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1. Introduction. There are five groups T u ..., Ts which define the symmetry proper-

ties of materials which are referred to as being transversely isotropic. We define these

groups by listing the matrices which generate the groups:

0(0),

0(0), Ri = diag(-l, 1, 1),

Q(0), R3 = diag(l, 1, -1), (1.1)

Q(0), R, = diag( — 1, 1, 1), R3 = diag(l, 1, -1),

Q(0), D2 = diag( — 1, 1, -1).

T i

T2

t3

Ts

In (1.1), Q(0) denotes the matrix

cos 0, sin 0, 0

Q(0) = — sin 0, cos 0, 0

0, 0, 1
(1.2)

Q(0) corresponds to a rotation about the x3 axis. R, and R3 correspond to reflections in

planes perpendicular to the xt axis and the x3 axis respectively. D2 corresponds to a

rotation through 180 degrees about the x2 axis.

In this paper, we determine integrity bases for polynomial functions F(A1;..., AN,

Vt, ...,VM, Wl5 ...,WP) of N three-dimensional second-order symmetric tensors

\p = ||/1P|| (p = 1, ..., N), M three-dimensional vectors V, = Vf (q = 1,..., M) and P

three-dimensional second-order skew-symmetric tensors Wr = || W'jW (r = 1, ..., P) which

are invariant under any given group chosen from Tu ..., T5. Adkins [1,2] has considered

the problem of determining integrity bases for functions F( A1( ..., AN, V1; ..., VM) which

are invariant under the group and for functions F(A1; ..., \N, Yu ..., \M) which are

invariant under the group T2. Long and Mclntire [3] have considered the problem of

determining an integrity basis for functions F(A1;..., AN, \u ..., \M, Wx,..., WP) which

are invariant under the group T4. The results obtained here for this case differ from those

given in [3].
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2. An integrity basis for functions invariant under T l. Let us employ the notation

B[ = A\a (a = 1, 2; i = 1, .N),

B%+J — V{ (a = 1, 2;;' = 1, M), (2.1)

BNx+M+k=Wk3, (a = 1, 2; fc = 1, ..., P).

It is readily seen that the problem of determining the form of a polynomial function

F(A1; ..., Ajy, Vls ..., VM, Wlt ..., WP) which is invariant under the group Tx is equival-

ent to that of determining the form of a polynomial function G(>133, B\ — i Br2) which is

subject to the restrictions that

G(^33, A\x + Al22, A'h — A'22 + 2iA\2, A'11l — A22 — 2iA12, V%,

W?2, B\ + iB2 , B\ - iW2) = G(A'33, 4i + A'22, (A\t - A'22 + 2iA[2)e~2l", (2.2)

(41 - A'22 - 2iA\2)e2'e, V$, W?2, (B\ + iW2)e~a, (B\ - iBr2)e">)

shall hold for 0 < 9 < 2n. In (2.2), i2 = — 1 and i = 1, ..., N; p = 1,M;m = 1, ..., P;
r = 1, ..., N + M + P. It is immediately seen that G(/T33, ...) is expressible as a poly-

nomial in the quantities (2.3) listed below which then form an integrity basis for functions

F(Aj, ..., AN, V1; ..., VM , Wl5..., WP) which are invariant under T

A'33,Al+A'22, vp3, w?2,

(A\i — A'22)(A{1 — A{2) + 4A'12A{2 (i < j),

(A\i — A'22)Aj12 — (A{ i — Aj22)A'12 (' <j)>

B\B\ + B'2B2 (r<s), B\B\-Br2B\ (r < s),

(A\j - A'22)(B\ B] - B'2B\) + 2A\2(B\ B\ + B2B\) (r < s),

(A\, - A\2){B\B\ + B2B\) - 2A[2(B\B\ - B'2B\) (r < s).

In (2.3), i,j - I, N; p = I, M; m = I, P\ r, s = N + M + P subject to

the restrictions indicated. We observe from (2.3) that the integrity basis for functions

F(Aj, ..., An, VH ..., VM) invariant under TY given by Adkins [1, 2] contains redundant

terms.

3. An integrity basis for functions invariant under T2. The group T2 is generated by

the matrices Q(0) and Rt. We have seen in Sec. 2 that any polynomial functionF(\u ...,

An , V1; ..., VM, Wb ..., WP) which is invariant under the group Tj generated by Q(9) is

expressible as a polynomial in the quantities (2.3). In order to determine the general form of

the function F(At, ..., WP) which is invariant under T2, we need only determine the

general form of a polynomial function of the quantities (2.3) which is invariant under Rt.

The elements of (2.3) either remain invariant under Rt or change sign under Rt. Let

(2.3)
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/l5 Ia and Ju Jh denote the elements of (2.3) which remain invariant under Rx and

which change sign under R, respectively. With (2.3), we see that the Ju Jb are given by

W?2 ,M'n - A'22)Ai2 - (A{1 - Aj22)A\2 (i < j), B\ B\ - W2 B\ (r < s),

(3.1)
(A\i - AiM B\ + B2 B\) - 2A\2(B\ B\ - W2B\) (r < 5)

where i,j = l,...,N; m = 1,..., P; r, s = I, N + M + P subject to the restrictions

indicated. The /1; ..., Ia are the elements of (2.3) not listed in (3.1). An integrity basis for

functions F( AWP) which are in variant under T2 is then given by /l5 and J p J q

(p,q = 1, ..., b;p < q).
After eliminating the redundant elements from the set JpJq, we obtain the result that an

integrity basis for functions F{\u AN, V1(..., VM, Wx, ..., WP) which are invariant

under T2 is given by

^'33 ^ A\ 1 + A'22, ^3> (^11 — A22)(A{ 1 — A{2) + 4A'l2A{2 (i < j),

B\ B\ + B\ B\ (r < s),

(41 - A'22)(B\ B\ - B\ B\) + 2A[2(B\ B\ + Br2 B\) (r < s),

W?2 W"l2 (m < n), WUA\t- A'22)A{2 - - A{2)A[2 (i\<j), (3.2)

Wml2(B\ B\ - B\ B\) (r < s),

Wy2(A[, - A'22Wi + Br2 B\) - 2 W?2 A[ 2{B\ B\ - B\ B°2) (r < s),

((/4'n — A'22)A{2 — (A{ j — ̂ 2)^12X^1^2 — Br2B\) (i <j,r < s)

where i,j=l,...,N;p = l,...,M;m,n = l,...,P;r,s=l,...,N + M + P subject to

the restrictions indicated. The quantities Brx (a = 1, 2; r = 1, JV + M + P) are defined

by (2.1). If we set the W™2, W31, ^23 (m = 1, ..., P) appearing in (3.2) equal to zero, we

obtain an integrity basis for functions F(A1; ..., AN, V1;..., VM) which are invariant under

T2. The integrity basis so obtained contains fewer terms than that given by Adkins [2],

which would indicate the presence of redundant terms in the basis listed in [2].

4. An integrity basis for functions invariant under T3. The group T3 is generated by

the matrices Q(0) and R3. We have seen in Sec. 2 that any polynomial functionF(AU

An , V!,..., VM, Wb ..., Wp) which is invariant under the group Tx generated by Q(6) is

expressible as a polynomial in the quantities (2.3). In order to determine the general form of

the function F(Als..., WP) which is invariant under T3, we need only determine the

general form of a polynomial function of the quantities (2.3) which is invariant under R3.

The elements of (2.3) either remain invariant under R3 or change sign under R3. Let

Ku Kc and Lu ..., Ld denote the elements of (2.3) which remain invariant under R3

and which change sign under R3 respectively. Let

Q = 4* (a = 1, 2; / = 1, ..., N), CNx+j = (a = 1, 2;; = 1,P). (4.1)
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With (2.3) and (4.1), we see that the elements Ku Kc of (2.3) which remain invariant

under R3 are given by

^33 > <4'll + ^22 > W™2, {A\i - -4 22)(^i 1 — M12) + 4/l'i 2 A{2 (i < j),

(A^ - Ai22)Ai2 - (AU - A{2)A[2 (i<j), C\ C\ + C2 C2 (r < s),

C\ CI - Cr2 C j (r < s), V{ V\ + V\ VI (p < q),

V{ V\ — Vp2 V\ (p < q),

(4i - A'22KC\ C\ - C2 Cs2) + 2A\2(C\ CI + Cr2 C\) (r < s),

(A'u - A'22XV? V\ - Vp2 V\) + 2A\2(V\ VI + Vp2 V\) (p < q),

(A'i x - A'22)(C\ C\ + C2 C\) - 2A[2(C\ C\ - C2 C°2) (r < s),

(A\i - A\2\V\ VI + Vp2 V\) - 2A\2(V1 V\ - Vp2 V\) (p < q)

where i,j=\,...,N',p,q=l,..., M; m = 1, ..., P; r, s = 1, ..., N + P subject to the

restrictions indicated. With (2.3) and (4.1), we see that the elementsL u ..., Ld of(2.3) which

change sign under R3 are given by

V%, C\ V\ + Cr2 V\, C\ Vp2 - C2 Vpu

(A\1 - A'22)(C\ V[ - C2 VI) + 2A\2(C\ Vp2 + C2 VI), (4.3)

(a[i - A'22)(C\ VI + Cr2 V\) - 2A\2{C\ VI - C'2 VI)

where i = 1, ..., N\p = 1,M\r = 1, ..., N + P. An integrity basis for functions F(A1;

..., WP) which are invariant under T3 is then given by the quantities Ku Kcand LpLq

(p, q = 1, :.d; p < q). After eliminating the redundant terms from the set of invariants

Lp Lq, we obtain the result that an integrity basis for functions F{ At, ..., AN,\U

Wj, ..., WP) which are invariant under T3 is given by

A23 ,A\,+ A'22, W?2, (A\! - A'22)(A{, - Aj22) + 4A\2 A{2 (i < j),

(A\i — Al22)A\2 — (M, — Aj22)A'i2 (i < j),

C\ C\ + Cr2 Cs2 (r < s),

C\ C\ - C2 C\ (r < s), Kf VI + Vp2 V\ (p < q),

V\' V\ - Vp2 VI (p < q),

vp3 VI (p < q), (A\ 1 - a'22)(C'; c\ - C'2 Cs2)

+ 2A\2(C\C\ + Cr2C\) (r < s),

(A\ j - A'22)(C\ Cs2 + C2 C\) - 2A[2(C\ C\ - C2 C\) (;r < s),

(A[j - A'22)(V1 V\ - Vp2 VI) + 2A\2{V\ Vj + Vp2 VI) (p < q), (4.4)

(A'n - A22)(Vp V\ + V\ V\) - 2A[2(V{ V\ - Vp2 V\) (p < q),

Vp3(C\ VI + C2 V\), Vp3(C\ VI - Cr2 VI),

Vl(A[ 1 - A^tC'i V\ - C'2 V\) + 2V$ A\2(C\ VI + C\ V\),
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VUA[ 1 - A\2)(C\ VI + C'2 V\) - 2V% A\2(C\ V\ - Cr2 VI),

(C\ C\ - Cr2 CS2)(V[ V\ - V\ V\)

+ (C\ C2 + C2 C\\V\ V\ + VI VI) (r < s, p < q),

(C\ C\ - Cr2 Cs2)(K? V\ + Vp2 VI)

- (CI Cs2 + Cr2 C\\V{ V\ - V?2 VI) (r<s,p<q)

where i,j=l,...,N; p, q = 1, M; m = 1,P; r, s = 1,JV + P subject to the

restrictions indicated. The quantities Crx (a = 1, 2; r = 1, ..., JV + P) are defined by (4.1).

5. An integrity basis for functions invariant under T4. The group T4 is generated by

the matrices Q(0), Rt and R3. We have seen in Sec. 3 that any polynomial function

F(Aj,.A,v, Vl5\M, Wj,..., WP) which is invariant under the group T2 generated

by Q(9) and Rx is expressible as a polynomial in the quantities (3.2). In order to determine

the general form of a function F(A1( ..., WP) which is invariant under T4, we need only

determine the general form of a polynomial function of the quantities (3.2) which is in-

variant under R3. We observe that the elements of (3.2) either remain invariant under R3 or

change sign under R3. Let

Q = 4* (« = 1, 2; i = 1,..., JV), CNX+J = (a = 1, 2; j = 1, ..., P). (5.1)

With (3.2) and (5.1), we see that the elements Mu ..., Me of (3.2) which remain invariant

under R3 are given by

■^33> A\i + Al22, (A\1 — A'22)(A{i — A{2) + 4A'12AJ12 (i < j),

C\ C\ + C2 C\ (r < s), V1V\ + V$Vl (p < q),

W[2 Wnl2 (m < n),

(A'i i - A'22)(C[ C\ - C'2 C\) + 2A\2(C\ C\ + C\ C\) (r < s),

((A\x - A'22)A{ 2 - (A{, - Aj22)A[ 2)(C\ C\ - C\ C\) (i <j,r < s),

(A\, - A^m V\ - V\) + 2A\2(V\ V>2 + V\ V\) (p < q),

(Mii - A\2)A{2 - (Ait - Aj22)A'l2)(V1Vl - V\ v\) (i <j, p < q),

WUA\, - A'22)A{2 - W?2(A{! - Aj22)A\2 (i <;),

WUC\ C\ - C'2 C\) (r < s),

WUV{ V\ ~ V! V\) {p < q),

W?2(A\, - A'22)(C\ C\ + Cr2 C\) - 2W?2 A\2(C\ C\ - C2 Cs2) (r < s),

W?2(A\l - Al22m n + Vp2 V\) - 2W?2 A[2(V? V\ - V\ V\) (p < q)

where i,j=l,...,N;p,q = l,...,M;m,n=l,...,P;r,s=l,...,N + P subject to the

restrictions indicated. With (3.2) and (5.1), we see that the elements JV1(Nf of (3.2)

(5.2)



(5.3)

514 G. F. SMITH

which change sign under R3 are given by

VI, C\ V\ + C2 Vp2, Wm,2(C\ V\ - C'2 VI),

(A[! - A'22)(C\ Vp - Cr2 VI) + 2A\2{C\ VI + Cr2 V{),

W?2(A[ i - A'22)(C\ V\ + C\ V{) - 2W?2 A\2(C\ V\ - C'2 Ff),

((A\! - A\2)A{ 2 - (A{! - A{2)A\2)(C\ Vp2 - C2 VI) (i < j)

where i,j = 1, N; p = 1, M; m = I, P; r = 1, ..., N + P subject to the re-

strictions indicated. An integrity basis for functions F(Ab ..., WP) which are invariant

under T4 is then given by Mu ..., Me and NpNq(p, q — 1p < q). After eliminating

the redundant elements from the set of invariants NpNq, we obtain the result that an

integrity basis for functions F(A1; .Aw, V1(VM, Wl5 ..., WP) which are invariant

under TA is given by

^33 > A\1 + ^22 > Mil — A'22)(A{1 — A{2) + 4A'l2A{2 (i <j),

C\ C\ + C2 C\ (r < s), Vp, V\ + Vp2 VI (p < q),

V% V% (p < q), w?2 W"l2 (m < n),

(A\! - A'22)(C\ C\ - C2 Cs2) + 2A\2(C\ Cs2 + C\ C\) (r < s),

((AU - A^Ai, - M{i - A{2)A\2)(C\ C\ - Cr2C\) (i <j, r < s),

(A'u - A\2\V\ V\ - Vp2 VI) + 2A\2(V1 VI + Vp2 V\) (p < q),

((A\ 1 - A'22)A{2 - (A\t - AJ22)A\2)(V\ VI — Vp2 V\) (i <j,p< q),

W"2(A\! - A'22)A{2 - W?2(A{ 1 - AJ22)A[2 (i <j),

(C\ C\ - C2 C2){V{ V\ - V"2 VI)

+ (C\ C2 + C2 C\)(V1 VI + Vp2 V\) (r < s, p < q),

(C\ Cs2 - C2 C\)(V1 VI - Vp2 V\) (r < s, p < q),

Vp3(C\ V\ + C2 VI), Wm2(C\ Cs2 - Cr2 C\) (r < s), (5.4)

W"l2(V1 V\ - V\ VI) (p < q),

((A\l-A>22)(C\02 + Cr2C\)

- 2A\2(C\ C\ - C2 C2))(V{ V\ — Vp2 V\) (r < s, p < q),

(M'u - A\2)(V\ VI + Vp2 VD

- 2A\2(V[ V\ - Vp2 Vl))(C\ Cs2 - C2 C\) (p < q,r < 5),

W?2(A[ t - A\2){C\ C\ + C'2 C\) - 2W™2 A\2(C\ C\ - C'2 C\) (r < s),

WUA'n - A\2\V\ VI + Vp2 V\) - 2W?2 A\2(V\ V\ - Vp2 Vj) (p < q),



TRANSVERSELY ISOTROPIC FUNCTIONS OF VECTORS 515

W?2(C\ C\ - C'2 CS2)(V{ V\ + V% V\)

- W?2(C\ Cs2 + C-2 C\m VI - F§ V\) (r < s, p < q),

VpAA\x - A'22)(C\ V\ - C'2 VI) + 2F? A\2(C\ V\ + C\ V\\

V'AA\i ~ A22)A\2 - (.A{, - A{2)A\2)(C\ VI - C\ V\) (i <j),

F§ WUC\ V\ - C\ V\\

Vp3 WUA\i - A'22)(C\ VI + C2 V\) - 2F§ W72 A\2(C\ V\ - C\ V\)

where i,j= 1,N\ p, q = 1, M;m,n = 1,P; r, s = 1,N + P subject to the

restrictions indicated. The quantities Cra (a = 1,2; r = 1,..., N + P) are defined by (5.1).

6. An integrity basis for functions invariant under T5. The group Ts is generated by

the matrices Q(9) and D2. We have seen in Sec. 2 that any polynomial function F(Alt ..

Aw, Vj, ..., VM, Wl5..., WP) which is invariant under the group Tx generated by Q(0) is

expressible as a polynomial in the quantities (2.3). In order to determine the general form of

the function F{A,, ...,WP) which is invariant under T5, we need only determine the

general form of a polynomial function of the quantities (2.3) which is invariant under D2.

The elements of (2.3) either remain invariant under D2 or change sign under D2. Let

Cx = A'3a (a = 1, 2; i = 1,N), CNa+j=W{x (a = 1, 2;j = 1,P). (6.1)

With (2.3) and (6.1), we see that the elements Pu Pg of (2.3) which remain invariant

under D2 are given by

^33 ? A'tl + A22, (.4'n — Al22)(A{ i — AJ22) + 4A'12AJl2 (i < j),

C\ C\ + C\ C'2 (s<t), V\ V\ + Vp2 V\ {p < q), C\V>2 - C\V"U

(A\ i - A^Cl C\ - Cs2 C'2) + 2A\2(C\ C\ + C\ C\) (s < t), (6.2)

i - A'22)(V\ V\ - V\ VI) + 2A\2{V\ V2 + VI V\) (p < q),

Mil - a'22)(c\ v>2 + cs2 V\) - 2A\2(C\ f? - cs2 V2)

where i, j = 1,N; p, q = 1, ..., M; s, t — 1, ..., N + P subject to the restrictions in-

dicated. With (2.3) and (6.1), we see that the elements Qu Qh of (2.3) which change sign

under D2 are given by

K?, fVTz, (A\i - Al22)A{2 - (A{, - Aj22)A\2 (i < j),

C\V\ + C\V$,C\C2-C\C\ (s<t), V\V\-VIV\ (p < q),

(41 - A'22)(C\ F? - C°2 Vp2) + 2A[2(C\ V2 + C\ V[), (6.3)

(A\, - Al22)(C\ C<2 + Cs2 C\) - 2A\2(C\ C\ - C\ C2) (s < t),

(A\i - 42)(F? V\ + VI V\) - 2A'12(V{ V\ - V\ V\) (p < q)

where i,j = 1,N; p, q = 1, ..., M; m = 1, ..., P\ s, t = 1, ..., N + P subject to the

restrictions indicated. An integrity basis for functions F(At, ..., Wp) which are invariant

under T5 is then given by Pu Pg and QrQs(r, s = 1,..., h; r < s). After eliminating the

redundant elements from the set of invariants QrQs, we obtain the result that an integrity
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basis for functions F(Au AK,Vt, VM,Wlt WP) which are invariant under T5 is

given by

^33) ^11 + ^22 > Mil — ^22)(^il ~ ^22) + ^A\2A{2 0 ^ J))

C\ C\ + C\ C'2 (s < t), C\ Vp2 - Cs2 Vf, Vpi V\ + Vp2 VI (p < q),

(A[ 1 - A'22)(C\ C\ - C\ C2) + 2A\2(C\ C2 + Cs2 C\) (s < t),

(A'i i - A'22)(C\ V>2 + Cs2 VI) - 2A[2(C\ VI - C\ Ff),

(A\! - A'22XV% V\ - Vp2 V\) + 2A\2(V\ VI + V\ V\) (p < q),

i(A\, - A'22)A[2 - (A{ l - A{2)A\2)(C\ C2 - C\ C\) (:i <j, s < t),

((A[x - A'22)A{2 - (A{1 - Aj22)A\2)(C\ V\ + C\ Ff) (» < j),

((A\1 - A'22)A{2 - (A{1 - 42M'12)(F? F| - Ff F?) (i <j,p< q),

W72W>,[2 (m < ri), WUA^-A^Ai.-WUAit-AiM^ (i<j),

WUC\ C'2 - CI C[) (s < t), WUC\ V\ + C| Ff),

WT2(F? F| - Ff F?) (p < q), (6.4)

w72Mi , - x'22)(cs! c<2 + cs2 c'x) - 2w?2 ^i2(Ci C'j - Cs2 C'2) (s < t),

W72(4i - 42)(Q F? - Cs2 FS) + 2tF?2 ̂ i2(C5! Ff + Cs2 F?),

WT2M11 - 42)(F? V\ + Ff F?) - 2W?2 ̂ '12(F? F! - F5 F« (p < q),

W™2 Ff, Ff F| (p<q),

Ff(4! - X'22M{2 - Ff(y4{! - A{2)A[2 (i < j),

F§(Ci C2 - C2 Ci) (s < J), F§(Ci F1 + Cs2 F|),

Ff(F? F2 - F! Fj) (q < r),

F?(/t'u - ^LXCi Ft - Cs2 FJ) + 2F§42(Ci FJ + Cs2 F?),

1 - A'22XC1 C'2 + C\ C\) - 2K§ /li2(C1 C\ - Cs2 C<2) (S < t),

F§(41 - X'22XF? F2 + F1 Fj) - 2F§ A\2(V\ V\ - VI V2) (q < r)

where i,j = 1, N; p, q, r = 1, M; m, n = 1, P; s, t = 1,N + P subject to

the restrictions indicated. The quantities Csa (a = 1, 2; s = 1, N + P) are defined by

(6.1).
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