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THE NONLINEAR CIRCULAR MEMBRANE
UNDER A VERTICAL FORCE*

By
R. W. DICKEY

University of Wisconsin, Madison

Abstract. The exact theory for the deformation of a plane circular membrane under a
vertical force is derived. It is shown that the system of equations can be reduced to a
single, nonlinear, ordinary differential equation. In addition it is shown that the Foppl
approximation is the first term in an asymptotic expansion of the exact theory.

1. Introduction. In 1907 Foppl [1] suggested an approximate theory for the study of
certain plane membrane problems. This theory has proved to be of particular interest in
studying the radially symmetric deformation of a plane circular membrane under a
vertical force. In this case the Foppl equations can be reduced to a boundary value
problem for single, nonlinear ordinary differential equation with the radial stress as the
quantity to be determined [2]. This equation has been studied in detail in [3-5].

One problem with the Foppl theory is the ad hoc nature of its derivation. Thus, even
though the Foppl approximations are physically plausible, there is not even a formal
mathematical justification. Indeed it is not clear in what sense, if any, the Foppl theory
approximates the exact theory nor is it obvious how to proceed in a systematic way to
obtain better approximations. In this paper we will show that the Foppl theory is the first
term in an asymptotic expansion of the exact theory and in addition, we will indicate the
procedure for obtaining higher order approximations.

The equations governing the radially symmetric deformation of a plane circular elastic
surface under a vertical pressure P (for simplicity we assume P is constant) is a
combination of three sets of relations—(1) the strain-displacement equations, (2) the
constitutive equations, (3) the equilibrium equations:

& =[(1+w) +(w)]"? -1, (1.1a)
g =u/r, (1.1b)
0, = 0,(6,, &), (1.22)
o = 0y(&,, &), (1.2b)
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i{ [ o(r+u)(1+u) } _ 00[(1 +u)? + (W,)z]l/Z =0, (1.3a)

I +wy+ wy]"”

4 olr + uhw’ }+ﬂ=0 (1.3b)
dar { [(1 + u’)2 + (w,)2]1/2 h

" =d/dr). u and w are the radial and vertical displacements, &, and &, are the radial and
circumferential strains, o, and o, are the radial and circumferential stresses, and 4 is the
thickness of the membrane. The Foppl theory assumes Hooke’s law. In this case the
equations (1.2) become

+ »&,), (1.4a)

0p = —L— (&, + v8,) (1.4b)

1 —»?

where F is Young’s modulus and » is the Poisson ratio. For the boundary conditions on
(1.1), (1.2) and (1.3) we prescribe either radial displacement (the displacement problem)

u(a) = p (1.5)
or the radial stress (the stress problem)
o(a)=o0 (1.6)

(a is the radius of the undeformed membrane). We also assume that w(a) = 0 and all
quantities remain finite at » = 0.

In Sec. 2 it will be shown that the system of equations (1.1), (1.2), and (1.3) can be
reduced to a single ordinary differential equation. In Sec. 3 we will obtain the Foppl
theory as the first term in an asymptotic expansion of the exact theory and we will
indicate how to obtain higher order approximations. In the appendix (Sec. 4) the
equations (1.1), (1.2), and (1.3) are derived.

2. Reduction of the equations. The pair of equilibrium equations (1.3) can be rewritten

d[rZ,(1+u) _

F{T} om0 (212
d|rZw Pr _
37{1+g,}+7“0 (2.1)

where we have introduced the change of variable
5=(1+8&)o, Zs=(1+6,)0,. (2.2)

In the case that the constitutive equations are derivable from a strain energy density
function, i.e. if there is a function W(&,, &,) such that

4 614

o 09:'8"5;

=36, (2.3)
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then

aw
ab,’
It will be assumed that this system can be solved for &, and &, as functions of =, and Z,.
A sufficient condition would be that the Jacobian

3((1 + &)aw /a6, (1 + &,)0W/3&,)

s, = (1+6,) s,= (1 +5,)g—5”£. (2.4)

#* 0. 2.5
(5. &) 23)
It is easily verified that if
W W (R4
267 067 ( 36,869) #0 (2.6)

when &, = &, = 0 then (2.5) will be satisfied when the strains are sufficiently small. In any
case we assume

6r:er(2r’20)’ 80:60(2r’ 20) (27)
The equations (2.1) may be integrated to find
r2(1+u)
e _/Ozodf, (2.8a)
rZw’ _ Pr?
1+6,  2h° (2.8b)
The equations (2.8) may be combined to show that
P2yt , 2112
r, = + ( 2 df) , 2.9
[ o [ ] (29)
. =Pri(1+u)
© 2hfJZ,dT (2.10)
The choice of the positive root in (2.9) insures that the membrane is in tension.
If equation (2.10) is combined with (1.1a) we find that
(1+u)r=
+1=¢(= + 1=, _
&, e(Z,,3,) +1 T3, dr (2.11)
where we assume that «’ > —1. Equivalently
,_ JoZedt | e(2,,2)[7Z,dr
14+u = ) + ) . (2.12)

It is a consequence of (1.1b) that

u' Z%reo(E,,Za) (2.13)
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so that
d _ S er(zr’ 20)5
LrgreeZn2e) =5+ =5 (2.14)
where we have introduced the notation
o _r2(1+u)
rS—LEodT——W (2.15)
In this notation we have
P22 1/2 '
,=[ i —+-S2] R 2, = (rS). (2.16)

In view of (2.16) it is clear that (2.14) is a second order ordinary differential equation for
the determination of S.
The boundary condition on S are either

1,2
of [T+ osy]| M-t (.17)
(cf. (1.5)) or
2.2 ;412 2172

1+ e5([P2r2/ah> + $7]'2,(rSY)

r=a

(cf. (1.6)). In either case we require that S(0) is finite.

3. Approximate theories. As was indicated in Sec. 1 Foppl theory assumes the constitu-
tive laws are given by (1.4). These constitutive equations are derivable from the classical
strain energy density function

_ E
C2(1 - »?)

Thus the Lagrange stresses (cf. (2.4)) are

(82 + &} + 2v6,8). (3.1)

E
1 —»?
E

1—v»

s =

r

(1 +&)(6, + v&),

S = (1+8,)(& +v&,). (3.2)

2

Equation (3.2) can be solved for &, and &, to find

E‘;r = er(zr’ 29)

= L5030 + L0 - -3z, - 5))

+0([22+ 23] (3.3a)
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by = e(Z,, Zp)
1 1
=5(Z—2) + E(p>:,§ - (1-»)=,3,—»232)

+0([22+ =3]7). (3.3b)

It is convenient to introduce the following changes of variable
p=r/a, k= P%?/4h?, (3.4)
S = kT. (3.5)

The parameter k defined in (3.4) is related to a parameter which occurs naturally in the
Foppl theory. In any case equation (2.14) becomes

4 2 o212, 4
l+dppe0(k[kp + 77 N (oT))

B T N e,(k[kp2 + 122, d(pT)/dp)T (3.6)
[kp2+T2]|/2 [kp2+T2]]/2
The boundary conditions corresponding to (2.17) and (2.18) are
k[kp? + 722, 4 ) _B_A 37
e,,( (ko> + T 25T =1 =5 ="k, (3.7)
k[ke? + T2
[ke = ] =0 =sk (3.8)
1+ eg(k[ko? + T%]'%, kd(pT)/dp), _,
and T should be finite at p = 0. The quantities A and s are defined by (3.7) and (3.8).
The functions e,(Z,, Z,) and e4(Z,, Z,) (cf. (3.3)) may be rewritten in terms of T
e [ktho + 722 1 L o)
= [ (pT) — v(kp* + Tz)l/z]
2 2 2 27\1/2 d d 2
+E v(kp®> + T?) — (1 — »)(kp* + T?) (T)—v —p(pT)
+0(k3?), (3.9a)

e,,,(k(kp2 + 12)2, kdip(pT))
_kl4d - 2 2)1/2
_E{dp(pT) v(kp? + T?) }
2

L b(on) - -+ A ) it 1)

+0(k). (3.9b)
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It is a consequence of (3.9) that

e,(k(ko* + T2), kd(pT)/dp)
k

-1 (T _ yg";(pr)) +0(k),  (3.10a)

. ) 2\1/2
o(k(ko? + T )k , kd(pT)/dp) :%(d%("” _ VT) +0(k).  (3.10b)

In addition
1 =T/ (ki + T3 g
k 272
It is a consequence of (3.10) and (3.11) that (3.6) can be written
d% %(E‘%(pr) - VT) + 2”—; - —}?(T— V-;;(pT)) +0(k)=0. (3.12)
Equation (3.12) can be rearranged to show that the equation which is accurate to O(k) is
4T 34T E _
dp* P dp 2T?
Equation (3.13) is the Foppl equation. Indeed there is no difficulty in putting (3.13) into

the exact form used in either [3] or [4] and [S]. The boundary conditions on (3.13) accurate
to O(k) are determined from either (3.7)

%(dip(pT)—-vT) |-, =\/a (3.14)

+ 0(k). (3.11)

0. (3.13)

or (3.8)

(1) = 5. (3.15)
In both cases we require that 7(0) should be finite. The conditions (3.14) and (3.15) agree
exactly with the boundary conditions usually prescribed in the Foppl theory.

In principle there is no difficulty in finding theories accurate to higher order. Indeed
expansions of e, and e, accurate to 9(k?) can be obtained from (3.9). The remaining terms
in the equation can also be determined to O(k?). As a consequence (3.6) and both the
boundary conditions (3.7) and (3.8) can be explicitly determined to O(k?).

4. Appendix. The exact equation. In this section we will derive the equations (1.1) and
(1.3). A point in the circular membrane with coordinates (x, y,0) has a new position
(&, m, {) after deformation. In polar coordinates we may write

(rcos@, rsin8,0) > ((r + u)cos@,(r + u)sinf, w)

where u is the radial displacement and w is the vertical displacement. The assumption of
radial symmetry implies that ¥ = u(r) and w = w(r), i.e. both u and w are independent of
.

In order to determine the strains we note that as a result of the deformation an element
of length dS before deformation will be transformed into an element of length dS* after
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deformation where
(dS)* = (dr)* + r¥(d6)’, (4.1)

(ds*) =[(1+w) + (w)](dr)* + (1 +2) r2(a0). (42)

It is convenient to choose the relative extensions in the radial and circumferential
directions as the definition of the radial and circumferential strains (the symmetry
assumption implies that the shear strains and shear stresses vanish). Thus we find

6 = [(l +u) + (w’)z]l/zdr —dr
r dr s
(1+%)rds — ras
by = 0 (4.3b)
The equations (1.1) are an immediate consequence.

(4.3a)

2
Prarae

Ilz
aehlO+u) (W)l AT

sh(r+rw)ae

Fi1G. 1
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In Fig. 1 we have drawn an element of the deformed membrane and indicated the
magnitude of the faces on the positive faces (the quantities are defined in Sec. 1). The unit
normal to a face » = constant is

(1+uw)r+ wk

(4.4)
[(1+w) + (w)]"?
and the unit normal to the face # = constant is § where
F = cos 8i + sin 0j-, (4.6)
6 = —sinfi + cos ) (4.7)

with i, f, k the unit vectors in the x, y, and z directions. The equilibrium conditions
become
r+Ar

+ aY ke _0+A8
oh(r + W(+u)r +wk] ), toh[(1+ W)+ ()] (@8)

[(1+w) + (w)] )
Dividing (4.8) by hArAf and taking the limit as Ar — 0 and A8 — 0 we find
+u)[(1 +u)F+ wk "
% o(r + w)( o~ )" . I op[(1 + w) + (w)?] 77 + % = 0. (4.9)
[(1+w) + (w)’]

The equations (1.3) are an immediate consequence of (4.9).
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