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THREE-DIMENSIONAL OSEEN FLOW PAST A FLAT PLATE*
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Abstract. On the basis of the Oseen approximation the three-dimensional flow of a
viscous incompressible fluid past a flat plate is studied. A system of two integral equations
for determining the drag and the lateral force on the plate and an integral equation for the
lift are obtained. The paper gives the asymptotic form of the integral equation for the lift,
for high Reynolds numbers. In the inviscid limit the integral equation of the lifting surface
theory is obtained. Lifting line theory and slender wing theory in weak viscous flow are
discussed. Viscosity corrections are given for some particular wings: elliptic wings of high
aspect ratio and slender delta wings.

1. Introduction. The steady flow of a viscous incompressible fluid past a body is one of
the fundamental subjects of fluid dynamics. The governing Navier-Stokes equations are
nonlinear and exact solutions have been obtained only for very specific problems. In this
situation many studies have been based on the linearized equations. Thus the Oseen
approximation replaces the convective (nonlinear) terms in the Navier-Stokes equations by
convection due to the uniform velocity at infinity. It is adequate at large distances where the
flow is almost uniform; for small Reynolds numbers it is also justified in the neighborhood
of the body due to the prevalence of the diffusion terms (retained exactly in linearized
equations) over the convection terms.

In the case of steady flow past a flat plate placed along the z = 0 plane and having a
small incidence angle, the correct momentum balance is also obtained from Oseen’s equa-
tions at the surface of the plate, for all Reynolds numbers, because the no-slip condition
applies there. For these reasons Oseen’s approximation may be expected to give some
correct results in the case of the flat plate even at high Reynolds numbers. For the lift things
are as we expected: in the limit case of an inviscid fluid and plane motion past a flat plate
the Oseen approximation furnishes correct values for the lift in subsonic as well as in
supersonic flow [3, 4]. Furthermore, in the subsonic case this theory provides a justification
for the Kutta-Joukowsky condition.

For the drag things are different: the value obtained by using Oseen’s approximation is
different from the Blasius value [5]. This has to be expected since the Oseen model does not
eliminate the paradox according to which the drag is the same irrespective of the direction
of the velocity at infinity [7]. Therefore in the study of fluid motion with a small incidence
angle past a flat plate placed along the z = 0 plane, the Oseen approximation supplies
corrections valid only for the lift in the limit case of the high Reynolds numbers.

* Received February 2, 1981.
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In this paper we determine the lift on a three-dimensional flat plate in the limit case of
vanishing viscosity. First we obtain a new representation formula for the velocity field in
the Oseen approximation. The boundary condition furnishes a system of two integral
equations for the derivation of the drag and lateral force on the plate and a single integral
equation for the lift. The main result of the paper is the asymptotic expansion of the kernel
of this integral equation, for high Reynolds numbers. The zeroth-order term in this ex-
pansion is just the kernel of the integral equation of the lifting surface theory in aerody-
namics; the next term is a correction due to viscosity which is important in wing theory in
aerodynamics as well as in hydrofoil hydrodynamics.

The last two sections give some applications: we have developed a “lifting line” theory
and a “slender wing” theory for weak viscous flow. The paper gives corrective coefficients
for the lift in these approximations for some specific wings. For very slender wings the
viscosity plays an important role in determining the lift since it appears in the leading term
in the asymptotic expansion.

2. Basic equations. We consider the steady motion of an incompressible viscous fluid
around a three-dimensional body. The fluid motion is governed by the Navier-Stokes
equations. The form of these equations has been deduced in [8]; in our case they are:

divV =0, (2.1)
1 1
(V grad)V + — grad P — vAV = ; Tog. (2.2)
0

Here V(V,, V,, V) is the fluid velocity, P is the pressure, p the density, and v the kinematic
viscosity. The term Tdg describes the body action on the fluid motion. Consequently the
resultant R and the resultant momentum M of the forces acting upon the body may be
expressed, taking into account the right-hand side of (2.1), by the relations

R=<—Tds,l>=—JJTda, (2.3)

M=<—xxT55,1>=—ﬂxdea. (2.4)
S

We denote by L the characteristic length of the body and by V,, the velocity of the uniform

flow at infinity upstream. The spatial coordinates x,, y,, z; are taken so that V, is in the

x,0,z, plane and makes a small angle 6, with the Ox, axes. Denoting by V', p’ the velocity

and pressure perturbations respectively, we introduce the following dimensionless quan-
tities:

_X Vi 7 _y 4 _T
L’ Vo
By assuming small perturbations we shall linearize Eq. (2.2) about the undisturbed state

by neglecting the product of perturbations and the product of perturbations by sin §,. The
resulting equations are similar in form to Oseen’s approximation:

divv =0, (2.6)

v 1
=t grad p — yy Av = tdg, (2.7)
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where
LpV,
u

40 =
is the Reynolds number.
At infinity all the perturbations must vanish:

lim (v, p)=

x2+y2+z2—-

and we consider the no-slip condition on the body
VX, y, 2) = —
vy(x, y,2)=0 (x,y,2)e S
VX, ¥, 2) = —

139

(2.8)

2.9)

(2.10)
.11
(2.12)

We now take the Fourier transform of the system (2.6), (2.7) with respect to all spatial

variables. The result is the system
ik -v=0,

k2
<ik1 + —-)V + ikp = F[tds],
40
where

V=Z[v] = ”f v(x, y, z)exp{ —i(k,x + k, y + k3 2)} dx dy dz

and similarly p = #[p(x, y, z)]. The solution of the linear system (2.13), (2.14) is

p =15 #Lt55)

1
= {P S 4 m } {ik(ik - F[tds]) + k> F[t55]}.

To determine the inverse transform of the solution we use the relations

1 [ 1 ]= exp{2a(x — | x|)}

k? + 4cik, 4r|x | ’

* 0 exp{2a(x — |x|)} 1y
oo dx=—— 2 2
3Y 47| x| 4n y* + z

| x

Finally we obtain

(2.13)

(2.14)

(.15)

(2.16)

2.17)

1+ %)exp{Za(x —I1x]}.  (.18)

0
pmx)whm®fsWMl®gsk4H®wm@m
20(x — — exp{20(x —
oy, 2) = do 22 ngl LY N +a_ expinclr(:l XD} & fs
0 1 —exp{20(x —|x|)} ® b5 + 6 1 — exp{20(x — | x|)}

dy 4n|x| 4m| x|

® hds,

(2.20)
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9 1 —exp{20(x — |x])} exp{20(x — |x])}
Uy(x,)’;z)—ay 47Z|XI ®f68+46 47'CIXI @gés

1 0
Ll (oo

_12 {— (1 ; i)q _ exp{20(x — |x |>}>} ® has,  (221)

may P +2\ x|
o9 = 2 I g,
_ ﬁ % {# <1 + Ii_|>(1 — exp{20(x — | x I)})} ® gds
_ 21; 5‘3; {;{7 (1 + |7x|>“ — exp{20(x — |x |)}>} ® hos
e L e2)

We denote by * the convolution product with respect to all the spatial variables;
t=fi+gj+ hk.

Formulae (2.19)+2.22) are a representation for the solution of the Oseen system in the
case of an arbitrary body; the unknown densities f, g, h are just the quantities of interest in
most hydrodinamic problems. In order to determine these functions the boundary con-
ditions (2.10)+2.12) will be used. They will furnish a system of three integral equations for
solving the problem.

3. Integral equations for the motion past a flat plate. Let us now study the motion of
the viscous fluid past a flat plate. We take the axes such that the Oxy plane coincides with
the plane of the plate and the velocity at infinity is in the Oxz plane. By taking z— 0 in
relations (2.20)+2.22) we get

o(x, ¥, 0) = { - Z;% (1 — exp{20(x — 1)}) + nir <1 + §>exp{2a(x _ r)}} « f(x, y)

47

= 25 (1 — exp{20x - r)})} rg(x, ), (3.1)

+ { 7y exp{2a(x — r)} —
14 9y
0%, 3, 0) = { = o5 (1 = exp{20(x — ) + 525 exp{20(x - r)}} S5, 3)

1
+ {W (1 + %) (1 — exp{20(x — r)}) + ﬁ (1 — exp{2a(x — r)})

o

= (1 - §>exp{2a(x - r)}} * g(x, y), (3.2)

2nr

v,(x, y,0) = { — 47tly2 (l + Z:-) (1 — exp{20(x — r)}) + % exp{2a(x — r)}} * h(x, y), (3.3)

where * is now the convolution product with respect to x and y andr = (x? + y*)!/2. The
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unknown densities are nonvanishing only on the plate; hence all the convolution products
above exist.
Taking into account the relations (3.1)~3.3) the boundary conditions become:

1 2X . 2 X
o Jff(ﬁ, 1) {F exp{a(X — R)}sinh{a(X — R)} + EG (1 + E)exp{2o(X - R)}} d¢ dn
S

1 2Y
* 4n _” 9(&, ) {F exp{o(X — R)}sinh{o(X — R)}

N

+ 2,%2{ exp{20(X — R)}} dédn=—-1, (x,y)€S, (3.4)

20Y
i Jff(f, n) {i—z exp{a(X — R)}sinh{a(X — R)} + % exp{20(X — R)}} dé dn

N

1 2X . ) X
+ o ” 9(S, m) { — %3 exp{o(X — R)jsinh{o(X — R)} + Fa <1 ~ E>exp{2a(x — R)}
N
20 sinh{o(X — R}]] .
+ R exp{a(X — R)} X _R } dédn=0, (x,y)€S, (3.5)

| 4 2
= | e {32 exptaota - R) = 2 explotx - R
S

_sinh{o(X — R)}
a(X — R)

where X =x - Y =y—nR=(X?+ Y312

The relations (3.4), (3.5) are a system of integral equations for the densities f(x, y) and
g(x, y). The integral equation (3.6) determines the local lift h(x, y).

The kernels of all integral equations obtained have weak singularities. However, closed
analytical solutions cannot be obtained such that these equations must be solved numeri-
cally or asymptotically.

} ¢ dn = —0,, (x,y)eS. (3.6

4. Asymptotic form of Eq. (3.6) for high Reynolds numbers. In order to obtain the
asymptotic form of Eq. (3.6) we shall consider its kernel as a distribution in 2'(R?) depend-
ing upon the parameter o [1]. Let

o) = <4a exp{20(x — )} _exp{20(x — 1)} — 1

r rx —r)

» @, y)>, ¢ € I(R?) (4.1)

We have

o) = Jf <4a exp{20(x — )} exp{20(x — 1)} — 1) o(x, 3) dx dy

r rix —r)

= JW Jw <4o exp{ — 20r(1 — cos 6)}
0 0
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exp{ — 2or(1 — cos 0)} — 1
r(t — cos 6)

Let ¢(f) be an “unitary function” [6], i.e. a function of Z(R) such that Z,‘:‘; _o 00
— 2nm) = 1. We can write

) @(r cos 6, r sin 6) dr do. 4.2)

(* o

I(o) = Jw <4a exp{—20r(1 — cos 6)} +
(1]

J— o

exp{ —20r(1 — cos 6)} — 1)
r(1 — cos 0)

- @(r cos 0, r sin 8)¢(6) dr do

(* oo

= | 4o exp{—20c?} dc f d(O)o(r cos 0, r sin Hw
0 G=c

® —20c¢%} — 1
+ J e_ch_zc_}__ dc d(@)(r cos 0, r sin Hw 4.3)
0 G=c
where G(r, 0) = (r(1 — cos 0))!/2 and w is the differential form on the manifold G = ¢ de-
fined by the equation dGw = dr d0.
Let us define

J(c) = d(B)p(r cos 0, r sin Hw. 4.4)

G=c

In order to obtain the asymptotic expansion of the function I(s) we need the asymptotic
expansion of the function J(c) for small values of ¢. To get this expansion we first consider
the function

G(4) = (G4, Y(r, 6)) = f [r(1 — cos 0)]¥* Y(r, 0) dr d0, Y(r, 0) € 2(R?). (4.5)
G2>0

It is an analytic function of 4, holomorphic for Re{4} > 0 and its singularities are intimately
related to the nature of the manifold G = 0.

Let M be a point on the submanifold r = 0 and y(r, 6) = 0 outside some fixed small
neighborhood of M. We have

X © + é d9
_ Al2
G(A)_J; T o llj(l—c059’0> 1 —cos 6’ “.6)

Hence (4.6) has simple poles at 4/2 = —1, —2, —3, ... and the residue of G(4) at1 = —2k
k=1,2,3,...)is

) 1 dk—l + o0 do
Resxdue{G(A), —2](} = m {F J l//(l _ f:OS 9’ 0) 1 — cos 0}§=0. (47)

—

If now M is a point on the submanifold = 0 and y(r, 0) a function in 2(R?) with
support in an arbitrarily small neighborhood of this point, we can write:

N © r— &2 2dr
G(A)—f_w | €| déL t//<r, arccos . >(2r—{2)”2’ 4.8)

and consequently the function G(4) has simple poles at the points)l =—-1,-3,-5,.... We
also have
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. , 2 f(a* [~ — &2 2d
Residue{G(4), —2k — 1} = w {F J; n//<r, arccos — - ) o 52)1/2}§=0‘ 4.9)

Finally, in a neighborhood of the point M(0, 0) we have

0 + 2 d d
G(i) = J f E2ER (e, arccos(l — &) et Lo (4.10)
0 — (2 - 62)
and in polar coordinates £, = p cos 1, &, = p sin g
© n 2 3 1 — 2 2
G(A) = f P340z g, f (sin 7)¥?|cos n | Y(p sin n, arccos( p* cos* 1)) dn. (@.11)
o o V2 —prcosty

Hence (4.11) has simple poles at the points 4, = —(2k + 2)/3 (k =1, 2, 3, ...). Its residue at
the pole 4, is

ki * ra rf —
Residue{G(i), _ 2k + 2} 1 aY(0, 0) £1¢5(¢, d&, — ¢, dEy)

e . 412

k' et Tk aéa aiﬂ é(k+1)/3§21k+1)/3
Here I is the upper semicircle p = 1, the integral j* 1s the regularlzatlon of the correspond-
ing integral and y(p, 1) = Y(p sin n, arccos(l — p? cos? 7).

The above analysis shows that the function G(4) defined by (4.5) for Re{1} > 0 can be
continued to the entire plane 1 as a meromorphic function with poles at the points of the
above sequences; at the common points to the first and third sequences (i.e. 1 = —2k,
k=1,2,3,...)it has double poles and at the remaining singular points it has simple poles.

We consider now the function

H(%) = {G% , ¢(0)p(r cos 0, sin 6)). (4.13)
We have
do
Residue{H(%), —2} = ¢(0, 0) f T cosd™ 0, 4.14)
Residue{H(}t), - 2k3+ 2} -0, (@.15)
Residuc{H(Y), —1} =2/2 | 204 =4 (4.16)
, 77 1
. % ik (p(r 0) 4 Oo(r, O) 2¢(r, 0)
Residue{H(A), —3 =J (2 - dr =
{ } o \/— \/Z ar (\/_
(4.17)
The function H(Z) can be continued to a meromorphic function in all the complex plane
A. It has only simple poles at the points A = —1, —3, —5, ... . Hence we can write
H(}) = = + A} (4.18)

A+1 1+3 i+5
where H(4) is a holomorphic function in the domain Re{A} > —7 and, at the same time,

lim H(i, +il)=0 for —7<4, <O. (4.19)

| A2 |2
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We can also write

2/2
ar = <j/; 0. (990, 9l y> , 420)
20,
a= <2 V2% 0,(950) - szﬁ 50) ol y)>, @21)

X

0 .(x) being the Heaviside function. We have

H(A) = fwc‘ dc J (@(O)(r cos 0, r sin Ow = jwc*J(c) dc (4.22)
(1] G=c

0

Hence the function H(4) is the Mellin transform of the function cJ(c). We use the inversion
formula

1 6tion
J©) = f c* 'H@Adi, >0 (4.23)
2mi

o — i
Let —7 < —b < —5. The residue theorem gives
2 —b+iw

J©)= Y Residue{c™*"'H(A), —(2k + 1)} +ﬁ f cTATIH() dA. (4.24)

k=0 -b-iw

The last integral in this relation has the order O(c® %), with ¢ arbitrarily small. The
relation (4.24) gives the asymptotic expansion of the function J(c):

J(c) = a, + a,c* + 0(c*). (4.25)

The asymptotic expansion of the first term in (4.3) can be obtained now by using Watson’s
Lemma:

Jn

2/20

I, = J 40 exp{—20c*}J(c) dc = \/2n0 a, + a, + 0(c~*?) (4.26)
0

For the second term we write

© _ PA
,ZEJ exp{=20¢% — 1)) e
) ¢

© _ 2 -1 © — 2y
=j ﬂ{——zch(J(c)~al) dc+alf e)(p{zc#dc. 4.27)
0 0

Hence

QO J —_ Q —
12=J —(C)Z—a'exp{—%cz} dc—f £)—2ﬂdc—a1 2no
o ¢ o ¢
0% J
= —/2n0a, + \/n a, — f g dec + O(c 33 (4.28)
2 /20 b €
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Finally the kernel of Eq. (3.6) has the asymptotic expansion

40 exp{20(x — r)} exp{20(x —r)} — 1
r B r(x —r)

_ L X\, /m N NS e
_—y2<1+r> 7—(2\/x0+(x)5(y) ——7—6(y)>+0(a 32),(4.29)

Consequently Eq. (3.6) gives

h(¢, n)( x—¢ )d i
jf(y n)? \/(x—€)2+(y—'7)2 S

The first term is well known in the theory of the lifting surface and the second one is a
correction due to viscosity for high Reynolds numbers. If in (4.30) the spatial variables are
replaced by dimensional ones then ¢’ = pu~! ¥, stands for o.

4

5. Lifting line theory in the flow of a weak viscous fluid. Let now the surface S be a
plane wing of large aspect ratio. We denote by 2a the chord and by 2b the span of the wing
and perform the changes of variables

x=ax', ¢=al;
) ) (5.1
y=»by, n=br.
Again we denote by x, y, &, n the independent variables, by S the domain resulting from
S by the transformation (5.1) and by h(x, y) the new unknown function. Eq. (4.30) becomes:

OME, m) de dn ” Oh(E, m) /e (x — &) + (y — n)?
“ y—n 4= c_ou_nm K

1 3 h(f, )’) *  hé y
2/ x —=—d
* 4./mo’'a { J - 2(/x — &)} ‘f}

+ 0(c %% = —0,, (x,y)es, (5.2

where ¢ = a/b. We consider now the asymptotic form for ¢ < 1, i.e. for large-aspect-ratio
wings. The first terms of the asymptotic expansion of the second integral in (5.2) are given in
[2]. We obtain

0 h(E, y) J J h(E, n)
4“.[c(y)x_fd¢ S(y—ﬂ)zd

1 Jx : h(¢, y) dé + 0(0.—3/2) + O(g2 Ingy= —0,. (5.3)
)

T8 /noal, o (Sx =8
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For ¢’ — oo Eq. (5.3) coincides with the lifting line equation and for e — 0 we obtain the
equation of plane motion in a weak viscous flow [3]. We have

& [x4(y) —x h(n) _ / x.(y) —
h(x,y)—27I — L(y x_x(y)
4 1 +(y) —x "*‘” /t — X_ (y) ' h(&, y) dé} dt (5.4)
41'[\/7'50'1(1 X —=X_ (.V) x - (y) - x ) ( /t — t—Xx

where h(y) = ‘[ h(&, y) d& (5.5)

and x, = x.(y). By integration with respect to x the integral equation (5.4) gives

+ T A ! h
hy) — o == f (yf"f,)zdn=-neo<x+—x_)

/t—x_ _h& y)
d. 5.6
4,/7wa,[ +—t j Wt—19 66)

Egs. (5.4), (5.6) will be solved by the method of successive approximations. We consider
¢’ — oo and determine the function h(y) as the solution of Eq. (5.6). It is just the solution for
the classical lifting line theory. By means of the function h(y) Eq. (5.4) with ¢’ — oo furnishes
the zero term of the asymptotic expansion of the solution. By using this solution in Egs.
(5.6), (5.4) we determine the first-order term, and so on.

As an application let us consider the elliptic wing of large aspect ratio. We have

x:(y) = £/1 -y~ (5.7)

The zero-order terms are

20, 5
ho(y) = — T+ eV 1 —y% (5.8)

_ 2 [Ty
o= e o -

Eq. (5.6) gives

hy(y) = /t—x‘ f / (5.10)
2m/1wa1+€(7f/2) - —t E—x_ (/t— 3

and hence

20,

- 20 e S S
0=~ e VT +4nmk(”}

k(y) f \/‘_;dj \/st (5.12)

(5.11)

where
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kly)

—

N

0 0.25 0.5 0.75 1.

FiG. 1.

Thus the effect of the viscosity is a supplementary local lift. The function k(y) is plotted
in Fig. 1; note the elliptical form of the additional local lift. The overall lift is

! V2 ab 0 6.46
L=—pV2ab | hy)dy=L220L" 2{1 ———} 513
prod J\—l ) dy 1 + &(n/2) " + 3 /no'a .13)

6. Wings of small aspect ratio. With the notation as in the beginning of Sec. 5 we
consider now the case of small aspect ratio wings, i.e., ¢ > 1. Eq.(5.2) gives

e ([OnE n) 0.(x—¢&) g? j 0*h(Z, y)
= déedn + —— | J/x —¢—=224
2n J;J on y—n $dnt 2/ng'a J,_ X ¢ ay* :

+00673)+0E ?Ilng=—0,. (6.1)

To solve this integral equation we consider two limit cases when either the first or the
second term on the left-hand side of Eq. (6.1) is dominant.
i) The case 6’a > &2. We write Eq. (6.1) in the form

L™ dp [ 26
—f | WEmde= -2y
y

Tdyx)y ¥ =M Jxm
= f Q/x—é%(—ai’))—)zdé+c(x) 6.2)

noaJy_y

We shall solve this equation by successive approximations with respect to the small
parameter &./0’a. The first term of the asymptotic expansion of the solution is just the
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solution corresponding to the theory of small-aspect-ratio wings in aerodynamics. The
function ¢(x) will be determined from the condition that the solution h(x, y) have integrable
singularities only; note that it does not appear in the solution. We have

x 20
J ho(6, ) = = =2/ ys = Yy = ) 63)
x-(y)
and hence
290
ho(x, y) = — = — J(y+ x) — VY — y-(x). (6.4)

In order to obtain the next term in the asymptotic expansion of the function h(x, y) we
replace the function hy(x, y) for h(x, y) in the right-hand side of the relation (6.2). We get

X h —
L » (& y) d . raa\/ Wy —y-

J ” L 5@ty @2 dé} 1 dn_
b xm4\/x—£\/(y+ &) — mn — y-(%)) s —mn—y)n—y

The lift on the wing, up to the section x = const., is given by the relation

y+ x
L(x)= —pVi ab J dy f h(x, y) dx
- x - (y)

b6 €
S ()
P g U — )+ —a 1) (©66)
where
ky(x) = Yo m—yo —y, 2=y —y-(9 do (6.7)

e S —nn—y m\/y+é)—n(n—y @) Jx—¢

We consider now the slender delta wing whose form is an isosceles triangle of small
aspect ratio. We have

yy = +x. (6.8)
The formulae (6.6), (6.7) give
abf,
L(x) = npV} { } 6.9)
’ n/na'a 7_ (
1 2 1 2
ky = de Lt (6.10)

~ 37
o /1 —1dy (1 =231 =12

The second term in the brace is a correction in the lift due to viscosity for high Reynolds
numbers.
ii) The case 6’a < ¢*. Let us now write Eq. (6.1) in the form

J \/—6' h(é y) \/noa ,/naafj@h(é n) 0., (x n«f) tdn (6.11)
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We again consider the case of the slender delta wing of small aspect ratio (6.8). We have

\/—6 h(é y ./naa ,/naaf J' oh(¢, n)dé. 6.12)

on

We shall again determine the asymptotic expansion of the solution of Eq. (6.12) by suc-
cessive approximation. The zeroth-order term is given by the Abel-type integral equation

\/——— 02 ho(f ¥) dé = 200,8/2na’a. 6.13)

Its solution is

0%ho(x, y) 80,\/ma’a 0*
e o

and hence

80o/ 10’
ho(x, ) = —°—2"”<\/ |y|+2%+c x)y+cz(x>) (6.15)

me

The two arbitrary functions C,(x), C,(x) will be determined by the condition that the
function hy(x, y) vanishes at the two lateral borders. This gives

80,+/n0’ 1
ho(x, y) = —OT;[M{\/X—WI—W;(X—IH)}- (6.16)

The lift on the wing is now

L= —pV3ab J‘f h(x, y) dx dy = pVi}ab 8OT- ';Ua + 0(0—‘1) (6.17)
s
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The next terms are obtained by substituting hy(x, y) for h(x, y) in the right-hand side of
Eq. (6.12). Unlike the previous case, here the influence of the viscosity on the lift is domi-
nant: now the Reynolds number enters the leading term of the asymptotic expansion in
formula (6.17).
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