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ADIABATIC SHEARING OF INCOMPRESSIBLE FLUIDS
WITH TEMPERATURE-DEPENDENT VISCOSITY*
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1. Introduction. In the framework of a program of investigating the stabilizing effects
of various dissipative mechanisms in continuum thermomechanics, we have studied [1, 2]
the initial-boundary value problem for the system of conservation laws of momentum and
energy in one-dimensional thermoviscoelasticity. The techniques employed in the above
papers restricted the analysis to the situation where viscosity does not vary with temper-
ature; this assumption is rather crude, especially for fluid materials.

A convenient test problem for elucidating the effects of the dependence of viscosity on
temperature is provided by adiabatic rectilinear shearing flow of an incompressible vis-
cous fluid between two parallel plates. Indeed, in this case the conservation equations are
particularly simple and viscosity is the sole dissipative mechanism present.

In a Cartesian coordinate system the two parallel plates occupy the planes x = 0 and

= 1. The flow is described by the velocity field u(x, t) in the direction of the flow, per-
pendicular to the x-axis, and the temperature field 6(x, t). If we normalize units so that the
density of the fluid is unity, the conservation equations of momentum and energy read

v, — 0o, =0, e, —av, =0, (1.1, 1.2)

where ¢ is shear stress and e is internal energy.
The fluid is assumed linearly viscous, that is

o = pv,, (1.3)

where u is viscosity. Internal energy and viscosity are determined by temperature via
known constitutive relations

e=2€0), un=Ho). (1.4)

In typical fluids é(6) is increasing, convex and practically linear (i.e., constant specific heat)
at moderate temperatures. The function £i(6), on the other hand, is typically increasing in
gases and decreasing in liquids. Several empirical or theoretical (derived within the con-
text of the kinetic theory) forms of /i(6) are recorded in the literature. For instance, the
kinetic theory of gases with molecules behaving as ideal elastic spheres yields

u=af? (1.5)
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while the standard form for liquids is

1= o exp(B/6). (1.6)

For our present purposes it is convenient to eliminate 6 between é(6) and £i(6) in (1.4)
and visualize viscosity as a known smooth function of internal energy, u = u(e), in which
case the conservation equations (1.1), (1.2) take the form

v, — [l =0, e — uey; =0. (1.7, 1.8)

We assume that the fluid is subjected to steady shearing so that the boundary con-
ditions read

v(0, ) =0, o(l, 1) =1, 0<t< oo (1.9)
We also impose initial conditions
v(x, 0) = vy(x), e(x, 0) = ey(x), 0<x<l1, (1.10)

which are compatible with (1.9) in that v4(0) = 0, vy(1) = L.
When vy(x) = x, eo(x) = E, = constant, the solution to (1.7), (1.8), (1.9), (1.10) describes
a uniform shearing flow and can be written down explicitly:

ux, ) =x,  ex,t)= E), (1.11)
where E(t) is determined by
E(t)
I de_ =1t (1.12)
Eo “(e)

Our objective is to discuss the asymptotic stability of the solution (1.11).

As the fluid is being sheared, energy is pumped into it and, since the flow is adiabatic,
the temperature will keep rising, tending to infinity with time. When, as e— oo, u(e) ap-
proaches monotonically a positive finite constant u(co), one expects that (1.7) will force v,
to become asymptotically constant so that (1.11) is asymptotically stable. To test this
conjecture we first assume that u(e) satisfies one of the following hypotheses:

ue) >0, u(e)>0, [u*e)]" <0, uo)<ow, 0<e< oo, (H1)
we)>0, pe)<0, ufe)=0 uoo)>0, 0<e< oo, (H2)
and show

THEOREM 1. Assume vy(x) € W* %0, 1), eo(x) € W (0, 1), eo(x) >0, 0 < x < 1. Then,
under hypothesis (H1) or (H2), there exists a unique classical solution of (1.7), (1.8), (1.9),
(1.10) on [0, 1] x [0, o). Furthermore, as t— oo,

o (x, 0)=1+ 01", (1.13)
e(x,t) dé

—_— = o(1), 1.14

L,(x, wg =~ ol (119

uniformly in x on [0, 1].

The situation is more interesting when u(e) is allowed to tend to zero or infinity as
e— o0. Indeed, in these cases it is conceivable that the asymptotic distribution of v,, as
dictated by (1.7), is not uniform. Still it is plausible that (1.11) is asymptotically stable
provided u(e) tends to zero or infinity in an “orderly” fashion. We verify this conjecture
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under the assumption that u(e) satisfies one of the following hypotheses:

_HOwE) _

ue) >0, ple=0, 1< O v<o, 0<e< oo, (H3)
ue) >0, pe) <0, 2<vs%sN<oo, 0<e< oo (H4)

A typical function class that satisfies (H3) or (H4) is
ue)=e, 0<y<i or —1<y<O. (1.15)

THEOREM 2. Assume vy(x) € W2 (0, 1), eo(x) € W' 2(0, 1), e(x) >0, 0 < x < 1. Then,
under hypothesis (H3) or (H4), there exists a unique classical solution of (1.7), (1.8), (1.9),
(1.10) on [0, 1] x [0, o0). Furthermore, as t — oo,

vx, ) =1+ 0(t™"), (1.16)

vlx, 1) = 0(t™"), (1.17)
e(x,t) df

— =1+ 0(t)), 1.18

Lm wy - Tow (L.18)

uniformly in x on [0, 1]. In (1.16), n = 1 + 1/v under (H3) and n = 1 — 2/v under (H4). In
(1.18), 6 = 0 under (H3) and 6 = 2/v under (H4).

We note that the precise growth assumptions on uu”/u'? in (H3), (H4) are essential
only for obtaining the exact decay rates in (1.16), (1.17), (1.18). These restrictions may be
relaxed in various directions at the expense of settling for cruder decay rates for v, — 1
and v,.

The proofs of Theorems 1 and 2 are presented in Sec. 3 and are based on a priori
estimations. The estimates are obtained with the help of a number of identities for solu-
tions of (1.7), (1.8), (1.9), (1.10), derived in Sec. 2, and certain properties of u(e) which
follow from (H3) or (H4) and are recorded in the Appendix.

2. Useful identities. Throughout this section, we assume that (v(x, t), e(x, t)) is a fixed
classical solution of (1.7), (1.8), (1.9), (1.10) on [0, 1] x [0, oo) such that o(-, t), v.(-, t),
075 1), V(-5 B), €( 5 1), e,(-, t) are all in CO([0, oo); I2(0, 1)) while v (-, t) is in C(0, o0);
I2(0, 1)) and v,(-, t) is in L2 ((0, o); I?(0, 1)). We derive certain identities that will be used
to estimate the solution in Sec. 3.

On account of (1.3), (1.2) yields

M(e), = ule)e, = o* @1
where
det e
M(e) = f u(&) dé. 2.2
[}

Using (1.1),

o(x, 1) = (3, 1) + 2 f ol o,(c 1) de

1 1 x
= J a’(y, 1) dy + 2 J j o(&, (¢, 1) d dy 2.3)
] 0 Jy
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so that (2.1) gives . 1
M(e(x, t)) = M(eq(x)) + f J o?(y, 1) dy dt
0 JO

t 1 x
+2 J. J f a(&, (¢, 1) d¢ dy dr. (2.4)
0 JO Jy

We now multiply (1.7) by v(x, t), integrate with respect to x over (0, 1), integrate by
parts and use the boundary conditions (1.9) to get
1

'rv(x, todx, t) dx + j ule(x, HHv(x, t) dx = a(l, t). 2.5)
0 0

Integrating (2.5) over (0, t) and using (1.8), we obtain
1

I flvz(x, t) dx + fldx, t)dx = J'a(l, 1) dv + ! quf,(x) dx + f eo(x) dx. (2.6)
2 (1] 0 0 2 0 0

Next we multiply (1.7) by v,, integrate over (0, 1) x (0, t), integrate by parts with re-
spect to x and t and use (1.8) to deduce

t 1 1 t 1
I j v? dx dt + ! I ule(x, O)v3(x, t) dx — ! J j ule)u'(ey* dx dr
0 JO 2 0 2 0 JO 1

= % J uleg(x)va(x) dx. (2.7)
o

Similarly, multiplying (1.7) by tv,, following the same steps and using (1.8), we obtain

t 1 1 t 1
w? dx dt + ! t | ue(x, Ovi(x, t) dx — ! tu(e)p'(e)v? dx dt
0 JO 2 0 2 0 JO

I 1!
_Ede’ ) dx = —ELeo(x) dx. (2.8)

To derive the next cycle of identities, we differentiate (1.7) with respect to ¢,
vy — [p(€)s + e (3], = 0, 29)
and then multiply by v,, integrate with respect to x over (0, 1) and integrate by parts, thus
arriving at
1d !
2dt ),

1
v7(x, 1) dx + I ple(x, OYv3x, 1) dx
0 ~1

+ | uex, O)u'(elx, Ow(x, o (x, t) dx =0. (2.10)
o

Integrating (2.10) over (0, t) and integrating by parts, we arrive at

r1

1 t 1
! j vr(x, 1) dx + J f pleys, dx dr +l Hlelx, O)p'(elx, )vi(x, 1) dx
2 o) 0 Jo 4 JO

! J ' f LaE ) et dx dr = & J 'w(x, 0) dx
8 0 JO 2 0

1 1
+3 L Hleo( (eo(X))vgu(x) dx. (2.11)
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We now multiply (2.10) by ¢ and then integrate over (0, t) to obtain

1 1 1 1
= t? f v2(x, t) dx — J J w? dx dt + J f 2 u(e)?, dx dr
2 Jo o Jo o Jo

t 1
+ f J 2 ule)u' (el v, dx dt = 0. (212
o Jo

Finally, we multiply (2.9) by t3v,,, integrate over (0, 1) x (0, t) and perform a number of
integrations by parts with respect to x and ¢, thus obtaining

1 t 1
J J 302 dx dt + - J ule(x, H3(x, t) dx = % J I 2u(e)?, dx dr
0 Jo

j f v ue)u' (e v dx dv — 3 Jlu(e(x, O (e(x, DIv3(x, oy (x, t) dx
0
t 1
+3 J J 2ule)u' (el v,, dx dt + ! f J [u*(e)] ueys v, dx dr. (2.13)
0 JO 2 0 JO

3. Proof of Theorems. In this section, we consider the solution (v(x, t), e(x, t)) dis-
cussed in Sec. 2 and use the identities derived there in order to establish the estimates that
will yield the proofs of Theorems 1 and 2 stated in the introduction. In what follows, K
will stand for a generic constant which can be estimated from above solely in terms of
properties of the function u(e) and upper bounds of the W2 (0, 1) norm of vy(x) and the
W1 2(0, 1) norm of ey(x).

LEMMA 3.1.  Under hypothesis (H1), (H2), (H3), or (H4),
t 1
fjvfdxdtsK, 0<t< 0. (3.1
0 JO

Proof. Under hypothesis (H2) or (H4), (3.1) follows directly from (2.7). For the hy-
pothesis (H1) or (H3), (3.1) is a consequence of (2.1 1) upon noting that [u%(e)]” < 0 and

L J Zdx dt < 0123:1 Il(e: @ )] u(e)v,, dx dt. (3.2
We now define
o) =1+ J: J:az dxdr, O0<t<oo. (3.3)
LeMMA 3.2. Under hypothesis (H1), (H2), (H3), or (H4),
% o(t) < M(e(x, t)) < Kol(t), 0<x<l, 0<t<o. (34)

Proof. Because of (2.4), (3.1) and (3.3),

M(e(x, 1)) < 2 Jt J. laz(y, 1) dy dt + K, < (K, + 2)o(t), (3.5
0 Jo

t 1
M(e(x, t)) = % J f aX(y, 1) dy dv — K, = 3o(t) — K. (3:6)
0 JO
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At the same time,
M(e(x, 1)) > min M(eo(x)) & 1/K,. (3.7

0sx<1

Combining (3.6) with (3.7), we easily deduce

1
M(e(x, 1)) > A+ K Ky o(t) (3.8)

so that (3.4) follows from (3.5) and (3.8).
Let us now set

a1
Ety=M ( X (p(t)). 39

From (3.4) and properties of the functions u(e), u'(e), and M ~*(e) (see Appendix, Egs. (4.2),
(4.3), (4.4) and (4.5)), we deduce

COROLLARY 3.1. Under hypothesis (H1), (H2), (H3), or (H4),

Ef)<e(x,t) <KE(t), 0<x<l1, 0<t<oo, (3.10)
% HE®) < ple(x, 1) < Ku(E(t), 0<x<1, 0<t< oo, (3.11)
|wie(x, D) < |W(E@D), 0<x<1, 0<t<oo. (3.12)

We now proceed to the estimation of the mean square growth of stress.
LeEMMA 3.3.  Under hypothesis (H1), (H2), (H3), or (H4),
1 1
X wE@) < J a?(x, t) dx < Kp?(E(t)), 0<t<oo. (3.13)
()
Proof. Using (1.3),(3.11), and (1.9), we obtain

J‘oz(x, t) dx > 1 W(E(t) flvf(x, t) dx > 1 uz(E(t))[J.lv,(x, 1) dx]2
0 Kl 0 Kl 0

1 2
=— .14
K * (E(2)) (3.14)
which establishes the left half of (3.13). For the right half of (3.13) we have to distinguish
two cases.

Assume first that (H1) or (H3) holds. By the maximum principle for the parabolic
equation (1.7), |v(x, )] < maxp<,<; [vo(¥)l, 0 < x <1, 0 <t < co. At the same time, by
(2.11),

1
J vi(x, )dx < K,, 0<t<oo. (3.15)
0
Hence, combining (1.3), (3.11), (2.5), (3.15), (1.1), and (3.14),
1 2 1 2
{I a’(x, 1) dX} <K, #Z(E(t)){ J ple(x, i, 1) dx}
0 0

< K3 (E@){20%(1, 1) + Ko}
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1

<K, uz(E(t){4 ~[‘laz(x, ) dx + 2 J o(x, t) dx + K4}
0 0

<K, yz(E(t)){4 J:UZ(x, t) dx + “Zés(t» L laz(x, t) dx}

1
< K¢ p*(E(t) f o?(x, t) dx, (3.16)
0
whence the right half of (3.13) follows.

We now take up the case of (H2) or (H4) for ¢ > 1. Using (3.10), (2.6), (3.3), (3.1), (3.9)
and Schwarz’s inequality,

E¥n) < { 1e(x, 1) dx}2 < Z{Jta(l, 1) dt}z + K,
0 )

t
<2t Jaz(l, 1) dt + K,
(1]

t 1 1
<2t f {2 J o2(x, 1) dx + J o2(x, 1) dx} dt + K,
o o o

< Kgto(t) < Ko tM(E(t)). (3.17)
On the other hand, by (1.3), (3.11), (2.8) and (3.10),

Jldz(x, t) dx < Ko u(E(1)) J‘l#(e(x, O, 1) dx
0 0

1
< — WE®) {L e(x, t) dx + Klz} < % WE())E(t). (3.18)

Combining (3.17) with (3.18), we obtain

' _ME®)
L 0%(x, 1) dx < Kya g ps WHEQ): (3.19)

Applying L’Hopital’s rule twice and using (H4), we find

. eu(e)
1 f—— =
minf e = im il )/u ©

we) v—2
=1 + lim inf — — > .
emm W) — peu(e) " v—1

(3.20)

Therefore,

ep(e) S 1
M(e) ~ Kis

In view of (3.21), (3.19) yields the right half of (3.13), for t > 1, under hypothesis (H2) or
(H4).

>0, 0<e< oo (3.21)
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It remains to establish the right half of (3.13) on 0 < t < 1, for the case (H2) or (H4).
To this end we first note that, by virtue of (2.7),

1 1
J o’(x, 1) dx < max pleg(y)) | wle(x, vi(x, t) dx < K. (3.22)
(] o<y<1i (J
Thus (3.3), (3.9) yield ¢(t) < 1 + K¢, E(t) < K,,, 0 <t < 1, and thereby
WE@) = —l— 0<t<1. (3.23)
Kis’

It is now clear that (3.22) together with (3.23) imply the right half of (3.13) on 0 <t < 1,
and this completes the proof of the lemma.

Lemma 3.3 allows us to estimate the growth of E(t) in time. To see this note that, on
account of (3.9), (2.2) and (3.3),

dE(r) 1 1 do(t) _1_
dt " K uE@®) dt K p(E@) L
Hence, using (3.13), we arrive at the following
COROLLARY 3.2. Under hypothesis (H1), (H2), (H3), or (H4),

1
o2(x, t) dx. (3.24)

(E(t)) <— ( ) < Ku(E(t)), 0<t<oo, (3.25)
1 E® de
—Et Lo)@sm 0<t< 0. (3.26)

LeMMA 3.4. Under hypothesis (H1) or (H2),

lef(x, t)dx <K {exp[ - -Kl— E(t)] + u’z(fE(t))}, 0<t< oo, (3.27

while under hypothesis (H3) or (H4),
r1

v3(x, t) dx < Ku'*(E(t), 0<t< oo. (3.28)
Jo

Proof. Upon using Schwarz’s inequality, (2.10) yields

1 1

v7(x, 1) dx + #(e(x, Dvzx, £) dx < _rﬂ(e(x, O (e(x, O3(x, ) dx.  (3.29)
0

d
dt
Therefore, by virtue of (3.1 1), (3.12), (1.3), (3.13) and
1 1
J oi(x, t) dx = — J a(x, t)oxx(x’ t) dx,
(] (]
we deduce from (3. 28)

W HE®)
HE®) Jo

max o&%(x, t)]2 j a¥(x, t) dx
0

0<x<1

1
a®(x, t) dx

-, j (xa t) dx + - #(E(t)) J‘ xl(xs t) dx < KZ

u"(E(t)) [
2 WS(E(t)
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ﬂlz(E(t)) 1 1 5 1/2 1 :|1/2 2
=K E0) {L ol ) dx +2 Uo i dx] , o 0 dx
’2 E 1 1 3/4 1 1/4) 2
<K, !:13(( E((tt)))) { L o¥(x, 1) dx +2 [ J; a*(x, 1) dx:| [L ol(x, 1) dx] }

1 1/2
< K wEQWHEW) + Ks w(EQ) [L v2(x, 1) dx]

’ E 2 1 1
< {K4 + 3K, K3 [Z%f_((tt))))] }#(E(t))u’z(E(t)) + K, HE()) L vi{x, t) dx. (3.30)
Keeping in mind that u'(e)/u(e) is bounded on [E(0), o0), (3.30) gives
4 lef(x, 1) dx + L HE(D)) J 1vf(x, 1) dx < K¢ p(E@)p*(E(t)). (3.31)
dt 0 Kl [)]

Integrating the differential inequality (3.31), we obtain

j 11),2(x, t) dx < exp{ - KL J ‘y(E(t)) dr} jlvf(x, 0) dx
o o

1 .Jo

t 1 t
+ Ks J#(E(S))#'Z(E(S))CXP{ K, J ME(7)) df} ds. (3.32)

0

Recalling (3.25), (3.32) yields

1

~[‘lv,z(x, t)dx < exp{KL [E(0) — E(t)]} I v2(x, 0) dx
o 7 0

E(t) 1
+ Kg f u’z(e)exp{K— [e — E(t)]} de

E(0)

0 2 1 R
<K, {1 + L(o) u (e)exp[ K. e] de}exp[ - e E(t)]. (3.33)

Under (H1) or (H2),

E(t) 1 1 1
J ;1’2(e)exp[K—7 e] de < K,, cxp[m E(t)] + Ky, /1’2(%E(t))exp[k—7 E(t)] (3.34)

E(0)

so that (3.33) yields (3.27).
We now turn to the case where (H3) or (H4) holds. Noting that u"(e)/u'(e)— O, as
e— o0, and applying L’'Hopital’s rule:

€ 1 1
L#'z(f)eXP[K—’ —Idf ll'z(e)@xp[K—7 e]
P I I PRI W
W*(e)exp K7e wie)u'(e +K7u e) lexp K7e

Therefore, (3.28) follows from (3.33).

=K,. (335
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LeMMA 3.5. Under hypothesis (H1), (H2), or (H3),

1
j |efx, t)] dx < K, 0<t<oo, (3.36)
0
while under hypothesis (H4),
1
efx, t)| dx < ——— 0<t< oo 3.37
L e 0] dx < o (337)

Proof. Differentiating (2.4) with respect to x yields
t
pe(x, )ex, t) = M(eo(x)), + 2 J a(x, T)v(x, 7) dt. (3.38)
0

By virtue of (3.13) and (3.25),

1 t 1 1/2 1 1/2
f dx < ‘[ {J a(x, 1) dx} {J‘ v2(x, 1) dx} dt
o o (Jo o

t 1 1/2 E() 1 1/2
<K, J w(E(t)) {I v2(x, 1) dx} dt <K, f { J v2(x, 7) dx} dE(r). (3.39)
o ) e (Jo

We now estimate the integral on the right-hand side of (3.39) using (3.27), under hypoth-
esis (H1) or (H2), and (3.28), under hypothesis (H3) or (H4). Combining the result with
(3.38) and using (3.11), we arrive at (3.36) and (3.37).

LEMMA 3.6. Under hypothesis (H1) or (H2),

I‘o(x, T)v(x, 1) dT

0

fl [V, £)] dx < K {exp[ L E(t)] + | WGE®)| }, 0<t<oo; (340
o 2K,

under hypothesis (H3),
K(E®)
v(x, t)| dx <K 0<t<ow; 341
f |otx, D) EO) (3.41)
under hypothesis (H4),
1
K(E®)
VeilX, )] dx < —K 0<t< oo 3.42
Ll (x, 1) FEQ) (342
Proof. From (1.3),
g, op(e)es
Uy = - (3.43)
ple)  pe)
We note that, by account of (3.13), (3.27) and (3.28),
lo(x, t)| < Ku(e(x, 1)), 0<x<1, 0<t<oo. (3.44)

Combining (3.44), (3.11), (3.12), (3.27), (3.28), (3.36), and (3.37), we arrive at (3.40), (3.41)
and (3.42).
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Since
1
loy, t) — llsj v, (x, )] dx, O0<y<l1, 0<t< oo, (3.45)
0

Lemma 3.6 yields decay rates for v (x, t) — 1.

LemMA 3.7. Under hypothesis (H1), (H2), or (H3),

e(x,t) de
f — —t| <K, 0<x<l, 0<t<oo, (3.46)
eo(x) ﬂ(e)
while under hypothesis (H4),
“x o ’ K
— —t| < 5=, 0<x<], 0<t< 0. (3.47)
J;o(x) ple) HA(E(®)

Proof. Using (1.2), (1.3), (3.45) and (3.25) yields

J*e(x. t) de
——t
eo(x) #(e)

t t
=U[vf(x,r)—l]dr sKlflv,(x,t)—ll dt
(1] (1]

t (1 E@®) 1 d E(‘L’)
<K Veox, 7)| dx dt < K Ve | dx . (348
2 J; L [, 7)1 3 Lo) L [ Vx| AE@) (3:48)

Therefore, combining (3.48) with (3.40), (3.41) or (3.42), we deduce (3.46) and (3.47).

Our next project is to express the decay rates obtained in the above propositions in
terms of ¢. To this end we employ (3.26) and the assumed properties of the function u(e)
and its derivatives.

We first consider the case (H1) or (H2) holds. By (3.26), (1/K)t < E(t) < Kt, for large t.
At the same time, in view of

ep'(e) = L Su(8) d¢ + ule) — u(0), O<e< oo, (3.49)

we deduce
[@(e)] < Kle, 0<e< oo (3.50)

Therefore, (1.13) follows from (3.45), (3.40) and (3.50). The remaining estimate has already
been established by (3.46).

We now turn to the case of hypothesis (H3) or (H4). We first use L’Hopital’s rule
1

. sup_p(e) _inf ple)’(e)
1 = -
i ing f & T w7 G3b
@)
in conjunction with (H3), (H4) and (3.26) to infer
1 L ki 1<i<w. (3.52)

K =TuED) =

Let us fix our attention to (H3). We note that (3.46) yields (1.18) with § = 0. To get
(1.16), we observe that (H3) implies [u**'(e)]” > 0; hence [u"*!(e)]’ is bounded from
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below, say u*(e)u'(e) = 1/K, e > 0. Then, by (3.52),
1

HE®D) 2 2 'Y, 1<t <o, (3.53)

so that (3.45), (3.41) yield (1.16) with n = 1 + 1/v.
Next we consider the case (H4). (H4) implies [1' ~*(e)]” < 0 so [u' ~¥(e)]’ is bounded

from above, say (1 — v)u~"(e)i'(e) < K, e > 0. It then follows from (3.52) that

WE(@) > % e 1<t<oo. (3.54)
Combining (3.52), (3.54), (3.45), (3.42) and (3.47), we arrive at (1.16) and (1.18) with
n=1-—2/vand § = 2/v.

The remaining estimate (1.17) is an immediate corollary of (3.28), (3.52) and the follow-
ing proposition:

LeMMA 3.8. Under hypothesis (H3) or (H4),
1
J vi(x, ) dx < K/t?, 0<t< oo (3.55)
0
Proof. From (2.12) and Schwarz’s inequality,
t 1 t 1 t 1
J J 2u(e)v?, dx drv <2 f j w? dx dt + J. j 2 p(e)u' X(e)vs dx dr. (3.56)
0 JO 0 JO 0 JO
To estimate the right-hand side of (3.56), we first note that, by virtue of (3.28), (3.52),
1
K
J vi(x, 1) dx < K *(E(t)) < K, p(E@)W(E(2) < —;3- H(E(®) (3.57)
0
and then use (3.57), (3.11), (3.12), (3.52), and (1.16) to get
t 1 t
J J 2u(e)v?, dx dv < K, Jy(E(t)) dr. (3.58)
0 JO 0
For the remainder of the proof we employ (2.13). We note that, in view of (H3) or (H4),
| [1*e)]”| < K5 u'*(e). Taking account of (3.11), (3.12), (3.52), (1.16), (3.58), (3.25) and ap-

plying Schwarz’s inequality a number of times on (2.13), we deduce

> u(E()) j lvi,(x, t) dx < Kgtp(E(t) + K, J t#(E(t)) dr
0 0

< Kgtu(E(t)) + Kg E(2), (3.59)
whence
1
L v3(x, 1) dx < % + % t—;f%i (3.60)
By virtue of (3.26), in order to show that E(t)/[tu(E(t))] is bounded it suffices to prove that
e
_He)_

r 3 (3.61)
&)
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is bounded, 0 < e < c0. Under hypothesis (H3), the function (3.61) is obviously bounded
by 1. For the case (H4), we apply L’Hopital’s rule twice to get

e
lim sup f(ii)é =1+ lim sup i ©
f o K
2
~ 1 + lim sup ——~© e (3.62)

emo HEU()—pHe) " v—1"

Thus the function (3.61) is bounded and (3.60) implies (3.55).

We have thus established a priori the decay estimates in Theorems 1 and 2. The proof
that a solution exists can now be obtained by a routine procedure. One first establishes
the existence of a local solution on a maximal time interval by means of a straightforward
contraction argument and then uses the derived a priori estimates to show that this solu-
tion cannot escape in finite time.

Appendix. We record here certain useful properties of the functions u(e) and M ~1(s)
that are induced by the hypotheses (H3) and (H4).

We first note that if (&) is a smooth, nonnegative, increasing and concave function on
[0, ), i.e., f(&) = 0, f'(&) > 0, f"(£) < 0, then

1<@<k 0<¢< oo, k>1. 4.1)

T

These assumptions are satisfied, under hypothesis (H3), by the functions u(e) and M ~!(s),
so we have

1<) ce<o, 1<k<am, 42)
ule)
< A:/I—_II(ZS)) <k, 0<s<oo, 1 <k< oo 4.3)
Under hypothesis (H4) the above assumptions hold for the function u* ~*(e), so we deduce
IZMZk”“‘V’, 0<e< o, 1<k< . 4.4
He)

Finally, we establish the analogue of (4.3) under hypothesis (H4), namely,

1 < M~ Yks)/M~(s) < Ak), 0<s< oo, 1 <k< oo 4.5)
To this end let us define

gle, 1) = M(Ae)/M(e), 0<e< oo, 1<i<oo. (4.6)

On account of (3.21) and (4.4),
dg(e, A) _eu(de) _ ep(e) u(4e) > 1 AU

04 M) M) ue) T K,s

4.7)

whence
gle, 1) > gle, 1) + L JA gV gE =1 + L (AC-BDO=D ). (48)
h Kis )i Kysv—2
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For k > 1 we define
\4
v—1
so that, by (4.8), g(e, A(k)) > k, 0 < e < co. Thus, setting M ~!(s) = e and using (4.6) yields

M~ (ks) _M ~!(kM(e) < M~ !(g(e, Ak)M(e))
M™1(s) e - e
_M- {(M(A(k)e))
e

-2 -1y -2)
/l(k)={1 + Ky —— (k- 1)} 4.9)

= (k) (4.10)

which proves (4.5).
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