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ON EXISTENCE OF SOLUTION OF THE DIRICHLET PROBLEM
OF FOURTH ORDER PARTIAL DIFFERENTIAL EQUATIONS
WITH VARIABLE COEFFICIENTS*

BY
S. BALASUNDARAM anD P. K. BHATTACHARYYA

Indian Institute of Technology, New Delhi

Abstract. Sufficient conditions for the existence and uniqueness of the solution of the
Dirichlet problem of fourth order elliptic partial differential equations with variable
coefficients have been derived. In a number of examples of practical interest, the easy
applicability of these results has been shown.

1. Introduction. A large class of problems of mathematical physics lead to fourth order
elliptic partial differential equations with variable coefficients, the equations of the
bending problems of elastic—isotropic, orthotropic and anisotropic—plates with variable
(or constant) thickness being very particular cases of the general problem considered here.
Hence, it is necessary to find sufficient conditions for the existence and uniqueness of the
solution of the Dirichlet problem of these equations in weak form. This paper contains
new results in this direction.

_ 2. Notations. Let © be a domain in R? with piecewise smooth boundary T such that
© = Q U T. Let H™(R) be the usual Sobolev space [1, 4] of integral order m = 0 equipped
with inner product (-, -}, g, norm |-, o and semi-norm | -|,, ¢ such that H%(Q) =
L*(Q),

H(Q) = {v: v € HY(Q),yv = 0| = 0,v,0 = (dv/dn) |, =0} =D(Q), (2.1)
where y,: H*(Q) - H?>~*~/(T) are trace operators with k = 0, 1; H3/%(T') and H'/*(T)
being the fractional order Sobolev spaces on I' [1, 4]; D() is the space of test functions on
Q[5].

3. The variational problem. To the Dirichlet problem (P) defined by: For given
f € L¥Q), find u such that

Au=f inQ, ul.=0, (du/dn)| =0, (3.1)
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where

92 92u
(Au)(x) = axkaxl (aijklaxiaxj )(X)

E(a,.jk,u,,.j)'kl(x) forx € Q (3.2)

(in (3.2) and also in the sequel, the Einstein’s summation convention has been followed ), we
associate the Galerkin Variational Problem (Pj) defined by: Find u € HZ(R) such that

a(u,v) =1I(v) Vo€ H}Q), (3.3)

where the continuous, symmetric bilinear form a( -, -) and the continuous linear form /(- )
are defined by: Vv, w € H}(Q),

a(v,w) = (Av,w)oq :js;aijk/v»ijw»k/dﬂ =a(w, v), (3.4)

I(v) ={(f,0)oq ZLfde Vo € HZ(Q);

the coefficients a, ;,, satisfy the following conditions: Vi, j, k, /= 1,2,

a, € Cc%Q); a; ;. (x) =0, a, . (x) =ay,(x) Vx€ Q. (A1)
But without loss of generality, we can always assume that Vi, j, k, [ = 1,2,
aijkl(x) = ak/ij(x) = aijlk(x) = ajilk(x) Vx €Q (A2)

since if, for example, a,;, # a;;, or a,;, # a,;; (see Case (I) in Sec. 4.1) for some
i, j, k, 1= 1,2, we can always define Vi, j, k, [ = 1,2,

ajjx = (aijkl t @t aut aijlk)/4 (3.5)
such that Vi, j, k, /= 1,2,
Eijkl(x) = 5k/i,'(x) = Ejilk(x) = Ejik/(x) Vx €Q
and Vo, w € H}(Q),
k105 Woki = Qijgi s i Ws ki a(v,w) = a(w,v).
Now, we prove the main theorem on the HZ(Q)-ellipticity of a (-, -).
THEOREM (3.1). If the coefficients a, ;;, satisfy (A1)-(A2) and
inf (ayyy; = @y, — a;12)(x) >0,
xEQ
inf (ay3; = @y — a12)(x) >0, (3.6)
xEQ
inf (a5 — @y — az)(x) >0,
xEQ
then a( -, -) defined in (3.4) is H(£)-¢lliptic.
Proof. From (A2), we have Vx € Q, V¢ = (§,,, €15, &2, £2,) € R* with &), = £,,
aijkl(x)gijgkl = (allll(x)‘slzl + 2ay55(x)é16n + azzzz(x)ggz)
+4(“12n(")§|2§n + apn(x)E, + aZZIZ(X)gn‘EIZ)' (3.7)
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Vx € Q,V¢,,, &5, ER,
(allll(x)glzl + 2a30(x)é1én + azzzz(x)ggz)
= (a,11(x) + ayp(x) — aIIZZ(X))(glzl + 5%2)
+ (ann(x)g%z + ‘12222(")5121)
=a;(x)(§, + gzz)2 = 0.
Therefore, Vx € Q, véL €, ER,

allll(x)glzl + 2a“22(x)$“§22 + azzzz(x)ggz

(3.8)
= (ay, — allZZ)(X)glzl + (ay — al]22)(x)§%2'
Similarly, the following inequalities can be established: Vx € @, V¢,,, £,,, £, € R,
(ann - all22)(x)§lzl + 2a”,2(x)§“(2§,2) + 01212()‘)(2512)2 (3.9)
= (ann —ann 01122)(3‘)5121 + (‘11212 - alllz)(x)(2§12)2§
(02222 - 022“)(x)§§2 + 2a,m(x)§22(2£,2) +(ap, — alzll)(x)(2§|2)2 (3.10)

2
= (ayy — Gy — a2212)(x)£§2 + (01212 —apn T a1 )(x)(2€,,)"
Then, using (3.7)-(3.10), we have: Vx € @, V& = (£,,, &5, &1, &5,) € R4 with &5, = £,
aijkl(x)gijgk/ =(ay, —an; — all22)(x)§lzl
+ (al2I2 —apn 01222)()‘)(2512)2 + (ay, — apn — 02212)(")5%2

=a(v,v) :_/;_zaijkl(x)v’ijv’kldg

>/Q[(anu — a2 auzz)(")(”»u)2

2
+4(ayy, — ay — 4y )(x)(v,);)
+(ay, — ay, — azzn)(x)('-”zz)z] aQ

2
> aofgv,,.jv,,.jdﬂ = aplv)2e Vo € H(Q),
where
ay = min{ inf (@), — ayy, — @)12)(x),
xEQ

2 inf_(amz —ann - ‘11222)(X)o inf_(azzzz —dpn T 02212)()‘)} >0.
xEQ xEQ

Then, the result follows from the application of the Poincare-Friedrichs inequality [4].
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Now, if
inf (a,,,, — a;;;, — a)(x) =0,
xEQ
inf (a5, = @y — a;p)(x) =0,
xEQ
inf (@550 — @ — ay)(x) =0.
xEQ

(See Case (II) in the Sec. (4.1)), then the Theorem (3.1) is not applicable. But we have
THEOREM (3.2). If Vi, j, k, 1= 1,2,

Ay = Ajjig T Bijkh (3.11)
where Vi, j, k, [ = 1,2, A, satisfy the conditions (A1)-(A2) and (3.6) and B, ;, satisfy

fgﬁ,.,,(,o,,.jv,k,d9>o Vo € HA(Q), (3.12)

then a( -, -) is H3(Q)-elliptic.
Proof. Using (3.11), we obtain: Vo € HZ(Q),

a(v, v) :'/s‘z(Aijk/ + Bijkl)v’ijv’k/dg

>j;2Aijk/D’ijv’k1dQ

(by virtue of (3.12)), from which the result follows by the Theorem (3.1), since 4, ;,, satisfy
(A1)-(A2) and (3.6).
Remark (3.1). B, 4, in (3.11) do not satisfy (A1)-(A2) and (3.6) in general.

THEOREM (3.3). If the coefficients a, ;,, satisfy (A1)-(A2) and (3.6) (resp. (3.11) and (3.12)),
the problem (P ) has a unique solution.

Proof. The result follows from the Theorem (3.1) (resp. Theorem (3.2)) and the
Lax-Milgram lemma [4].

Remark (3.2). Since a( -, -) is symmetric, the Ritz variational problem (P ) correspond-
ing to (P) can be defined as follows: For given f € L*(Q), find u € H{() such that

J(u) = inf J(v), (3.13)
vE H3(Q)
where
J(v) =1a(v,v) = I(v) Vv € HHQ). (3.14)

PROPOSITION (3.1). If g, ;, satisfy (A1)~(A2) and (3.6) (resp. (3.11)-(3.12)) and u € HE(Q)
is the solution of (P;), then u € HZ(Q) is also the unique solution of (Pg).

4. Examples. First of all, we shall consider the biharmonic problem whose results are
well known and then the bending problems of elastic—isotropic, orthotropic and aniso-
tropic—plates with constant and variable thickness in order to illustrate the generality of
the results obtained. In all the examples given below, only the HZ(Q)-ellipticity of the
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corresponding bilinear form a( -, -) has been proved by Theorem (3.1) (resp. Theorem
(3.2)), since the existence and uniqueness of the solution u € HZ(2) of the corresponding
problem (P;) follows immediately from the Theorem (3.3).

4.1 The biharmonic problem.

Case (). For a,,, = 6,8, Au = ADu. But a; ;,, # a4, a4, 7 a, y in general, i.e. (A2)
is not satisfied, although (A1) holds, smce a;;x = ayy,- Define a,;,, by (3.5) such that

i = 1, @31 T Aygp) = Gy1, = Ay = 2, A3y = 0 otherwise. Then, a;in satisfy (Al)-
1 = — 1
(A2) and also (3.6), since @y, — @y, — 8y = 1, g1 = Q1gy) — 1y = 3, Ay —

@y, — @y, = 1, and the HZ(Q)-ellipticity of a( -, - ) defined by

a(v,w) fb‘,kj,v,,.jw,k,dﬂ=fv w,, dQ

Sijroig

follows from the Theorem (3.1).

Case (II). a,;; = §,;6,, yield Au = AAu and a(v,w) = [ Aulw dQ. Then a, ,, satisfy
(A1)-(A2), but not (3.6), since ay;; — @3 ~ dpp = iy ~ i T i T Ay T
@51, — @y, = 0. Hence, Theorem (3.1) is not applicable. In order to apply the Theorem
(3.2), define §,,8,, = a,;;, + B, 4;» Where 5uk1 are those given above in Case (I) which

satisfy (Al)- (A2) and (3.6), and ,B,Jk, are given by: B2, = By = L Bioi2 = By =
Byt = Biayy = — 1, Bijis = 0 otherwise (see Remark (3.1)). Vo € D(),

fgﬁijk/v’ijv’kldﬂ = 2'[9(0,11'-’,22 - (0’12)2) de = 0.

Since D(Q) is dense in HJ(R), B, satisfy (3.12). Now, the Hg(Q)-ellipticity of a(-, -)
follows from Theorem (3.2).

4.2 Bending problems of elastic plates. The bending problem of a clamped thin elastic
plate is defined by (P) of the corresponding plate operator A given by (3.1), where
u = u(x,, x,) denotes the normal deflection at any point (x,, x,) of the middle plane Q of
the elastic plate, ' being its boundary along which the plate is clamped, the coefficients
a, ;, denote elastic properties and thickness of the plate, f € L*(2) denotes the load
function. We shall consider elastic plates first with constant thickness and then with
variable thickness.

a) Plates with thickness h = constant.

(I) For anisotropic case [3), a;;;; = D;, @131 = @139 = @121 = 212 = Dee> 1112 = dniz
=ap = ayn = Dig @1 = @y = A1y = @y = Dyg and ayy) = @415, = Dy, Where
D,; denote rigidities [3] having the properties: D), D,;, Dgg > 0: Dy, = v Dy = v, Dy,
0<»,<i (i=12); 0<D<(1—2)D,; 0<Dy<(l—»)D,, and D+ Dy <
Dg; and the Anisotropic plate operator A is given by: Au = Dy u, |y, + 4D i)y, +
2(D\y + 2Dgg)u, 5y + Do, 099 + Daytdy 5y, The coefficients a,,, satisfy (Al)-(A2)
and also (3.6), since ay;;; = @y — @y = Dyl = 9)) = Dig >0, apypp =~ @i — i
= Dgg = (Dyg + Dyg) >0, anyy = agyiy = ayn = Dyy(1 — ) = Dy > 0. Hence, the
H}(Q)-ellipticity of the bilinear form a( -, -) defined by
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a(v,w) :/Q[(Dnvvn +2Dgv,1, + Dpyo,5)w,y,

+2(DI6U’II t 2D, ), + D260’22)w’l2
+ (D0, + 2Dyv,,, + Dzzv’zz)w*zz] as

follows from the Theorem (3.1).

(II) For orthotropic case [2,3,6,7], a,;;; = D;,
Ay = apy = Dy, = v\ D, =v,Dy,
A1y = iy = Ay = Ay = (H = v,D)) /2,
Qa1 = Ay = g = dyyy =0,
Ap1y = A1y = Ay = Aypy = 0, (4.1)

where
D, = Eh*/(12(1 — »v,r,)),
H=D,,+ 2D, D,= Gh’/12,
G=EEy/(E +(1+20)E)=EE, /(E,+(1+2,)E),
Ewv,=E,», (4-2)

E; and », (i = 1,2) are Young’s moduli and Poisson’s coefficients respectively. Then, the
corresponding Orthotropic plate operator A is defined by Au = Dyu,,,,, + 2Hu,,,, +
D, u, 5,,. The coefficients a, ;, satisfy (A1)-(A2) and also (3.6), since

ay —ay; —any = Di(1 —v,)>0;
A1y — g — a1 = D, >0; (4.3)
Q3222 = Qo1 T 2212 — (1— Vl)Dz > 0.

Hence, the H(Q)-ellipticity of the corresponding bilinear form a( -, -) defined by
a(v,w) :'/;)[(DID’II +1,D\0,5)w,,, + 2(H — »,D))v,,w,,

+ (1,D10,1) + Dyv, )W, 5] dQ (4.4)
follows from the Theorem (3.1).

(III) For isotropic case [3,6,7], which is obtained from the orthotropic case in (II) by
putting E, = E, = E and », = », = v in (4.1) and (4.2) such that D, = D, = H = D, the
Isotropic plate operator A is defined by: Au = DAAu, and the HZ(Q)-ellipticity of the
corresponding bilinear form a( -, -) defined by

a(v,w) :fQD[(U’n +vo,5)w,y, +2(1 — V)O’IZW’IZ + (vo,, + v,zz)wazz] ds

(4.5)

follows from (4.1)—(4.3) and Theorem (3.1).
b) Plates with variable thickness h = h(x,, x,) > 0: The thickness function # satisfies
the following condition:
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heC(Q),  ho= min _h(x,, x,) >0. (A3)
(x1,%,)EQR
For the sake of brevity, we shall consider only the isotropic plates with variable thickness,
since the proofs for the orthotropic and anisotropic plates with variable thickness A
satisfying (A3) are similar. For the isotropic case, a;;; = D, a1, = @9y, = ¥D, ajy), =
A1y = Gy1p = ayyp = D(1 = »)/2, and g, , = 0 otherwise, where

D = D(x,, x,) = (ER®/ (12(1 — »?)))(x,, x,) = Er}(12(1 — »?)) > 0. (4.6)

corresponding bilinear form a(-, -) defined by (4.5), in which D is given by (4.6), is
HZ(Q)-elliptic by Theorem (3.1).
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