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0. Introduction. In this paper we study the nonexistence of global smooth solutions of
one-dimensional motions for nonlinear viscoelastic fluids and solids by the method of
Rozhdestvenskii [1]. This method has been applied to prove the nonexistence of global
smooth solutions for the shearing motions in an elastic circular tube in [2].

It is well known that the quasilinear hyperbolic equation

Uy = 0(Vx)x (0.1)

exhibits the breakdown of smooth solutions in finite time for a certain class of initial data of
arbitrary smoothness, no matter how small. This breakdown of smooth solutions is usually
associated with the formation of a propagating singular surface often called a shockwave.
The absence of some dissipative or damping mechanism in the above equation causes this
rather unrealistic result.

Nishida [3] and Slemrod [4] have studied the equation

vy = olv,), — av, 0.2)

which includes the effect of first-order linear damping which is not present in (0.1). For (0.2)
Nishida showed the existence of a global smooth solution for the small initial data. Slemrod
showed the breakdown of smooth solutions for large initial data. His motivation for study-
ing (0.2) was based on his model equation for shearing perturbations of steady shearing
flows in a nonlinear, isotropic, incompressible, viscoelastic fluid, in the absence of an
applied driving force. In experiments the analysis of the plane Poiseuille flow is more
common. In Sec. 1 I shall discuss the plane Poiseuille flow of the above fluid.
MacCamy [6] considered the equation

t

0y = a(0)o(v,), + J alt — 2)o(v,)y dz + 03)
0

showed the existence of a global smooth solution for small initial data, and conjectured the

breakdown of smooth solutions for large initial data. The effect of fading memory for elastic

materials causing a dissipative mechanism is included in this model as the stress functional

in the stress-strain relation. I shall show the breakdown of smooth solutions in this problem

in Sec. 2.

* Received January 21, 1981. This work was done in partial fulfillment of the requirements for a Ph.D. at
Rensselaer Polytechnic Institute. The author is grateful to Prof. Marshall Slemrod for his helpful suggestions,
discussion and encouragement.
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1. One-dimensional viscoelastic fluid. We consider the plane Poiseuille flow of non-
linear, isotropic, incompressible, viscoelastic fluid. Two parallel plates are located at x = 0
and x = 1. We assume the flow is a rectilinear shearing flow, namely

v* =0, v = v(x, t), ¥ =0. (1.1)

Here v = (v*, v*, v®) is the velocity of the fluid. Following the arguments of Slemrod [4], we
obtain the equation of conservation of linear momentum in the y-direction:

pox, t) = a( J e ®vlx,t—1) ds) - B, (1.2)
0 x
where B (>0) is the applied driving force which we assume constant. In the following
arguments we assume p = 1. The incompressibility condition div v = 0 is automatically
satisfied. On the boundary we require no-slip conditions

v(0, t) = v(1,£) = 0. (1.3)
Defining w(x, t) and u(x, t) by
w(x, t) = J e “vx, t —s)ds, u(x, t) = J e ®p(x, t — s) ds, (1.4)
0 o
we obtain the following first-order system:
W, =u,, u, = o(w), —ou — B, (L.5)
with boundary conditions
u(0, t) = u(l, t) = 0, (1.6)

and initial conditions
u(x’ 0) = uo(X), 0 =x< 1;
w(x, 0) = wg(x). (1.7)

The values of uy(x) and wy(x) are obtained from their respective definitions by inserting the
given velocity history vy(x, 7), —00 <1 < 0.

We require some conditions on ¢ in order that the system (1.5) be hyperbolic and
nonlinear. For the hyperbolicity we require that the matrix

0o 1
[a, 0] (1.8)

possesses real distinct eigenvalues. This strict hyperbolicity is equivalent to the condition
g >0. (1.9)
For the nonlinearity of the constitutive relation we impose

a"(So) # 0 (1.10)

for some real number &, .
Now we write the system (1.5)1.7) in terms of the Riemann invariants. The characteris-
tic curves of the system (1.5) are

dx/dt = +./d'(w), (1.11)
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and the Riemann invariants of the system can be taken as

. } = u+ $(w), (1.12)

where
P(w) = fw./a’(w) dw. (1.13)
o

The transformation given by (1.12) from (u, w) € R? to (r, s) € R? is one-to-one. The Rie-
mann invariants satisfy the diagonal system

r,—/lr,=—%(r+s)—[3, s,+/1sx=—g(r+s)—ﬁ, (1.14)

where
A=Jd(r—s). (1.15)

The initial data r(x, 0) = ry(x) and s(x, 0) = sq(x) are taken to be smooth functions. In the
following argument from (1.10) we assume

a'E=e>0 for |&—¢&|<d. (1.16)

(The case where ¢”(¢) < —¢ < 0 is similar.) Then (1.16) is equivalent to the following
condition

Ar—s)=e>0 for |r—s—¢&|<éd. 1.17)

The analysis of the system (1.14) in the absence of applied driving force (8 = 0) has been
done by Nishida [3] and Slemrod [4]. Slemrod showed the breakdown of smooth solutions
for t > 0 in the case where u,, and w,, are sufficiently large. He formulated the initial
boundary problem as an initial-value problem on R, and extended Lax’s argument [5] to
show the breakdown of smooth solutions. The presence of a constant driving force term,
however, prevents us from using his argument. Instead we employ the method of Rozhdest-
venskii to show the breakdown of smooth solutions in the domain of influence of initial
data. The proof is based on studying the two adjacent characteristic curves of the same
family. First we assume the existence of global smooth solutions for arbitrary initial data.
Then we choose appropriate initial data so that those two characteristic curves intersect (or
impinge) and r(x(t), t) has different values on each characteristic curve, hence contradicting
the assumption.

Before proving Theorem 1.1 we need an a priori estimate.

LemMa 1.1. Let |ro| = maxo< <y |7o(X)], | So| = maxo< <y |So(x)|. Then in the domain of
influence of initial data as long as smooth solutions exist we have

4
|r(x, 8)] + | s(x, t)lro|+|so|+7ﬁ-

Proof. This proof proceeds in almost the same way as in Slemrod [4]. We introduce the
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characteristic curves

t
x1=x1(t,6)=6—J'ldt, 6 € [0, 1],
0

t
x2=x2(t’#)=”+J~'ldTa ﬂG[O, 1]
0
Then (1.14) becomes

di {'("1(" %), 1)+ E} {(r(xl(t &0 +L > + (s(xl(t, o), 1) + E)}
t o o

% {S(Xz(t, W, t) + g} = - g {(r()u(l, W, t) + g) + (S(xz(t, 1), ) + g)}

Integrating the above equations along each characteristic curve, we have

I\)IQ

t
e‘“’”’(r(xl(r, 0, 1)+ ﬁ) =) +- -3 j e (s(x,(5, 3), 1) + E) dr,
o 2 Jo o
(1.18)
e 2"(8(Xz(t, W, 1) + g) = so(u) + g - % Le‘“’ 2"(r(xz(r, W, ) + g) dr.
Define
max e“?"|s(x, t) + 'Bl S(),
xeGi(t)
(a/2)t B
max e r(x, t) +o = R(1),
xeG(1)

where G,(1) is the x line segment which belongs to the domain of influence of initial data at
fixed t. Then (1.18) implies

(a/ 2)

r(x,(t, 9), t ‘ ro| + + = jS(r)

e(a/Z)t

t

S(x,(t, p), t) + — ’ |s0| + + IR(‘L’) dt.
0

Since for each ¢ we can find x,, x, such that

e(a/Z)n

=R@), &

W)+ 2 a0 0+ 2 = s,
04 o

and we can always trace backwards along characteristic curves to find 6, u so that

x; = x4(t, 0), x; = x(t, u) (because G(t) for each fixed ¢ belongs to the domain of influence

of initial data), we obtain

p

R(t)s|r0|+;+§J:8(r)dr, S(t)<|sol+ﬂ+ JR(r)dt

Adding these inequalities we have

t
t)S|r0|+|So|+Eé+ng(1)dt
a2 Jo
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where W(t) = R(t) + S(t). The Gronwall inequality implies

Wi < (1rol + 50| + L,

so that
r(x,t)+é + S(x,t)+l—; S|r0|+|50|+%
« « a
Hence, | r(x, t)| + |s(x, )| < |ro| + | 50| + (4B/).

Now we shall give the following nonexistence proof of smooth solutions.

THEOREM 1.1. Suppose the condition (1.17) is satisfied. Then for appropriate smooth initial
data the breakdown of smooth solution in the system (1.14) and (1.15) will occur in finite
time.

Proof. The proof is done by contradiction. We assume there exist global smooth sol-
utions for all choices of initial data. Now, we choose points (x}, 0) and (x3, 0) on the initial
line such that x = 0.5, x3 = x? + 7, where y is small positive constant which is determined
later in this proof. On the initial line we give the smooth data sy(x) and ro(x) which take the
values

ar
2 b
so(x) = S0, xe[n1-nl (1.19)

where rq, 5o, 7 (>0), Ar (> 0) are constants and satisfy

ro(x9) =ro +

- Ar
0y _ I —
ro(x1) =ro 2

)
|"o(x) —5o(x) = &o| <3 xe[n 1-n]

<3
ro(x) — so(x) =0 at x=0,1. (1.20)
We define the following values. Set
4
Mo=lrol +lsol + 2. M= max [Zeag 4],
a lr+s|<Mo 2
M,= max |A(r—s)|, M;= max |Ar—s)|. (1.21)
lr+s|<Mp lr—sl<Mo

We notice that in the domain of influence of initial data we have
[r(x, t) — s(x, t)] < |r(x, 0)] + | s(x, ©)| < Mo.
We also define the set G . Set
Go ={(r,s): |[r—s—&| <3},

where &, and 6 are defined by (1.17). Since we assume the existence of global smooth
solutions for arbitrary initial data, there exists the domain D = {(x,t); 0<x<1,t>0
such that r(x, t) and s(x, t) stay in G,}. We consider the values of r along the r-characteristic
curves dx/dt = — A(r — s) through (x?, 0) and (x3, 0). We denote the r-characteristic curves
through (x9, 0) and (x3, 0) by x,(t) and x,(t), respectively, and the values of r and s along
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x(t) and x,(t) by ry(t) = r(x,(2), 1), ry(t) = r(x,(t), 1), s1(t) = s(x,(t), t), and s,(t) = s(x,(t), ¢).
Since two r-characteristic curves x(t) and x,(t) are continuous, if we find small positive t,
such that

) <ry) O<t<ty), (1.22)
xa(ty) < x4(ty) (1.23)

are satisfied in the domain D, then, since x{ < xJ, we can find t,(0 < t, <t,) such that
(1.24) and (1.25) are satisfied:

ri(tz) < rata), (1.24)
X5(t2) = x4(t5). (1.25)

But this will contradict the fact that we assume the existence of smooth solutions for
arbitrary initial data.

For this purpose we first estimate the domain D. Consider the s-characteristic curve
which starts at x = n on the initial line and the r-characteristic curve which starts at
x =1 —n on the initial line. These two characteristic curves stays inside the domain of
influence of initial data at least until they cross each other. Since r and s characteristic
curves satisfy

dx

—=—-1l>-M 1.26
dt = 3> ( )
& <M, (1.27)

the domain surrounded by the following two straight lines

x—n=M;t (1.28)
x—(1—-n=-—-Mj;t (1.29)

and the initial line give an estimate for the domain of influence of the initial data. The above
straight lines cross each other att = (1/M,)(3 — 1), so thatt, = (1/2M5)% — 1) gives a lower
bound for the time until which r-characteristic curves x,(¢) and x,(t) stay inside the domain
of influence of initial data (see Fig. 1.1). Denote the domain surrounded by (1.28), (1.29), the
initial line, and t = (1/2M ;)3 — n) by D,. Then we see that if x,(t) and x,(f) are inDy, x,()
and x,(t) are in the domain of influence of initial data.

_ From (1.14) we have the following inequality on s along the s-characteristic curves
dx/dt = A:

So — Myt < s(x(1), 1) < 5o + Mt (1.30)

This inequality holds for arbitrary x(t), provided that x(t) is in the domain D,.

Thus, we can replace x(t) by x,(f) or x,() in (1.30), and estimate the values of r and s
along the r-characteristic curves x,(t) and x,(t). From (1.19) we have the following inequa-
lities for 0 < t < t,. Along x,(t) we have

rl(t)=17(,—éz1+J;r<-g(r+s)—/3)dt, (1.31)
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F1G. 1. (1) The domain of influence of initial data; (2) The s-characteristic curve which starts at (, 0); (3) The
r-characteristic curve which starts at (1 — n, 0); (4) The straight line x = M3t + n; (5) The straight line x =
—Mjt + (1 —n); (6) The straight line t = (1/2M;)3 — n); (7) The straight line x = M5t + 0.5; (8) The r-
characteristic curve x,(f); (9) The r-characteristic curve x,(t); (10) The domain D,; (11) The straight line
t = min((1/2M )} — 1), (6/4M ). 1f(1/2M ;X4 — n) < (6/4M,), D, = D,.1£(8/4M,) < (1/2M3)} — 1), D, < Do.

- A - A
ro—f_MltSrl(t)Sro_—z—r"‘Mlt,

So— Myt < 5,(t) < 5o+ Myt,
x,(t) = x? — J:,l(r, — 5,) dt.
And along x,(t) we see that
Fo+%—M1tSr2(t)sfo+ézr+M1t,

So— Mt < s(t) < 5o+ Mit,

t

xZ(t) = x(z) - J\ /l(rz - 52) dt

0
From (1.32),(1.33), (1.35), and (1.36) we have the following inequality:

- - Ar
"0—50—?—ZMlt—éoﬁ"i(t)—Si(t)—éo

- - A
gro—so+?r+2M1t—fo (i=1,2).

(1.32)
(1.33)

(1.34)

(1.35)

(1.36)

(1.37)

(1.38)
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Since | o + (Ar/2) — 5o — &o| < (8/2),if 1 < (5/4M ),
_ - Ar

_6SrO_SO_7—2M1t_éoSri(t)—si(t)_éo

- - A
Sro—so+?r+2Mll—foS<5 (=12

So we see that | r; (1) — si(t) — & | < 8 (i = 1,2)ift < (6/4M,). Set

o= MM, \2 T ) am, )

Then if we define D, to be the domain surrounded by the initial line, (1.28), (1.29), and
t=ty,weseethat D, < D.

Now we will pick t, such that it is less thant, and satisfies (1.22) and (1.23). From (1.32)
and (1.35) the condition (1.22) is satisfied if the following inequality holds:

2M,t < Ar. (1.39)

To find a sufficient condition for (1.23) we subtract (1.34) from (1.37), then we have

t

X(t) = x4(1) = x§ — x{ — J {Alry = 53) — Ary — s1)} dt

o
t

=x(2)—x(1)—‘[/vl(‘§)("2 —ry 45 —s;y)dt,
0

where ¢ is between (r, — s,) and (r; — s;), and 0 <t < t_o. If (r, — s;) and (r, — s,) satisfy
|r,~ -5 — §0| < 6(i = 1, 2), & satisfies lé - §0| < 0. The condition (1.23) is equivalent to

t
j/’v/(f)(rz—h+Sl—Sz)dt2X2—X?=Y
o

fort = t,. We evaluate the above integral. From (1.17), (1.19), (1.32), and (1.35),
A(&)ry —ry) = e(Ar — 2M 1),
and from (1.19), (1.33), and (1.36)
A(E)sy —52) = 2M M, ¢t
thus,

t

L{'{/(é)(rz —ry) + A(E)s; — s)} dt > J {e(Ar — 2M 1) — 2M M, t} dt

0
=¢ Art — (eM, + M M )t?
for 0 <t < t,. Hence if the inequality
e Art — My(e + M)t> >y (1.40)

is satisfied at t = t,, it will give a sufficient condition for (1.23).

Set ty, = min(t,, Ar/2M,); then we can find ¢, and y which satisfy (1.36). If
to > ¢ Ar/2M (e + M), set t, = ¢ Ar/2M (¢ + M) and choose y such that 0 <y < ¢ Ar/
4M e + M,). If ty < ¢ Ar/2M (¢ + M,), set t, = t; and choose y such that0 < y < (¢ Art,
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— M,(e + M,)t}). Since the a priori estimate of Lemma 1.1 depends only on the
maximum absolute values and |so| of initial data, we can change initial data, namely y,
without changing | r, | and

ro
So

2. One-dimensional nonlinear viscoelasticity. In this section we consider the one-
dimensional motion of an elastic bar. The effect of fading memory appears in the constitu-
tive relation in a different manner from that of the previous section. Suppose x + v(x, t) is
the position of a section at time ¢ which is at position x in the unstretched configuration.
Then v is the displacement. MacCamy [6] and Dafermos and Nohel [7] considered the
constitutive relation

t
T =oa(v,) + J a'(t — t)a(v(x, 1)) dr, 2.1)
(]
where T is the stress, and analysed the problem
t
Uy = a(vx)x + J a,(t - T)G(vx)x dt + g(x3 t) (22)
0
with the fixed boundary conditions
v(0, t) = (1, t) =0, (2.3)
and with the initial conditions
ux, 0) = vo(x),  vx, 0) = vy(x). (24)
We require the same conditions for initial data and g(x, t) as in MacCamy [6]:
v;(0) =v;(1) =v{(0) =vj(1)=0 i=0,1, 2.5)
g(O’ 1) = 9(15 1) = gxx(o’ t) = gxx(lv 1)=0. (26)

These conditions allow us to extend vy, v,, and g smoothly to periodic functions on
— o0 < x < o0, so that the above initial boundary value problem becomes a pure initial
value problem. In both papers the existence of a unique smooth solution for small initial
data was shown (although by different methods). Dafermos and Nohel changed (2.2) into a
more convenient form, namely,

VX, t) + k(O),(x, t) = 0'(vx, ) (x, t) — Jrk'(t — 7)vlx, 1) dt + O(x, 1) 2.7
o

Here, ®(x, t) = g(x, t) + k(t)v,(x) + j"o k'(t — t)g(x, 1) dt, and k(t) is related to a(t) via the
equation

k(t) + f'a’(t — k() dT = —a'(v), 0<t< 0.

0

In the following argument for simplicity we assume ®(x, t) and k'(t) are bounded, and set

O, = sup |d>(x, t)|, ko = sup |k’(t)|.

0<t<w,0<x<1 0<t<w

By definingw = v, and u = v,, we write (2.5) as a first-order system

w, = U, u, = a'(ww, + ® — k(Oyu — J'k'(t — Tu(x, 1) dr, (2.8)
o
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with initial conditions
w(x, 0) = v (x), u(x, 0) = vy(x).
Here w(x, 0) and u(x, 0) are even and odd functions respectively and satisfy
u(x, 0) = u(x,0) =wyx,00=0 at x=0, +1, +£2,....
As in the previous section we require ¢’ > 0 and

a"(Co) # 0

for some real number £, . We write (2.6) in the Riemann-invariant form. Define

r} +u+t Jw a'(w) dw,
S o
A= Jo'(r—s).

Then (2.8) becomes
re— A== ) (r+s)+o— j’k'(t — T)(M) dr,
2 o 2
S+ Asy = — @ 45+ J‘k'(t B _[)(r(x, 7) er s(x, r)) "
0

Initial conditions are taken to be smooth and periodic and satisfy

rx, 0) + s(x,0) =0,  (r(x, 0) + s(x, 0),, = 0,
(rx,0) —s(x,0), =0, x=0, +1, +2,...,

2.9)

(2.10)

(2.11)

2.12)

(2.13)

so that they are compatible with (2.5). From (2.9), as in the previous section, we assume

Fr—s)=e>0 for |r—s—¢&|<a.

(The case where 4’ < —¢ < O is similar.)
We give an a priori estimate to prove Theorem 2.1.

(2.14)

LEMMA 2.1. Suppose |ro| = sup,cg |7o(X)|,|So| = SuPxcw |So(x)|. Then as long as smooth

solutions exist we have

[r(x, 0)] + | s(x, 1) S%<|r0| + 50| +%>(2 + at +k0t2)exp(k—2°> t2,

where a = k(0) (>0).

Proof. We introduce the characteristic curves in the same way as in Lemma 1.1:

x1=X1(T,V)=V—Jld#a yeR,
0

xz=xz(f,n)=n+Jldu, nelR
0
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Then (2.12) becomes

d
E‘E r(xl(t’ y)? T) = - % {r(xl(t’ '}’), T) + S(Xl(‘f, Y)’ T)} + (D(xl(T9 7)’ T)

T k —
_ J; Lz—”—) (rey(t, ), ) + s(xy(1, y), p) du,

d
E S(XZ(I’ ’1)9 t) = - g {"(xz(T, 'I), T) + S(XZ(T, ’1), T)} + (D(xZ(t» )’), T)

T k —
- L - 2 = (r(xa(, 1), 1) + s(xo(c, 1), ) dp.

Integrating the above equations along each characteristic curve we have

e (x )T, 9), 1) = 1(y) — g f e Dus(xy(u, y), ) dp + f e“PMD(x, (, y), p) dp
0 0

- J'ewwr =)y, 9, )+ st ), ) dp i

0 0

a T T
€“Ps(x (1, n), 7) = s(n) — 3 J e“Pr(xy(u, 1), p) dp + j D (xy(p, 1), p) dp
(1] 0

T I k _
- Le‘“’ 2"‘L # (r(x2(u, m), p) + s(x2(u, m), p)) dp du.

Since we assume the existence of smooth solutions, by means of the mean value theorem for
integrals we have

e (xy(t, 9), 1) = H(y) = Je‘“’z"‘S(xl(u, V), ) du + J e“PHD(x (1, y), p) dp
0

E T
2o
_ J‘te(a/z)”# k(“ - él(u))

| > (r(x (1, ), Ea(w)) + s(x1(ns 9), €1(w)) due

a T T
e“s(x,1, 1), T) = () — > j e PMr(x,(u, m), W) dp + Le‘“’ DHD(x,(, 1), W) dp
0

- L'e‘“'”"u KU S ey, ), a0+ s ), €t it

where 0 < &,(u) < u, 0 < &,(p) < p. Define

;(xl(t, y), t) = max e(a/Z)t | r(xl(ra y)7 T)

0<ts<t

’

S_(xl(t’ 11), t) = max e(u/Z)t | r(XZ(T’ ’1)7 T) | .

0<tst

Then we obtain

ﬂxl(t’ y)a t) = max

0<t<yt

r(y) — % Le“” sy (p, y), 1) dp + J;<I>(x1(#, ), 1) dp

_ L Dy k("—_f@(r(xl(u, ), E1(w) + sCxa(p, ), E1(W) duf,
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a T T

<|ro| + max {gje‘“”"‘IS(xl(u, M W) du + f e O(x,(u, 7), )| du
0 0

0st<t

14 k — &
+ L e‘“/z"‘ul—ﬂ‘——zé(—m)l s, ), x|+ [s(xa(, ), E2(w) [} d“}

! t
< fr0| + % Je(“/Z)”|S(X1(#, ), #)’ du + (DoJ;e(“/m du
0
k t
7 fﬂ PRIy (7)., Ea(u)] + [sxa(is ) &G}
0
o ! t
S(x2(t, m), 1) < lSo’ + 5 Je(a/z’”lr(xz(y, ), /1)| du + QOLe(a/Z)u du
0

k t
+ 7o L p eI r(xo(p, ), E()| + | sCeap, 1), E(W) |} dp.

Define

R@)= sup €“?"|r(x,7)|, S = sup “?"|s(x, 7).

xeR,0<r<t xeR, 0<e<t

Then the above inequalities imply that

4 2 k t
Axi(e ) < Jro| +5 f S() dp + = Do e 4 22 f HR(K) + S(k) dp,
0 (]

o [ 2 ko [*
Sxalt, M), 1) < [so] + 5 f R() dpt + = Do e 4 =2 J HR(W) + S(p) dp.
0 0
Since r, s are periodic in x, for each ¢ there are characteristic curves x,(t, ¥), X,(t, #) so that

AXy (6, 7). 1) = R(1),  S(X,(t, 1), 1) = S(o).

If we choose this 7, 7 for each t, we obtain

2 t k t
R@) < |ro| + = o + % f S(w) du + 30- Ju(R(u) + S(w) dy
0 0

2 ! ko [*
S(0) < [ 0| + = @™ + 2 | R(u) du + -2 f u(R(y) + S(u) dp.
o 2 0 2 0
Adding these two inequalities, we have
4 t
W) < [ro| +[so] + = @o 2" + J (g + kou>W(u) dp,
o
where W(t) = R(r) + S(¢). Using the generalized Gronwall inequality we obtain

4 o k
W(t) < |ro| + |so] + ” Pe@/2r 4 exp(z t+3 t2>

“a 4 o k
. = — (a/2)p D=2
L<2+kp><|r0|+|sol+a<be )exp( SH 2u>d;4,

4
S'rol + |50| +;®oe(“/2)'+%(ott+k0t2)<|r0| + |S()| +§(D0>exp<gt+'kz—ot2>.
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Hence we have

[r(x, O] + | s(x, )] < (|r0| + | 50| e

ko
+4<l>0+ <|ro|+|so|+ (I>0>(at+ko 2)exp(2 2),

k
%(l ro| +[so] + - (Do>(2 + at + kot 2)exp|<—29 )

Now we state the theorem.

THEOREM 2.1. Suppose ¢” satisfies (2.9); then the breakdown of smooth solution in (2.10)
and (2.11) will take place in finite time for certain smooth initial data.

Proof. The proof of the breakdown of smooth solution is basically the same as in
Theorem 1.1 except that we have to handle the integral term. We assume the existence of
global smooth solutions for arbitrary initial data.

As in Theorem 1.1, we choose points (x{, 0) and (xJ, 0) on the initial line such that
x? =05, x3 = x{ 4+ 7, and we give the smooth initial data ro(x) and s¢(x) which take the
values

_Ar _ Ar
"o(x(l))="0—‘2‘, ro(x(z))=ro+7,

SO(x) = S_O, X € ['7’ 1 - ’7]1 (215)

and satisfy

0
|r0(x)—so(x) o <2 xe1—nl,
r(x, 0) + s(x, 0) = 0, (r(x, 0) + s(x, 0)),, =0, (2.16)
(r(x, 0) — s(x, 0)), =0, x=0,+1, +2,...,

where 7y, §,, and Ar (>0) are constant, and # is a small positive constant. We can extend
the above initial data smoothly and periodically to —o0 < x < o0, so that Lemma 2.1
applies.

By making use of a priori estimate we define

1 4
M, = 3 <|r0| + |so| + . (I)0>(2 +aT + kg Tﬂexp(%—’ T2>,

where T is a positive number. We also define the following values:

M, = max —g(r+s) + @, M, = max |l’(r—s)|,
Ir+s|<Mo 2 lr—sl<Mo

M; = max |i(r - s)|, M, = max 2.17)
Ir—sl<Mo Ir—sl<Mo 2

and the set

Go={(r.9):|r —s—&]| <4},
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where £, and ¢ are defined by (2.14). We choose T so that it satisfies

(1
E<5_"><T’

which is always possible. (The number (1/M;)(3 — n) is obtained in the same was as in
Theorem 1.1).

Although this is a pure initial value problem we restrict our argument to between
0 < x < 1. We proceed in the same way as in Theorem 1.1. In the domain D, (obtained in
the same way as in Theorem 1.1) we obtain the following inequalities along r-characteristic
curves x,(t) and x,(t) (x,(0) = x{ < x,(0) = x9). Along x,(t) we have

r(t) =7y — A—+f{ (r+s)+(l)}dt

ff I (" ’);’S(" ”) dr dt, (2.18)

Ar A M,
‘———M - <)< Mt + =1, 2.19
Fo — 3 t 2 22 < r(t) e} + + > (2.19)
M M
s‘o—M,t—T“t2 ssl(t)ss‘0+M1t+T4t2, (2.20)
t
x(t) = x§ — ji(rl —s5,) dt. (221
0
And along x,(t) we see that
- Ar M, Ar M,
r0+7—M1l——2—' 2([)<r0+2+M1t+7t (2.22)
- M - M
—M,t—TA'tZssz(t)gs0+Mlt+—;-t2, (2.23)
Xz(t) = xg —_ Ji(rz - Sz) dt. (2.24)
0

The above inequalities correspond to (1.31)+1.34) and (1.35)1.37). From (2.19), (2.20),
(2.22) and (2.23) we have

ro—so—g—2M1t— Myt? — & < ri(t) — si(t) — &

2
- - Ar 2 .
Sho—Sot T H2MuHMa =& (=12, (229)
Since | ro £ (Ar/2) — 5o — &o| < (3/2), if

2Mt + M, 2 (2.26)

(3
= 2’
|ri(t) — s:(t) — &o| < & is satisfied for i = 1, 2. This means if t < (1/2M3)(4 — n) and (2.26)
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are satisfied, r, s on r-characteristic curves x,(t), x,(t) stay in G, . From (2.19) and (2.22), if

2M it + M t? < Ar (2.27)
(1.22) is satisfied. And from (2.21) and (2.24), if the inequality
eArt — My(e+ M)t? —iMye + My)3 > x5 —x0 =y (2.28)

is satisfied for t = t,, (1.23) is satisfied. The above inequalities (2.25), (2.27), (2.28) correspond
to (1.38),(1.39) and (1.40). Of course we can easily find t; (<(1/2M5)(4 — 1)) and y such that
they satisfy (2.26), (2.27), and (2.28).

From (2.28) we see that the integral term in (2.12) gives the third-order correction in
time to the original method of Rozhdestvenskii.
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