependence of coales-
cence on particle size. If particles are spherical and coalescence depends on surface area
theny = 2/3.

In [4] it was shown that a unique, nonnegative, volume conserving solution to (1) exists
for all # = 0 in the L, space,

X= {f: /Oyolf(x)|xdx<oo}.

In the present paper an alternate representation for this solution is derived which may in
some cases be more useful computationally. Since this coincides with the solution
constructed in [4] (by means of Picard iteration) no attempt will be made to rederive the
above properties.

Equation (1) will be simplified by introducing the substitution

w(x,t) = x"u(x, 1), (3)
in which case (1) becomes
B = L+ eQw, w(x,0) = xTup(x) = wy(x) 4)

where

Lw = —Bx°w(x,t) + 2Bx7fV°y“'7_‘w(y, t)dy
X

ow = g—x’fxw(y, tw(x —y, t)dy — Bx"w(x, t)fVo_Xw(y, t)dy
27 Uy 0

e=C/B.
L is the linear “fracture” operator (terms with coefficient B) and Q is the quadratic
“coalescence” operator.

It is convenient from several standpoints to solve (4) in L,[0, V], that is, seek
w(-, t) € L,[0, V,] for each ¢ = 0 which solves (4). It is thus assumed that (i) y < 3/2 and
(ii) ¥ < a. Condition (i) ensures that u(-, t) € X whenever w(-, ) € L,[0, V;]. Condition
(ii) guarantees that L is bounded from L,[0, V] into itself (see Proposition 1 below).

In (4) the ¢eQw term is to be viewed as a perturbation on the linear problem,
dw/dt = Lw. When this approach is taken one often seeks a solution valid for e
sufficiently small. Since ¢ = C/B this defines the condition C < B, or a situation in which
the effect of coalescence is small compared to fracture. This case is of interest to
researchers in the field. It turns out, however, that the solution developed below is good
for arbitrary e. Inequality (15) below implies a trade-off between the size of € and the time
interval [0, T'] on which the series solution is known to be valid. Regardless how large ¢
becomes, a sufficiently small T can always be found so that (3) and (5) give a unique,
nonnegative solution to (1) valid on [0, T']. It is an open question whether stronger results
can be obtained, for example, if the series solution remains valid outside [0, 7] and
possibly for all ¢ = 0.
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Following standard perturbation procedures (see [3] and [5]), a solution in the form

o0

w(x, 1) = X ep,(x,1) (5)

k=0
is substituted into (4). Equating coefficients of &* the following equations obtain:

W:Lpo fork =0,

- =Lp,+f, fork=1

where
|

B 'S
) =327 2 [p(r, 0picui(x =y, 1)

0
k—1 Vo—x

—Bx?” 2 pn(x’ t)/ pk—n—l(y’t)dy' (6)
n=0 0

Once initial conditions are specified these equations can be solved recursively since f,
involves previously computed p;’s. Now,

o0

w(x,0) = 2 e"pk(x,O) = Wo(x),
k=0

therefore choose
pO(x’O):wo(x)’ pk(x’O)EO’ k= 1’
leading to the fully specified initial value problems

ap
th = Lp,, Po(x’o) = Wo(x)

dp
a—tk=ka+fk, pi(x,0) =0, k=1. (7)

To solve (7) the theory of semigroups of linear operators is utilized (see [6, Chap. 1X],
[1, Chap. I} and [2, Chap. XVII, Sec. 1.7]). The correspondences:

pi(-, 1) o ¥ (1),
fk(" t) HFk(t)»
w(-, 1) o ®(1)

are made where {¥, }, { F;} and ® are functions from [0, c0) into L, [0, ¥;,]. The system (7)
then becomes

¥, = LYy, ¥(0) = w,
¥, =LY, +F, ¥(0)=0 k=1. (8)

Hereafter the norm || - || will denote the usual L,[0, V] norm. The same notation will
also denote the operator norm for operators in B(L,, L,).
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PROPOSITION 1. If & > vy then L is a bounded, linear operator from L, [0, V;] into itself.
Proof. Using the triangle inequality,

LKl < Bllx*h(x)ll + 2B

Vi

x [ @)
0

For the first term,

7
xh(x)12 = [“x2h(x)" dx < VeIl
0
Using the Schwarz inequality in the second term, it is clear that

2 2
x7 [yerta( ) dy” = fOVde xz*(fy"y“""h(y) dy)

All2V2e . 1
— ~ faFy+3,
<) 22y +1) 2
VA 750 ifa=y+%.
From this it follows
Byl + _z ifa#y-kl,
Ll < a2y +1) 2
3BV§ fa=v+ % Q.E.D.

Using the usual variation of parameters formula (see [6, Chap. XIV, Sec. 5] and [1,
Chap. |, Sec. 3.3]), the formal solutions to (8) are

¥(1) = e'Cw,,

V(1) =/’e<f—s>LFk(s) ds, k=1, (9)
0
and so

[e¢]
O(t) =elwy + ekfte(’_‘)LFk(s) ds. (10)
k=1 "0

PROPOSITION 2. If F, is continuous from [0, c0) to L,[0, V], so is LF,.
Remark. Hereafter the term continuity will mean strong continuity.
Proof. This follows directly from the boundedness of L. Q.E.D.

THEOREM 1. The functions {¥,: k = 0} given in (8) and {F,: kK =1} given by (6) are
continuous functions from [0, c0) to L,[0, V;].
Proof. The proof is inductive and in three steps. Step 1. Show ¥, is continuous. Step 2.
Show F, is continuous if ¥,, ¥,,..., ¥, _, are. Step 3. Show if F, is continuous, so is ¥,.
Step 1: The properties of the exponential operator (see [6, Chap. IX, Sec. 1]) give

Yo(2 + Ar) — Yy (1) = [e"F20F — e'E]wy = e L[ 2L — I]w,.
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Therefore,
1, (2 + At) — ()l < lle'E I Te®E = I lwg I
< /ML AL — 1)) lwyll > 0 as At - 0.
Step 2: Repeated use of the triangle and Schwarz inequalities yields (omitting the
details):
| F (¢ + At) — F (2)ll

3B k—1
<S Vo2 2 I, (e + MDY, (¢ + A1) = ¥, (1)
n=0

+“‘I,k—n—l(t)” “\I’n(t + At) - \I,n(t)“}

This proves step 2.
Step 3. From (9) we have

W, (1 + A1) — ¥ (1) = ]0 FramLE () ds
—/Ole("”"Fk(s) ds.

If [{*4e""9LF,(s)ds is added and subtracted then taking norms, (see [2, Chap. XVII,
Sec. 1.7)) the following inequality obtains:

(1 + Ar) = B (1)l < (10— 1) [T AL B (5) ) ds
0

+/I+Ate|t—s| el I F,(s)Il ds.
t

Since F, is continuous it follows ¥, is also. This proves the theorem. Q.E.D.

THEOREM 2. The functions {¥,} given in (9) are strong solutions to (8).
Proof. Theorem 1 and Proposition 2 imply the hypotheses of Proposition 3.2, Chap. I of
[1] are satisfied. This proves Theorem 2. Q.E.D.

COROLLARY 1. ¥, exists and is continuous for k = 0.
Proof. This follows from (9) and Theorems 1 or 2. Q.E.D.
Although (9) gives solutions to (8), it remains to be shown that the series in (10)

converges and solves (4).
Assume 0 < ¢ < T for some T > 0. From (9) it follows that

I, ()l < eT"L"/OT||Fk(s)|| ds. (11)

To get an estimate for || F,(s)ll an argument similar to the proof of Theorem 1, step 2
yields

3B k—1
PAGIES S ASEION R AT /LR (12)

n=0
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Substituting (12) into (11) gives
k—1

||\1fk(z)||<3B Y2 IS f 1, (s)I I, (s)Il ds. (13)

n=

PrOPOSITION 3. For k = 0 and 0 < ¢ < T it follows

where
3B
b= ”WO”eTl!LII, COZTbTVYH/Z THLI
and
ap = 2 a,a,_,, a, = 1.

Proof. Inequality (14) is clear for k = 0. Suppose it is true for k = 0, 1,...,N. We show
(14) then follows if k = N + 1. Using (13) we have

Wy ()l < V**‘/2 TuLH 2 j 1, ()11 Wy, ()1l ds.

Applying (14) under the integral yields
B N
”\PN-H(I)” 'y+|/2 T“‘“TbZCN 2 a,an_,
n=0

=bCM*ay,,. QED.

THEOREM 3. Let T > 0 and ¢ > 0 satisfy
e<1/4C, (15)
where C, is given in Proposition 3. Then the series 27, ¥ ¥, and I, ¢*¥, converge in
L,[0, V,] uniformly in t for0 <t <T.
Proof. Using (14),

oo 0 [e <]
2 ()< T V()< T beCla,.
k=N+1 k=N+1 k=N+1
Now,
4 = (2k)!
kY (k+ 1)
so that a, < 4* for k = 0. Thus,
0 o0
S v ()l<b T (4G .
k=N+1 k=N+1
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If 4C,e < 1 this quantity is small if N is large. The bound is independent of ¢. From (8) it
follows

Il < UL+ IF Il fork =1
Then using (12) and (14) it follows
¥, 1l < bCfa, (IILII + Te™TIET)
and so the same argument gives the uniform convergence of 32, ¢¥,. Q.E.D.

THEOREM 4. If ¢ and T satisfy (15) then the solution given in (10) solves (4) for0 <: < T.
Proof. Using (8) and the linearity of L:
N

> "\If—LE "\I'+2 (F,=0).

k=0 k=0 k=0

Letting N - o0, and now using the continuity of L:

0

. oC oc
> e"‘I'kZL( > s"\I'k) + 3 €*F,.
k=0 k=0

k=0
The proof is complete if it can be shown that

% ¥, = 3 ¥, and (1)
k=0 k=0
o0 oC
eQ( > e"‘I’k) = Y &“F,. (i)
k=0 k=0

Equality (i) follows just as in advanced calculus since S%_, e“¥, converges uniformly and
¥, is continuous. Equality (ii) follows from the continuity of Q, the way {F,} is defined
and the convergence of 3F_, " || F, II. This proves the theorem. Q.E.D.

Before concluding with an example consider
PROPOSITION 4. If L is given in (4) then for h € L,[0, V]

e'“h = exp(—tBx*)

2tB 1 Vo qmy— k=1
Y a—y—1 a _ L«

X | h(x) + ax gl(a)k!(k_l)!fxy (y*=x%)"" "h(y)dy|.

(16)

Proof. Write e’ = 7181 . ¢2tBx"U yhere [ is the identity and
Uh = [y h(y) dy
X
is a Volterra integral operator. Clearly

e—th"I(h) — e—th"‘h(x)'

Further, a simple induction argument shows

(XYU)kh_Wf YT (e = x)  h(y) dy. (17)
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Using
(2tB)

ZthVU 2 ( yU)
=0
and (17), (16) follows. Q.E.D.
EXAMPLE. Assume initially all particles have the same volume, x,. Approximate this
initial distribution by

do(x) = ;Vgxwx ~ xo) (18)

where & is the Dirac §-function and the constant V,/x, is introduced to satisfy (2).
Substituting (18) into (16) gives

Po(x,1) = eer():e—sz 78(x—x0)
Xo
2tB) (xg —x9)"

Fala e O (5~ ) 3 % K (k= 1)

k=1

(19)

where H is the Heavyside unit step function.

Equation (19) gives the solution if € = 0, that is if there is no coalescence. The pulse at
X, is decreasing exponentially with time in favor of a continuum of smaller particle
volumes.

To observe the effect of coalescence the higher order terms must be included.

pix,1) = fo ‘e "OLF (5) ds
where
B x Vo—x
flx, 1) = EXYfO Po(y, 1)po(x =y, 1) dy — Bx"py(x, t)f0 " po(y. 1) dy.

To carry out the computation analytically is, even in this simple example, quite involved.
Multiplying the terms in (19) together and integrating yields for f; seven very complicated
terms. In the interest of brevity the terms in y, will be described qualitatively. New terms
introduced by ¥/, will be of the form

gi(x, 1)8(x — 2x,) + gy(x, ) H(x — xo)H(2x, — x),

where g, and g, are continuous in both variables. The pulse at x = 2x, results from the
coalescence of particles of volume x,. The continuum has been extended out to x = 2x,
by the second term. The O(¢) approximation will never introduce peaks beyond x = 2x,,.
If the €’p, term is included, however, terms like 8(x — 3x,) and 8(x — 4x,) will be
introduced and the continuum of values will be extended out to x = 4x,,.

The computational difficulties encountered in this relatively simple example suggest
that the equations be integrated numerically. This will be left for future consideration.

Summary. A nonlinear integrodifferential equation describing the evolution with time of
the volume density of an ensemble of particles is solved using perturbation theory. While
most appropriate in the case C < B, or fracture dominating coalescence, the solution is
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shown to be valid for all . Indeed, (15) implies a trade-off between the size of ¢ = C/B
and the time interval, [0, T'], on which the series solution is known to be valid. As ¢
increases, T must decrease. The question of the convergence of the solution outside [0, T']
for fixed & remains open.
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