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Abstract. A principle of virtual dissipation generalizing d'Alembert's principle
to nonlinear irreversible thermodynamics provides a unifying foundation which leads
to an extremely general variational-Lagrangian analysis of dissipative phenomena.
Thus a synthesis is achieved between thermodynamics and classical mechanics. The
present paper applies this principle to the nonlinear thermomechanics of continua
with dissipation and heat conduction. Field equations, constitutive equations and
Lagrangian equations with generalized coordinates are derived for nonlinear thermo-
viscoelastcitv, nonlinear thermoelasticity and heat conduction, plasticity, and com-
pressible heat conducting fluids with Newtonian and non-Newtonian viscosity. The
thermodynamics of instability is also analyzed from the same fundamental viewpoint.

1. Introduction. A Lagrangian-variational approach to irreversible thermo-
dynamics was initiated by the author in 1954-55 [1, 2], It was developed mainly in
the context of linearity and applied to thermoelasticity [3, 4] viscoelasticity [1, 2, 4],
porous media [5], and initially stressed porous and continuous media [6, 7]. The appli-
cability of these methods to nonlinear problems was demonstrated in a variety of special
cases, such as heat transfer [8], porous solids [9] and nonlinear thermoelasticity [10].
A treatment of nonlinear viscoelasticity based on a Lagrangian thermodynamic approach
has also been presented by Schapery [11].

The theory embodied in the publications cited above provides a unified analysis
based on Lagrangian formalism and generalized coordinates. Among many advantages,
the equations have the same form in any coordinate system. Thus basic reciprocity
properties of linear dissipative systems are immediately evident for a very large class
of phenomena and boundary conditions. As a consequence, the proof of reciprocity
properties does not have to be established for each particular case. Basic properties
for systems with heredity are also obtained from the concept of internal coordinates
and a general expression derived for the associated operator formalism. The corresponding
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electric circuit analogy is the impedance of a "black box" containing resistor capacitor
elements. In addition, this unified analysis is based on a fundamental thermodynamic
approach.

These methods also provide a fundamental invariance in the expression of physical
laws much more general than the traditional tensor invariance, since it includes the
field variables as a particular case of generalized coordinates.

The variational principle has recently been extended and referred to as a -principle
oj virtual dissipation [12], It encompasses the whole field of nonlinear thermodynamics
of irreversible systems and constitutes a generalization of d'Alembert's principle of
classical mechanics. It should be pointed out that its application provides the field
equations governing the physical system. This is in contrast with formal variational
procedures which are based on a knowledge of the field equations. As in classical
mechanics, the principle may be expressed in Hamiltonian form and leads to Lagrangian
equations. A brief description of these results is provided in Sees. 2 and 3. This includes
a discussion of the "collective potential" already introduced earlier [1, 2] in the analysis
of systems at non-uniform temperature. Two forms of dissipation must also be con-
sidered: relative and intrinsic dissipation. The entropy is separated into two terms,
the supplied and produced entropy, the first being associated with the concept of entropy
displacement as defined earlier [3],

Note that the use of a displacement vector for both entropy and material points
plays an important role in unifying the theory. As pointed out in a more detailed paper
[12], quasi-reversible systems, while nonlinear and far from equilibrium, may be con-
sidered as nearly reversible, so that Onsager's principle becomes applicable. This may
be embodied in a principle of virtual thermodynamic equilibrium where reverse dissipative
forces are applied in analogy with the reverse inertia forces of d'Alembert's principle.

The purpose of the present paper is to apply the thermodynamic principle of virtual
dissipation to the thermomechanics of nonlinear dissipative media including heat
conduction.

Nonlinear thermoviscoelastic media are considered in Sees. 4 and 5 as a particular
case of quasi-reversible systems. Temperatures and stresses are expressed in terms
of large deformations and entropy supplied and produced. Heating due to dissipation
is included. Field equations and Lagrangian equations are also obtained directly. Results
derived earlier [1, 2, 4] in linear viscoelasticity arc shown to be a particular case and
are briefly recalled in Sec. 6.

In Sec. 7 the principle is applied to derive isothermal stress-strain relations for
viscoelastic-plastic materials and the closely related case of materials with internal
failures.

In Sec. 8 a completely general nonlinear thermoelastic theory with finite deforma-
tions and temperature changes is derived. It yields new field equations and Lagrangian
equations. This generalizes the results obtained for the quasi-isothermal case [10],
The variational Lagrangian formulation of nonlinear heat conduction originated in 1957
and included in a later book [8] is shown to be a consequence of thermodynamics through
the principle of virtual dissipation. In the linear case this result is self-evident [3],

Sec. 9 considers compressible viscous fluids with heat conduction for both Newtonian
and non-Newtonian viscosity. Application of the virtual dissipation principle leads to
field and Lagrangian equations. A simplified derivation of non-Newtonian constitutive
equations is given in the Appendix. The particular case of small isothermal displace-
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ments of an incompressible Newtonian fluid leads to "linear viscodynamics", discussed
in Sec. 10. This is the analogue of linear viscoelasticity except that now viscosity and
inertia are the two physical features instead of viscosity and elasticity. The use of
internal coordinates introduces the concept of "viscodynamic operator" in analogy with
viscoelastic operators and already obtained and used earlier in the context of porous
media [5, 6],

The thermodynamics of unstable systems is analyzed in Sec. 11. Two cases are
distinguished. In the first the system is initially in a state of unstable thermodynamic
equilibrium as exemplified by thermoelastic buckling [10, 14] corresponding to an
initial state of minimum entropy. The other is an instability in the vicinity of a steady
state of flow as exemplified by buckling of layered viscous solids in compression. Both
cases lead to dominant dissipative structures appearing as a dominant wavelength in
many examples of viscous and viscoelastic instability of layered media [7, 13] discussed
n the context of irreversible thermodynamics.

2. Principle of virtual dissipation in nonlinear irreversible thermodynamics. It
was shown originally in 1954 [1] and in some subsequent work [2-4] that a general
Lagrangian thermodynamics of irreversible processes can be developed by introducing
a fundamental non-classical collective potential.

V = U - TrS (2.1)

where U is the internal energy of the system, S its entropy and Tr the constant tem-
perature of an associated large thermal reservoir which we have called a thermal well.
The terminology of collective potential for V and thermal well for the isothermal reservoir
was introduced in a recent paper [12] where the Lagrangian formulation is developed
for nonlinear irreversible thermodynamics based on a generalization of d'Alembert's
principle. The results are briefly summarized here and in the next section in view of
their application to rheology.

In spite of a formal similarity, the collective potential (2.1) should not be confused
with the concept of availability which is not a thermodynamic potential but a measure
of available energy of a system at uniform temperature. The usefulness of the collective
potential is due to several important properties.

One of these is its additive property. The thermodynamic system may be composed
of a large member of cells each with its own cell potential

= <Ut - TrSt (2.2)

when 1lt and St are the internal energy and entropy of the cell. The collective potential
of the system of cells is

V = it,Vk = U — TrS (2.3)
where

k k

U = £ 01, , S = E 8» . (2.4)
In particular the cells may all be at different temperatures. Thus the collective potential
applies to a system with a non-uniform temperature distribution, as shown in many
applications to thermoelasticity and heat transfer [3, 4, 8, 10, 14].
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When a particular cell is at uniform temperature Tk another important property
is obtained by considering the state variables of the cell to be its entropy St and a certain
number of other variables qt .We may then write

1 r)1I
dVh = EF dq, +^dSk- Tr dSk . (2.5)

OQl Ob/c

From the classical relations

011/38* = Tk (2.6)

we derive

1 r)0!!
dVk = J^ — dqt + 6kdSh (2.7)

where

ek = Tk - Tr (2.8)

is the excess temperature above the thermal well. Finally we derive

6k = dVk/dSk . (2.9)

A third important property is obtained from conservation of energy. Assume that
the system exchanges thermal energy only with the thermal well. Denote by Hr the
thermal energy thus acquired by the thermal well. Energy conservation requires

dU = dW - dHr (2.10)

where dW is the work of the externally applied forces. We may also write

S' = S + (Hr/Tr) (2.11)

where S' is the total entropy of the hypersystem composed of the thermal well, and
the primary system of internal energy U and entropy S. From Eqs. (2.1), (2.10) and
(2.11) we derive

dV - dW = - TrdS'. (2.12)

In this relation the differentials are to be considered as variations in the vicinity of
a frozen configuration at a given instant. The relation is valid for all transformations
whether reversible or not. Consider the system to be defined by a number of generalized
state variables q, and assume that they are given variations satisfying suitable con-
servation and mechanical constraints. Eq. (2.12) may then be written as a variational
principle

8V — 8W = -TrSS'. (2.13)

By d'Alembcrt's principle we may also write

SW = E Q, Sq, - E /, Sq, (2.14)

where Q, are the generalized applied forces while —are the reversed frozen inertia
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forces at the particular instant considered. The variational principle (2.13) thus becomes

5F + E I, Sq, - E Q, Sq{ + Tr SS' = 0. (2.15)
We have called it the principle of virtual relative dissipation [12],

An alternate form of the principle is obtained by considering a collection of cells
and the entropy of each cell Sk to be composed of two terms

S * = s* + sk*, (2.16)

where sk is the entropy supplied to the cells and sk* is the entropy produced by the cell.
Since S' is the total entropy generated in the hypersystem an obvious property is

S' = E sk*. (2.17)

Hence (2.15) is written

5F + E 7, Sq, - Q, Sq, + Tr E 8sk* = 0. (2.18)

On the other hand,

>V- t[g-' + «.. + ..•)]• (2.19)

Substituting this value into Eq. (2.18) and using relation (2.9), we obtain

SRV + E 7, Sq, - E 0. + E Tk Ssk* = 0, (2.20)

where SR denotes a restricted variation obtained by excluding the variation 5sk* of
the produced entropy. We have called (2.20) the principle of virtual intrinsic dissipation
[12].

The physical reason for these two forms of dissipation follows from a distinction
between a relative dissipation rate Trs * and an intrinsic dissipation rate Tksk* where
sk* is the rate of entropy production which has been discussed in more detail earlier [12],
The quantity Tksk* is the heat produced at the temperature Tk . It is not entirely lost
in the presence of a thermal well at a lower temperature Tr , since some of it may be
transformed into work equal to dksk* = (Tk — Tr)sk* by a Carnot cycle. Note that
the total relative dissipation is proportional to the total rate of entropy production
S' of the hypersystem, namely

£ W = Trti'. (2.21)

We have defined generalized dissipative forces X, by writing

E X, 6q< = En 8sk*. (2.22)
They are frozen dissipative forces for a given state of the system at a given instant.
In terms of dissipative forces the principle of virtual dissipation is written

5nV + E /, Sq, - E Q> <5<Z. + E Xi 8q< = 0. (2.23)
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Integrated with respect to time it acquires a Hamiltonian form

(2.24)^ H> + 22 X, 8q, - 22 Qi J dt = 0.
However, nothing essentially new is added by writing it in this form, whose main interest
is to provide an immediate derivation of expression (2.29) below for the inertia forces.

Finally it should be pointed out that a complete physical description requires a
knowledge of the frozen dissipative forces in terms of the state of the system q, and
the velocities q, . This is expressed by rate equations

X, = Riiq, , qt) (2.25)
with the basic inequality

22 R,4. > 0. (2.26)
If some of the mechanical forces Q, are derived from a potential G we introduce

a mixed collective potential

<P = V + G (2.27)

The principle of virtual dissipation (2.23) then becomes
i i i

8RCP + ^2 li &qi + 22 Xi 5q, — 22 Qi H> = 0. (2.28)
For example, G may represent a gravity or an electrostatic potential.

The system will be called holonomic in a generalized thermodynamic sense if the
variations 5qt are arbitrary while respecting at the same time not only the mechanical
constraints but basic conservation constraints of mass energy and electric charge.

For such a holonomic system, a well-known classical derivation in terms of the
kinetic energy 3 yields the following expression for the inertia forces

/, = ~ (—■-) - — (2.29)dt \dq{/ dqi

The variational principle (2.28) then leads immediately to Laqranqian type equations

i (i) - § + H +- «• (2 30)
for the generalized coordinates.

Principle of virtual thermodynamic equilibrium. The variational principle (2.15) may
be interpreted in a different way by defining relative dissipative forces X/ putting

t
Tr 8S' = 22 X,' 8q< (2.31)

We then replace Q, by Q{ — X■ in Eq. (2.15). This yields

5F + 22 ii Hi - 22 Qi Hi + 22 x/ sqt = -i\ ssv' (2.32)
where SSV' is the virtual change of entropy for a system subject to forces Q,-, reverse
inertia forces — /, and reverse dissipative forces —X/. Putting 8St' = 0 leads to the
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variational principle (2.15); this amounts to stating that by reversing the dissipative
forces the system is in virtual thermodynamic equilibrium.

Isothermal and quasi-isothermal systems. For an isothermal system at the uniform
constant temperature T, of the thermal well, the collective potential coincides with
the classical Helmholtz free energy.

Note that for a system of cells, we may integrate Eqs. (2.7) first for dk = 0 and
then for dqi = 0. This yields for the cell potential

•Ok = Vk(r) + [ Ok d§>k , (2.33)
Jo

where Vk(r) is the Helmholtz free energy of the cell at the temperature T, while the
integral is evaluated for constant values qt . When 6k is small, i.e. for a quasi-isothermal
system, expression (2.33) becomes

Vk = Vkir) + | (ck6k2/Tr) (2.34)

where ck is the heat capacity of the cell at the temperature Tr . It remains a function
of qt . The case of nonlinear quasi-isothermal thermoelasticity was developed in detail
earlier [10],

3. Nonlinear quasi-reversible systems and Onsager's principle. D'Alembert's
principle may be interpreted in a more fundamental thermodynamic context. When
reverse relative dissipative and inertia forces are applied, the instantaneous state of
the system is one of both mechanical and thermodynamic virtual equilibrium. If the
actual dissipative forces X/ are now applied to this system its equilibrium is disturbed.
In particular, if the actual transformations are quasi-reversible, the disturbance of the
virtual equilibrium by the dissipative forces may be assumed small and, as pointed
out earlier [12], Onsager's principle becomes applicable [15-18],

For a system of cells, at different temperatures, we may express Onsager's principle
for a cell in the form

Tk dsk* = ^ 8qt (3.1)oQi

where qt are the cell coordinates while
i Im

Dk = 2 bimqiqm = %Tksk* (3.2)

is the dissipation function of the cell and sk* its rate of entropy production. It is easy
to show [12] that for generalized coordinates q, for the total system we may write

t T, *..« - £ g as, (3.3)

with the total dissipation function

D = ±Dk = \± b„q(q: ■ (3-4)

In these expressions bim and bu are functions respectively of qt and q, . By definition
it follows from (3.4) that the generalized intrinsic dissipative force is
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X, = dD/d,q . (3.5)

This form of Onsager's principle has been used extensively by the author in earlier work.
Minimum dissipation. A principle of instantaneous minimum dissipation already

formulated earlier [2] in a more restricted context may be stated as follows [12], Consider
the system in its instantaneous frozen state, the direction of the velocity vector q{ is
given by the minimum principle

D = minimum (3.6)

when only the velocities q, are varied while obeying the constraint
t

X.Qi = constant (3.7)

This principle is a consequence of Eq. (3.1). If the system is holonomic the frozen values
of Xi are

X, = -|£ - /, + Qi ■ (3.8)
oqi

These are expressed in terms of the applied forces Q, and the instantaneous state and
acceleration field of the system. For an isothermal of quasi-isothermal system we may
write

2D = it, (Tr + 6k)sk* ̂ Tr£ sk* = TrS' (3.9)

Hence in this case the minimum dissipation principle becomes a minimum rate oj entropy
production principle

S' = minimum. (3.10)

In particular this is the case for linear systems [2-4],
Lagrangian equations. If the system is holonomic and quasi-reversible the Lagrangian

equations (2.30) are formulated in terms of a dissipation function. They become

(fr) -£ + £ + £- <>■ ■ (3.11)
A (65 ] d5 dD d(P
dt KdqJ dg, d(ji dqt

The thermodynamics is contained in D by means of entropy production rates and in (P
as a mixed thermodynamic and mechanical collective potential.

4. Nonlinear theimo-viscoelasticity; stress-strain relations. We propose to call
"viscoelastic" a rheological system which is quasi-reversible from the thermodynamic
viewpoint, as described in the preceding section. Hence the dissipative forces are linear
functions of the rates qt while the coefficients may be nonlinear functions of the state
variables g, . This distinguishes viscoelasticity from plasticity where the dissipative
forces are not linear functions of the rates. We shall derive the stress-strain relations
using the concept of internal coordinates introduced earlier in the context of linear
viscoelasticity [1].

A first step in this direction was accomplished by Schapery [11]. This type of approach
is fundamentally different from the work of Coleman [19].

Finite strain oj a unit element. In order to establish the stress-strain relations it is
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sufficient to consider a homogeneous deformation of a unit element, i.e. a sample of
material which is initially a cube of unit size. The original coordinates x{ become

= x{ + Ui (4.1)

after deformation. The summation convention for dummy indices will be used hereafter.
The linear relations

Ui = tijXj (4.2)

with

= tn (4.3)

define six Cartesian components of finite strain [7], However, as already pointed out
and illustrated [7, 10], other Cartesian definitions may be used by introducing three
relations different from (4.3) in order to eliminate the solid rotation which is included
in the nine coefficients e, ,- .

The present analysis may also be done in terms of non-Cartesian definitions of
finite strain using the classical Green's tensor. For simplicity we shall restrict ourselves
to the particular definitions (4.2), (4.3).

The corresponding stress components are defined by the virtual work principle

bW = T{j den (4-4)

where r,-,- = tu and SW is the virtual work of the forces tu acting on the faces of the
unit element.

Internal and external coordinates. The unit element is defined thermodynamically
by the six strain components , its entropy S, and a large number of internal coordinates
qk . The variables a,-,- may be called external. However, the entropy variable S is of a
special nature, since it may be written as

S = s + s„* (4.5)

where s is the entropy supplied reversibly to the unit element by heating from the outside
while s„* is the entropy produced by the irreversibility. Hence s may be considered
as an external variable while the entropy produced s„* may be considered as an internal
non-holonomic variable.

Stress-strain relations. These relations will be derived in a very general form where
both the stresses r, ,■ and the excess temperature d will be considered as arbitrary forces
applied to the element. The response of the element to these forces are the external
coordinates represented by the six strain components e,, and the entropy s supplied
to the element. The differential heat energy supplied is Tds where T = 6 + Tr is the
temperature of the element.

The cell potential of the unit element is

13 = V(tii , S, qk) (4.6)

It is a function of e,, , S = s + s„* and a large number of internal coordinates qk .
The intrinsic dissipation rate of the unit element is

Ts * = 2$)„ = 2».(e„ , iu , S, qk , qk). (4.7)

Since we have assumed the viscoelastic material to be quasi-reversible by definition,
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the dissipation function 2D„ is a quadratic function of e,,- and qk with coefficients de-
pendent on tn , S and qk . The dissipative forces are

Xit = dS)w/diit , (4.8)

X, = dX>Jdqk . (4.9)
We shall apply the virtual intrinsic dissipation principle (2.23) (applying only variations
5e,, and 8qk since 8s, being independent, may be put equal to zero). We obtain

T ,• + —— 8qh + X,, 5e,, + Xk 8qk — r,, 5e,, = 0. (4.10)
oe,,- dqk

Since , qk are holonomic variables they may be varied arbitrarily. This leads to the
six equations

3D , aSD„
th = — + — • (4.11)

0€ij 0€ij

A seventh equation is derived from relation (2.9):

6 = dV/ds (4.12)

In addition, by cancelling the coefficients of 5qk in (4.10) we obtain a large number
of equations

= 0 (4.13)
dqk dqk

associated with the internal coordinates qk . Eqs. (4.13) govern the time history of the
internal coordinates in terms of «,, and S. They are linear in qk . The values of qk and qk
are determined from these equations as functionals of «;,(<) and S(t)

qk = SF*[«4,(<), «(<)] <h = 8*[««(<). 8(0]- (4-14)
The nature of these functionals is strongly conditioned by the positive-definite character
of V and 3D, . From Eqs. (4.11) and (4.12) we obtain

S d
tu = -— V(elra , S, Jt) + — D,(«i„ , , yt),

' ' (4.15)

e = fsV(elm , S,fft).

These relations are the thermodynamic stress-strain relations in terms of heredity
functionals of and S. Note that according to Eq. (4.5) S = s + s„*. If the supplied
entropy s and the strain e,, are given we may still determine s,* by the additional equa-
tions (4.7). In many cases we may assume that the entropy produced, s,*, does not
contribute substantially to the state variable S. This amounts to writing approximately

S = s, (4.16)

considering the system as quasi-holonomic. In such a case Eqs. (4.15) express r,, and
6 as functionals of the strain history «,,(<) and the supplied entropy history s(t). In
practice this assumption (4.16) may be introduced as a first approximation. In a second
approximation s* is determined as a function of time by Eq. (4.7).
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A case of particular interest is that of a quasi-holonomic system while at the same
time V and 3), are of the form

V = 15,(«(,- , s) + 2 A *(«,-,■ , s)qk + | o-ii'QiQk ,

k j Ik

= ©jfa,- , S, e,,) + Bk(eti , s, iij)qk + ~ X} blkq,qk

(4.17)

where aik and bn are constants. Eqs. (4.13) become
k k

X aik1k + 2 = S; = — A, — B, . (4.18)

Applying a fundamental solution of these equations derived in linear thermodynamics
[1, 2, 4] (see also Sec. 6 below), we obtain the explicit linear functionals

8 I f»t

= $k = X CkiU) / CXP _ 01®! dt,
J 0

Ik

= St =
(4.19)

where Xs are non-negative internal relaxation constants and CH<s) = are non-
negative matrices. This type of result was also discussed in the context of the nonlinear
mechanics of porous solids [9].

5. Field and Lagrangian equations for a nonlinear thermoviscoelastic continuum.
It is worth pointing out that thermodynamic field and Lagrangian equations of a non-
linear viscoelastic continuum may be derived directly from the virtual dissipation
principle without a priori knowledge of the physical differential equations which govern
the system.

We shall first recall briefly the Cartesian description of the finite deformation of
the continuum. The material displacements w, are expressed as function of time and
the initial coordinates xl :

Ui = Ui(xk , t). (5.1)

In a small domain around a material point the differential transformation is

dui = andxj (5.2)

where

a,,- = dUi/dXj . (5.3)

We consider the local transformation

dui = tijdxj (5.4)

with 6,, = tn such that the two transformations (5.2) and (5.4) differ only by a solid
rotation. The Cartesian finite strain is represented by the six components e„ and the
associated stress tu is defined by the virtual work equation (4.4). This has been discussed
extensively elsewhere [7, 10] as have other alternative definitions. Actually we are not
restricted to the particular choice (5.4), and the analysis presented here is easily repeated
with other measures of strain, including Green's tensor. It will be assumed that ,
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may be expressed in terms of ati . A useful expression valid to the second order derived
by the author in 1939 (see [7]) is

= + %(ekjcoki + ekiu>ki + wkiukj) (5.5)

where

e,, = Uau + a,,), = i(au - a,,). (5.6)

Field equations of nonlinear viscoelasticity. In the preceding section the stress-strain
relations were derived for a unit element. The field equations for a nonlinear thermo-
viscoelastic continuum undergoing non-homogeneous deformations and heat conduction
may be derived from the same general principles. The continuum is considered as a
collection of infinitesimal cells. The collective potential of the continuum is then

V = f V da (5.7)
■ 'si

where 0 is the initial space defined by the initial coordinates x, , and dtt = dx,dx2dx3
is the element of initial volume. The cell potential V of the unit element is

V = D(e,,. , S, qk , x,) (5.8)

It is analogous to (4.6) except for an additional dependence on the initial location xt .
The local entropy production s* in the present case is composed of two distinct

terms. We write for the local intrinsic dissipation of the unit element

Ts* = 2£>„ + 2S)t (5.9)

where

2$)j,(6,j , €,j , Sj qk , (jk , •/*/)?

2'£>r = ,

and T is the local temperature [10] [11].
The value of is the dissipation function due to the viscoelasticity. It is the same

as (4.7) except of an additional dependence on the initial coordinates xt . The entropy
production due to heat conduction generates the intrinsic dissipation SDj. . The coeffi-
cients A= A,, represent the thermal resistivity tensor. It depends on the deformation

, the local entropy S, the internal coordinates qk and the location c,: . We write

A a = A, S, qk , x I). (5.11)

We also write

T — T{ta , S, qk , Xt). (5.12)

The vector Si is the entropy displacement, a term already introduced earlier [3, 4, 10].
It is defined by writing the rate of entropy flow as

3, = HJT (5.13)
where H, is the rate of thermal flow across an area initially equal to unity and initially
normal to the x{ axis. The value of 5Dr has been derived and discussed extensively
earlier [10].
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An important property of S,- is represented by the following relations. The total
local entropy of the unit element is

S = s + s* (5.14)

where

s = —dSi/dx; (5.15)

is the local entropy supplied, while s* is the local entropy produced as defined by Eqs.
(5.9).

It should be pointed that in £>„ and £>r the rate variables are uncoupled to either
, or qh . Otherwise cross-products would be present such that a sign reversal of S,

would generate a change in entropy production. However, this must be excluded because
of physical symmetry invariance. The variables defining the system are the fields , Si
of material and entropy displacements, the entropy produced s*, and the internal
coordinates qk .

We now apply the principle of virtual dissipation (2.23) by varying only the variables
Ui and Si inside the domain Q. The dissipative forces associated with e,,- and St are

= dS>'/di" ' (5.16)

X< = dDr/dSi = r\,,s,.
The variational principle (2.23) applied to the whole continuum now becomes

j* (djiX) -f~ pit, 8ul -f- X\m 5eim -f- Xj 8Si — 8Uj) d$l (5.17)

where ®, is the body force per unit mass and p is the initial mass density. We may write

SRV + X,m = (- H tt 8t,m -|—— 8s (5.18)I rx • I < m '
0€[m Otlm' ds

or

SKV + XIm Scm = T,„ ~ 8a,, + e 8s. (5.19)da,,

This result is obtained by using Eqs. (4.11) and (4.12). We now introduce expression
(5.19) into the variational principle (5.17) and integrate by parts taking into account
the holonomic constraints (5.3) and (5.15) of continuity and conservation, namely

0^ = dUi/dXj , s = —dSi/dXi . (5.20)

This yields an expression with arbitrary variations 8Ui and dS, whose coefficients must
vanish. As a consequence we obtain six field equations for u{ and Si :

d ( delm\Ji, Vlm TaVj + Pffil = ^ ' (5.21)

de/dZi = —Tx,j§j.
In addition a seventh equation (5.9) is available for the entropy produced, s*. Note
that the last three of Eqs. (5.21) represent the law of heat conduction. Mechanical
and thermodynamic heredity properties are implicit in the field equations (5.21) since
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the internal coordinates qk in the values of rt; and X,, must be expressed by means
of the functionals (4.14).

Lagrangian equations of nonlinear thermoviscoelasticity. If the entropy produced s*
does not contribute significantly to the state variables, the system is quasi-holonomic
and we write approximately

S = s. (5.22)

In this case the nonlinear thermoviscoelastic continuum is described by the two fields

Ui = Ui(q, q2 ■■■ qn , , 0, ^ 23)

Si = S,(qn q2 ■ ■ ■ qn , rt , t)

with generalized coordinates q, . In addition, the local internal coordinates qk are given
by the functionals (4.14) in terms of the fields w, and S, . In this case it is possible to
derive Lagrangian-type equations for the continuum.

Following earlier procedure, we consider temperatures to be "applied" at the
boundary A as thermal forces dependent on location and time. This may be taken
into account by adding thermal driving reservoirs at the boundary. These reservoirs
are then included in the collective potential, which is written

V = f V dS2 + f Vr clA (5.24)
Jq J a

The cell potentials VT representing the applied boundary temperatures are evaluated
per unit initial area. As a consequence of (2.7) we may write

5Vt = dn,5Sj (5.25)

where w, is the unit outward normal of the initial boundary. We derive

5 VK = f dVR dil + f OntdSidA. (5.26)
Jn J a

Note that this variation is performed for an instantaneous configuration at a particular
instant, so that in the final result 6 may be given functions of time.

The total dissipation function of the continuum is

D = f (D. + SDr) dQ. (5.27)
Ja

The dissipative force associated with the generalized coordinate q, is

X= dD/dq, . (5.28)

We shall assume that the body forces ®, per unit mass are derived from a potential <j>
so that

f p®, bu, dtt = f p &4> dU = 5(1 (5.29)
Jit •'!!

With these results the variational principle (2.28) with independent variations of q, is

8„<? + /, fiq, + XSq{ - [ (/, Su, - 6n, SS.) dA = 0 (5.30)
J A
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whore /, are boundary forces per unit initial area and

(P = f V dQ + G (5.31)Jq

is a mixed collective potential. Equating to zero the coefficients of hq{ in the variational
principle (5.30) and introducing the values (2.29) and (5.28) for /, and X,<a>, we obtain

4 (£) _ £ + m + f. , e, (5.32)at \dqj/ dqi dg, dq,

with generalized thermomechanical forces

<s'33)

The kinetic energy is

3 = ~ / pu,ut rfO. (5.34)
I J a

These Lagrangian equations are similar to (3.7) except for the fact that D and (P are
junctionals of q, since they contain the local internal coordinates qt which are themselves
expressed by the functionals (4.14).

Note that in the case of linear viscoelasticity this type of functional Lagrangian
equation was already introduced using integro-differential operators [4, 7],

6. Linear thermodynamics and viscoelasticity. The generalized coordinates qt may
represent linearized perturbations from a thermodynamic state of equilibrium. In this
case we may write (with constants mtj , 6,, , a,,)

3 = , D = \baq.Qi > = 2auQiQi , (6-1)

The Lagrangian equations become [4, 7]

+ h,,q, + a,/9, = Q, . (6.2)

For linear thermodynamics the auxiliary variable s* due to entropy production is a
second-order negligible quantity, and the system is holonomic. Applying Eqs. (6.1)
with internal variables qk and putting 3 = 0, it was shown [1, 2, 4] that the external
variables q, and the corresponding driving forces are related by the following equations:

q, = AitQ, , Qi = Zu (6.3)
where

s /-> (s)

a., - A„ - Erh >' + 1 (6.4)

Z^ZU = ±v^pZ,,^ + zl, + z„'p.

These quantities are symmetric operators where p = d/dt, and r, are non-negative
as well as the matrices CaU), ZUU), Ztj and Z,/. The significance of the fractional
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operators is given by

i--z(0 = e- f e"'z(t')dt',
~~t~ a J oV + (6.5)

p + a
r.. jrv %d,

The operational notation is extremely general and convenient, since relations (6.3)
remain valid when g, and Q, are proportional to the exponential function of time,
exp (pt), where p is either real, complex or pure imaginary (p = iw). Thus a single
formalism represents instability (p real and positive), harmonic response (p imaginary),
and damped natural oscillations (p complex).

A viscoelastic material is a particular case where the stress r,,- and the strain e,,-
play the role of external driving forces and external coordinates. The stress-strain
relations obtained from (6.3) are [1, 2]

r,, = , (6.6)

where

z,'k = Z,'kU) + z,/" + zti'kp. (6.7)

There results are extremely general, and provide a basic invariance for compound
systems. For example, a composite material where each component satisfies the basic
Lagrangian equations (6.1) also satisfies the same Lagrangian equations. Hence the
stress-strain relations of the composite retain the invariant form (6.6). The symmetry
property Z, ,- = Z,, is also invariant for composite systems, thus providing immediately
reciprocity relations of a very general type for all thermodynamic and mechanical
systems. In particular, these results have been applied to porous media [5], [6], where
the stress-strain relations include fluid micro-seepage, thermoelastic and viscoelastic
properties, with internal coordinates representing a large category of physical, chemical
and electrical phenomena. An outline of the linear thermodynamics of viscoelasticity
may also be found in a book by Fung [21],

7. Thermodynamics of plasticity. A fundamental thermodynamic distinction
between nonlinear viscoelasticity and plasticity is brought out by assuming the following
physical model. We consider again a unit element and assume the medium to obey
the laws of linear thermodynamics except at a large number of "slip centers" which
are essentially nonlinear. This linear system is characterized by the six strain components
tn and a large number of internal coordinates qk . These internal coordinates are of a
very general nature. They may describe elastic deformation, small dislocation motions,
local thermoelastic effects with small temperature changes, small chemical and phase
disturbances, thermodiffusion, viscous properties of intercrystalline boundaries, etc.
For small perturbations of this type the system described by the coordinates e;i and
qk obeys the general equations of linear thermodynamics obtained earlier [1, 2, 4] and
briefly described in the preceding section. In this linear formulation the temperature
changes due to entropy production are neglected, but small thermoelastic effects are not.
The system is assumed quasi-isothermal, all temperatures deviating only slightly from
the thermal well temperature.
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To the internal coordinates characterizing the linear system we must add others
denoted by q, which describe the motion of the slip centers. However these slip centers
are not free to move according to linear laws and they exert a force —X, on the linear
system. By reaction a force X, is exerted on the slip centers.

Plastic behavior is introduced by assuming a nonlinear relation between the dis-
placement q, and the force A', applied to it:

q, = F.(X.). (7.1)

This relation is not necessarily single-valued, thus allowing for hysteresis. The linear
portion of the system behaves as a thermodynamic system subject to the applied forces
Tu and — X, . According to earlier results [1, 2, 4] the behavior of the system is described
by the operational relations

Tu = ^ 1 ij'q, , —X, = } ij'tjj , (7.2)

where the operators are

Z,r = r Z,r(r) dr + Zu» + Zu""p,
*M) [' \ '

= r Yti'(r) -VT- dr + Yu" + Y,,"p.•'() [t "t" '

(7.3)

These expressions coincide with those of Eqs. (6.6), (6.7) if the summations are replaced
by integrals. The spectral distributions Zif'ir) and F,,s(r) are generalized functions.
They represent a discrete summation as a particular case if we introduce delta functions.

We now eliminate q, and X, between Eqs. (7.1) and (7.2). We derive

ru - Z,r+ Z (7-4)
These general stress-strain relations represent the combined viscoelastic and nonlinear
plastic behavior.

Entropy production and variational viewpoints. The result expressed by Eqs. (7.4)
may obviously be brought into the unifying framework of the variational principles
formulated in the foregoing sections by considering the system to be represented by
the following invariants. The cell potential of the unit element is

D = V(tu , qk , q.) (7.5)

which is a quadratic function of the variables with constant coefficients. The rate of
dissipation is

TrS' = £>(«,,. , qk , qt) + X.q. (7.6)

where D is a quadratic function with constant coefficients The entropy production is
thus separated into two groups of terms. The group

Trsv = X,q, (7.7)

characterizes separately the dissipation due to plasticity.
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The Lagrangian equations are

dV , BP
de,, de,,- ~~ T,i

^ . 0
dqk dqk (7.8)

f- = -X.dq.

This is a linear system with internal coordinates qk implying the operational relations
(7.2).

Strain-hardening. If we assume that the number of slip centers diminishes as the
deformation progresses, the material will exhibit strain-hardening. This amounts to
saying that a particular slip q, cannot progress above a certain value beyond which
it remains constant. This may be expressed by introducing functions F,(X,) which
have a limiting constant value beyond a certain magnitude. Other physical types of
strain-hardening may be taken into account by similar procedures.

Materials xoith internal failure. Composite materials with fiber components may
exhibit irreversible behavior due to gradual breaking of the fibers. Granular materials
may also exhibit a similar behavior due to gradual failure or extension of microcracks.
Such behavior may be included here by assuming that the local forces X, drop to zero
in increasing number once they reach a certain value. The stress-strain relations are
then of the same form as (7.4).

It should be noted that in crack propagation the energy dissipated is not necessarily
transformed into heat locally. Actually it may simply become non-retrievable by acoustic
radiation. Furthermore, in accordance with the Griffith theory of brittle fracture, it
may be transformed into non-retrievable surface energy in the form of surface tension.
Although this is not actually an entropy production in the true thermodynamic sense,
the formulation retains the form of a dissipation of energy.

8. Nonlinear thermoelasticity and heat conduction. A purely elastic medium
deforms with associated temperature changes and consequently generates entropy
through heat conduction. In addition to an earlier linear treatment [3, 4], the quasi-
isothermal nonlinear ease was discussed extensively elsewhere [10]. A general nonlinear
analysis derived from the variational principle (2.23) was also developed in a recent
publication [12] and is outlined hereafter. This approach to nonlinear thermoelasticity
differs fundamentally from the work of other investigators [22-24] derived from classical
concepts.

Essentially the results may be obtained from the case of viscoelasticity analyzed
in Sec. 5 by putting equal to zero SD„ and the internal variables qk . The cell potential
of the unit element is

V = D(«,■,■ , S, *,). (8.1)

The elastic continuum is described by the material displacement m, , the entropy dis-
placement Si and the entropy produced s*. The local entropy is

S = s + s* (8.2)
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where

s = —dSi/dXi . (8.3)

is the entropy supplied. The collective potential of the elastic continuum is

V = f V dtt. (8.4)
Ja

The term thermoelastic potential was introduced earlier [3, 4, 10] to designate this
potential. In accordance with (5.10) the local intrinsic rate of dissipation is

Ts* = 2S)r = T\US,&, (8.5)

where

T = T(ea , S, x,), (8.6)

= = ^i/(ei> > Sj ) (8.7)

are respectively the local temperature and the thermal resistivity as defined in Sec. 5.
Hence the dissipative force associated with *S, is

X, = dSdr/dS, = (8.8)

The variational principle (2.23) for arbitrary variations 5u, oS, inside the continuum ft
is expressed by

f (5rX) piii 5u; -f- XdSi — p®, 6w() clSl = 0 (8-9)
Ja

where (B, are body forces per unit mass and p is the initial mass density. We write

SKV = — Se,m + — 8s. (8.10)de,,„ ds

SltV = Tim &aa 4- 6 Ss. (8.11)da* j

with

Tim = dv/delm , e = dv/ds. (8.12)

These equations are the thermodynamic stress-strain relations.
We substitute the value (8.11) of SHV in the variational principle (8.9) and integrate

by parts, using the values (5.3) and (8.3) for a*, and s. Putting equal to zero the co-
efficients of bUi and o.S\ yields the field equations

d ( deim\
Ti>» ,—] + P®< = Pw' >

dXj \ dau

+ = 0

(8.13)
36
dXi

To these six equations we must add Eq. (8.5) for s*. Thus we have seven equations
for the seven variables , S, and s*.
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The stress-strain relations (8.12), as already shown in a more restricted context
[3, 4, 10], may be expressed differently by writing (8.10) as

clV = Tijdtn + 8ds. (8.14)

This being an exact differential, we may integrate dV along a path 0 = 0, then maintain-
ing constant the deformation e,, we vary only d. This yields

V = Vr(tn) + [ 6>(e,,) ds (8.15)
•M)

where V, is the classical isothermal free energy for 6 = 0. The stress is

f — ds (8.16)
J o OS/]

Tii = TU +

where

r,, = dXtr/dtij (8.17)

are the isothermal stress-strain relations for 9 = 0. In particular, for the quasi-isothermal
case (8 small) already analyzed in detail elsewhere [10] we write

V=Vr+lf" (8-18)
where c(e,,) is the heat capacity per unit initial volume at the strain e,, .

Lagrangian equations. If the entropy produced s* does not contribute significantly
to the value of the state variables, we may introduce the quasi-holonomic approximation
s = S. The fields w, and <S, are then expressed in terms of generalized coordinates g,
by Eqs. (5.23). In general they may contain the time t explicitly. However, without
restricting the generality we may assume that t does not appear explicitly in these
equations. We may then introduce the following expressions.

A collective potential V may be written of variation

SV = I , s, xt) clQ + [ dn, SS, clA (8.19)
•'a J a

where the second integral extended to the boundary A is the collective potential of
purely thermal cells representing "driving temperatures" at the boundary A. We
may write

8V = 8V'(q,) + [ dn, SS, clA. (8.20)
^ A

The kinetic energy is

3 = 2 f PW.W. c/tt = 5W,,(g,)«7,g, (8-21)

and the dissipation function is

D = ~ f T\,,S,S, dQ = lbti{qt)q<4, . (8.22)
A JO
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For body forces derived from a potential <f>, we also write the mixed collective potential

<P = V' + G (8.23)
where G is expressed by (5.29).

The Lagrangian equations derived directly from the variational principle (2.28)
are written

d /33 \ 33 , BD , d(P n ...
7, WJ ~ + SJ + H, " ' <8 24)

The generalized thermomechanical boundary force Q, is given by expression (5.33).
Nonlinear heat conduction. The case of pure heat conduction is derived from the

preceding analysis by assuming zero deformation (et J = 0). The variational principle
was treated and applied extensively in a sequence of papers originating in 1957 and
collected in a monograph [8]. The system is completely described in this case by the
heat displacement field Hi . It is therefore holonomic with corresponding Lagrangian
equations. The entropy S and temperature T are determined by

h = (8.25)
dXi

which was referred to as the "heat content" [8],
In the present case the variational principle (8.9) is written

f (8rV + TX,,(§, 8Sf) dn = 0 (8.26)
J fi

-{—)■ (8-27)

where

5rV = 68, = - 6 —ox

Hence (8.26) becomes

+ (8'28)

Replacing 8HJT by 5//, , we obtain

[ (0 8h + X,,H, 8H,) dQ = 0 (8.29)
Jq

where the value 6 = 6(h) is a function of h. By adding thermal cells at the boundary,
the term 68h may be considered to include these cells. This amounts to adding a surface
integral at the boundary A. Eq. (8.29) becomes

[ (6 8h + A,,//, 811,) dQ = - f 6nk 8Hk dA. (8.30)
•Mi J A

This is the variational principle derived in 1957 by the author (see [8]). The corresponding
Lagrangian equations are obtained by writing

//, = H,(qi,q2, ■■■ q„ , x, , t) (8.31)



234 M. A. MOT

in terms of generalized coordinates q, . They are

% + If = (8'32)
where

V = f dfl f 9 dh (8.33)
J12 J 0

was referred to as the thermal potential and

Q, = - [ 6nk ̂  dA (8.34)
J a dq<

as the generalized thermal force. The thermal dissipation junction is

D = I [ A,,//,//, dtl. (8.35)
1 .'<>

These results were developed and applied extensively in a monograph [8] to the more
general subject of heat transfer.

9. Compressible and heat-conducting Newtonian and non-Newtonian viscous fluids.
The principle of virtual dissipation constitutes a powerful tool for deriving field and
Lagrangian equations of Newtonian and non-Newtonian fluids either homogeneous or
heterogeneous in any coordinate system including the effect of compressibility and heat
conduction as well as the heat generated by friction. We shall describe the flow field
by material coordinates, where a fluid particle of initial coordinates ,r, is displaced as
a function of time to a point of coordinates

£, = x, + Ui(xi ,t). (9.1)

At the displaced point £, the velocity is

I, - u, - § (9.2)

and the strain rate is

+ <93)

As in (5.2) and (5.3), we write

= Audxj , (9.4)

where

Au = dti/dXj = 5,, + a,,- , a,,- = dujdxj . (9.5)

A fluid element of initial volume d'A acquires after deformation a volume A<712 where

A = det (.A,,) = det (5,,- + a,,) (9.6)

is the Jacobian of the transformation of initial to final coordinates. It represents the
volume of an initial unit volume.
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In order to apply the variational principle with material coordinates, we need to
express the strain rate in terms of initial coordinates. This is easily obtained by writing

diii _ dUi_ dXk .
dh ~ dxk dl- }

The derivatives d.r,/d£t are evaluated by solving the linear equations (9.4) for dx, ;
we obtain

dXi = Bnd^j (9.8)

where the matrix [Bi:] is the inverse of the matrix [yl,,]. Hence

t " B-< " ~A ■ »•»
where Cti is the cofactor of Ain the determinant A. Thus (9.7) becomes

~ Bk, = d,kBk, (9.10)
d£, 0Xk

and the strain-rate (9.3) is

«</ = h(dikBki + aikBki). (9.11)

We shall assume the general case of a non-homogeneous fluid. This is taken into account
by introducing the initial coordinates in the thermodynamic properties. The temperature
of the unit element of fluid is

T = T(A, S, x,). (9.12)

It is a function of its volume A, its entropy S and its initial location .r, . The cell potential
of the unit element is also written

-0 = U(A, S, Xi) (9.13)

and the collective potential of the fluid is

V = f V(A, S, Xi) da (9.14)

where the entropy is S = s + s*. We may also obtain quite simply the dissipation due
to thermal conduction. The derivation does not depend on the Newtonian or non-
Newtonian character of the fluid. We assume that the thermal conductivity k of the
fluid in the deformed state remains isotropic. This thermal conductivity fc is defined
in the conventional way in terms of dd/d. It is different from the thermal conductivity
Ku introduced below and defined in terms of the initial coordinates. The value of k
depends only on the change of volume A, the entropy S and the initial coordinate x, :

k = k(A, S, x^. (9.15)

The rate of entropy production in a unit element of fluid due to conduction is

* _ k 30 d0
— a2 Zf. zy

IT di dt A. (9.16)

The factor which multiplies the volume A obviously represents the rate of entropy
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production in the unit volume measured after deformation. We introduce the coordinate
transformation from £, to .r, and (9.16) becomes

« * = Kj± <Ld-cq 17)
T2 dx( dx, {

with

K" = k ff it A' (0'18)oil d£i

This expression is the thermal conductivity defined for the deformed fluid element
in terms of dd/dxi . Note the invariance of this expression under solid rotation, since
(d.x\/d£,)(da',/d£;) is the associated metric tensor of the transformation of £, to x, . We
denote by X,, the inverse of K,, and put

dd/dXi = . (9.19)

With this value (9.17) becomes

sT* = (9.20)

which acquires the same form as previously. Note that X,, is now anisotropic not because
the material has become physically anisotropic but because the local thermal conduction
is described in terms of heat flow and thermal gradients in a direction normal to the
faces of a deformed element, i.e. a parallelepiped. Hence

X„ = Xil-(oi, , S, xi) (9.21)

is now a function of the deformation.
The value of X,, which is the inverse of K:i is obtained from (9.18) by noting the

identity

dr.- dx„ d£m d£,„ 99s
1L «VL ft ft "/')'• \%J >££)d£, d£, dx„ dXj

Hence

and

K-ilt
TZ~ 3— a— = ' Jk A dx„ dXi

X,, = (9-24)kA dx{ dij

Newtionian fluid. For a Newtonian compressible fluid the intransic rate of dissipation
of the unit element due to the viscosity is

2£>„ = Ti* = A(Xe'2 + 2 ije./e,/) (9.25)

where

X = X(A, S, xf) (9.26)

7] = 7)(A, §, Xi)
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are two viscosity coefficients, and

e' = (9.27)

In the absence of shear, putting e,/ = \e'8u , we find

TV = A(X + |„)e'2.

The coefficient X + (f)?? represents a bulk viscosity for isotropic volume changes. The
existence of such a viscosity even for a perfect gas was shown from a statistical viewpoint
in a recent paper by Voisin [25]. In most cases this viscosity is neglected by putting

X + h = 0. (9.28)
We write the invariants in the form

— c rp ' 8 8c/ otJ u,j 20^

2e,,'e,,' = e,/e,/(5,„ 5ir).

Hence

23D„ = AS J'eu'eJ (9.30)
where

S„" = = £„/' = S,/' = XS.-A, + i?(Mi* + 5f<15,-,) (9.31)

represents an isotropic viscosity tensor. We substitute the values (9.11) of eu' into
expression (9.31). This yields

230, = ABikB.. (9.32)

The rate of dissipation in the unit element due to thermal conduction is obtained from
(8.5) and (9.20):

25Dr = Tst* = TXu&iSj . (9.33)
The total rate of entropy production in the unit element is

S* = s„* + ST* = | (£>„ + £>r) (9.34)

and the corresponding virtual dissipation is

T 8s* = ^ 5a,, + ^ SS< . (9.35)
ddij do.

The principle of virtual dissipation (2.20) for the whole fluid is written

f (SRV + piii 8u, - pffi, 8u, + T 8s*) dQ. (9.36)

where

8rV(A, s + s*, Xi) = 8a<, + ~ 8s (9.37)
dA ddjj OS

and

a,-,- = dUi/dXj , s = —dSi/dXi . (9.38)
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We substitute the values (9.35) and (9.37) of TSs* and dRV into the integral (9.36)
and integrate by parts using the holonomic constraints (9.38). We vary SUi and 5iS,
arbitrarily inside Q. This yields

d (dV dA d£>„\
fe sir, + mt.) + p®' -• (9 39)

n lav\ + Tki ̂ i _ 0_d_ (dv\
dx, \ds /

Thus we obtain six field equations which govern the motion and heat conduction of a
compressible heterogeneous Newtonian fluid. We remember that p represents the
initial density at x, and ®, is the body force at x, + u, . In addition to it, and s,- , there
is a seventh variable involved, s*, which is the entropy produced by the friction and by
heat conduction. The additional equation is (9.34).

In the particular case of an incompressible isothermal homogeneous Newtonian
fluid a virtual work principle was formulated by Lieber [26].

Non-Newtonian fluid. It is easy to show that the relation between the instantaneous
stress <r, / due to strain rate e, / for a nonlinear fluid (see Appendix) has the form

a a' = FiSn + f2e,/ + F3eik'ekj' (9.40)

where F, , F2 , F3 are functions of the three strain rate invariants

It = e' = e,/ 5,, ,

U = (9.41)
h = eti'eit'eki'.

as well as the change of volume A, the local entropy S and the initial corrdinates
if the fluid in non-homogeneous. We write

Fi = F,(/i , /2 , I3 1 A, S, .x't). (9.42)

The rate of dissipation of the unit element is

Ts* = Ao-./e,/.

We note that, using expression (9.11) for e,/, the viscous stress written as a function
of o,-, , djj , A, S and x, is

o",/ = <7,/(a„„ , d„„ , A, S, xk). (9.43)

From expression (2.22), considering frozen dissipative forces a,/, the virtual dissipation
due to viscosity is

T5sv* = | ■ (9-44)

Since time differentials and variations play the same role we may use (9.11) and obtain

2 5v" ^ Sm') = ^Bki Sa"k Bli Sa")' (9.45)

Hence the virtual dissipation due to viscosity is

TSsv* = R,,ba,i (9.46)
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with
R„ = Aalk'Bik . (9.47)

We substitute this expression of Tdsv* in the principle of virtual dissipation (2.20) and
proceed as in the case of the Newtonian fluid. We obtain the field equations

sldlt + s") + A * * ■ w, (f) + TX"A' - »• (M8)
The seventh equation for the rate of entropy production is now

s* = + f ■ (9-49)
Lagrangian equations foi- Newtonian and non-Newtonian fluids. Using the quasi-

holonomic approximation

S — s,

i.e. assuming that the entropy production does not contribute significantly to the
thermodynamic state of the system, we may derive general Lagrangian equations for
linear and non-linear compressible viscous fluids with heat conduction. Isothermal
and quasi-isothermal cases are also holonomic.

The fluid is now completely described by two fields expressed by Eqs. (5.23), i.e.

Ui = 'u,((/[ , ({2 qn t % 1 t Oi

St = Si(q, , q2 ■ ■ ■ qn , x, , t).

They represent material and entropy displacements as functions of generalized coor-
dinates q, . The collective potential (9.14) is now

V = f V(A, s, x,) dtt = V(q, , q2 ■ ■ ■ q„ , t). (9.51)

For a Newtonian fluid the dissipation function is

I) = /(£>„+ S>T) dil (9.52)
•'a

where ©„ and SDr are defined by (9.32) and (9.33).
It embodies the total dissipation due to viscous friction and heat conduction. If

the body force is derived from a potential G such as gravity we introduce a mixed
collective potential (P as given by (5.31). We may write

<P(®1 , 32 • ■ • qn , t) = V + G (9.53)

Lagrangian equations for the Newtonian fluid may then be derived as Eqs. (8.24) for
thermoelasticity. They are

£ (fL) - f? - + f? + f - e, (9.54)clt \aql/ dq{ dq{ dq{

The kinetic energy 3 is defined by expression (5.34) and Q, is a thermomechanical
boundary force which is given by Eq. (5.33) and takes into account both mechanical
and thermal boundary forces.
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If the fields (9.50) do not contain the time explicitly, the kinetic energy (5.34) and
the dissipation function (9.52) are quadratic forms in q, as in Eqs. (8.21), (8.22).

For a non-Newtonian fluid the Lagrangian equations are the same as (9.54) except
for the dissipative term. The virtual dissipation of the whole fluid due to viscosity is
derived by integrating the dissipation of the unit element (9.46) over the volume fi.
We write

f T5sv* = [ R,, 8a,, clQ = R, 8q< (9.55)
Ja Ja

where

R. = f R (9.56)Ja dq.

The Lagrangian equations for the non-Newtonian fluid are

d_ /d3 \ _ d3
dt \dqj dq, + ~ + R, + = Qi (9.57)dq,/ dq< dq, dqt

where

Dt = [ £>t da (9.58)
J a

is the dissipation function due to heat conduction.

10. Linear viscodynamics. Of special interest is the Lagrangian formulation of
incompressible viscous Newtonian fluids for small motions and negligible thermal
effects. Following a terminology used earlier by the author in the analysis of acoustic
propagation [5], such a system may be called viscodynamic. Linear viscodynamics
involves essentially the interaction of viscous and dynamic forces in analogy with
linear viscoelasticity which envolves the interaction of linear dissipative or viscous
forces with elastic forces.

The small displacement field of the fluid is represented by

u, = u,,q, (10.1)

where u,,(xi) are given fields, satisfying incompressibility, and q, are generalized co-
ordinates. The kinetic energy and the dissipation function are

3 = hmaiiii » D = 5butjiQi ■ (10.2)

The Lagrangian equations are

???,,#, + b,jq, = Q, (10.3)

where Q, arc the generalized forces applied at the boundary. Body forces are neglected.
Operationally we put p = d/dt and write

(w,,p + 6,,)pg, = Qi . (10.4)

Except for the replacement of q, by pqt , Eqs. (10.4) are mathematically the same
as those of linear viscoelasticity. If there is a large number of internal coordinates,
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i.e. internal velocity fields such that Qi = 0, relations between observed velocities and
applied forces are related by

<7, = i,,Q, , Qi = Zt,q, (10.5)
where Ati and Zti are the symmetric operators (6.4). For example at high frequency, i.e.
for p = iu (with a large value of the circular frequency u>), we write

Qi = Z./tfq, . (10.6)
This relation is purely inertial and the system behaves as a perfect fluid.

Acoustic propagation in porous solids. We have applied the previous results in a
theory of acoustic propagation in a porous solid by generalizing Darcy's law in the
form [5, 6]

- f- = y,iw,, (io.7)
where dp/dXi is the pressure gradient of the pore fluid and w{ is the volumetric velocity
of the pore fluid relative to the solid. The viscodynamic operator is

fa = i —r- IV" + Yu + Y,/p (10.8)
' s "l P

where F,, is a symmetric operational tensor of second order. It is interesting to note
that if the pore geometry exhibits cubic symmetry, as in the case of piled spheres,
the tensor F,, is isotropic. For high frequencies the viscodynamic operator reduces
to Ytj'p which represents purely inertial effects of a perfect fluid, while at low frequency
it becomes F,, corresponding to Poiscuille flow and the classical Darcy's law. The
variation of F,, with frequency is due to the change in microvelocity fields in the pores
from Poiscuille flow to potential flow. It may be looked upon as due to the change
of amplitude of the various microvelocity fields uuq, which play the role of internal
coordinates.

11. Theimodynamics of instability. Basically there are two fundamentally different
types of instabilities which may be considered. One type is an unstable static equilibrium,
the other is the instability in the vicinity of a steady state [34].

Unstable static equilibrium. The linearized Lagrangian equations for perturbations
g, in the vicinity of an equilibrium state are

+ + f| = ° (1L1)
where 3, 33, (P are the quadratic forms (6.1) for the kinetric energy the dissipation func-
tions and the mixed collective potential. Equilibrium corresponds to (P = 0. It may
be unstable if (P is not positive definite. It was shown [7, 14] that instability of this
type is non-oscillatory. A typical example is thermoelastic buckling discussed extensively
earlier [10, 14], It was pointed out that incipient isothermal buckling [10] occurs for
a buckling load derived from isothermal elastic moduli. Creep buckling occurs at a
rate controlled by the thermal conductivity of the purely elastic material.

As shown in [14], it provides a mechanical model for the more general case of an
unstable thermodynamic equilibrium at minimum entropy.
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The case of buckling of an embedded viscoelastic layer in a viscoelastic medium
was also analyzed, showing that the physical behavior is fundamentally conditioned by
the thermodynamics [13].

Dissipative structures for unstable linear systems. A horizontally stratified system
of incompressible Newtonian fluids in a gravity field with density inversions, i.e. when
some layers are denser than those below, provides an example of a linear dissipative
system for small motion. The system is in unstable static equilibrium when the layers
are horizontal. The case has been extensively analyzed in the context of geophysics
[7, 27, 28]. A fundamental aspect of the physics may be illustrated on the simple case
[7] of a viscous layer of viscosity ?/, thickness h, and density p lying on a rigid base,
surmounted by a semi-infinite medium of viscosity r/ and density p'. It was shown [7]
that the effect of the gravity field is the same as applying a vertical force f per unit
area at the interface equal to

/ = (p' - p)gw(x) (11.2)

where g is the gravity acceleration and w is the vertical deflection of the interface along
the horizontal direction x. Assume a sinusoidal deflection of the interface

w = q cos Ix. (H-3)

Consider a vertical slab of unit thickness of the system. Per unit length along x the
change in potential due to gravity is obviously (L large)

<P= - ~ ^ fw dx = - l(p' - p)gq . (11.4)

Similarly, the dissipation function must be of the form

D = hbq (11.5)

where b depends on the wavelength. The Lagrangian equation is

df + ^) = 0. (11.6)
dq dq

For a solution

q exp (pt), (H-7)

Eq. (11.6) leads to

p = h(p_Ag. (1L8)

The wavelength for which b is minimum yields the maximum value of p and the fastest
rate of growth of the deflection. The corresponding wavelength was called the dominant
wavelength, and represents a dissipative structure which will gradually emerge for any
initial perturbation of the interface.

The existence of dissipative structures away from equilibrium was postulated by
Prigogine and Glansdorff [29] as due to nonlinearity. The foregoing discussion shows
that such dissipative structures are also generated in unstable linear systems in the
vicinity of equilibrium [34],
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Note that a fluid layer heated from the bottom is not in initial thermodynamic
equilibrium but in an initial state of thermal flow. Hence oscillatory instability is not
excluded in this case [33],

Instability in the vicinity oj a steady state. The concept of steady state may be defined
as one where the generalized coordinates are either linear or almost linear functions
of time for time intervals within certain limits. We represent the steady state as

q< = (11.9)

where <p( are linear or almost linear. Assuming a holonomic system, the stability may
be analyzed by a perturbation methods, writing the generalized coordinates as

q< = <p&) + q' (11.10)

where q/ are unknown small perturbations.
While the procedure is quite general, we may simplify the analysis by restricting

ourselves to a formulation in terms of intrinsic dissipative forces and to systems where
inertia forces are negligible. The Lagrangian equations (2.30) for such systems are

? + = Q{. (11.11)dq.

We denote by dtp/dqt and ft, the values d(P/dg, and R{ for the steady state solution
ipi(t) = q{ . Since the steady state is a solution of the Lagrangian equations (11.11)
of the system, we may write

^ + R, = Q, . (11.12)dq<

Perturbed values are

d(P d(P , d2(P
dq, dq, dq, dq,■ ' (11.13)

D r, , dRf , dRi . ,
Ri - Ri +J^qi + dq- Qi '

where d^cp/dg.dg,- , <) ft/dq, and dfl/(Pg, are the unperturbed values of d2(P/d^dg,- ,
dR/dqi , and dR/dq, . Substitution of the perturbed values (11.13) in the Lagrangian
equations (11.11), taking into account Eqs. (11.12), yields

«,,?/ + «,,?/ = 0 (11.14)

with

d2(P . dRi „ dRi ,-x= , , + ~ . (11.lo)
dqt dqj dqt , dq,

Eqs. (11.14) for the perturbations q' may have increasing or decreasing solutions
indicating stability of instability of the steady state. However, the assumption of
symmetry of ft,,- and ®,:, and positive-definiteness of ®,, is not valid in this case, hence
unstable solutions may be oscillatory.

It is interesting to examine the case of a quasi-reversible system with a dissipation
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function D and a corresponding dissipative force ft, :

D = , R* = = bijiq^q,- . (11.16)

In this case

a,, = + ~^<pk, «„■ = b„ (11.17)dq, dqt dqt

where 5,, and dbik/dqj are the values of ba and dbik/dqj for g,- = <Pi{t). Note that in
this case ®,,- is symmetric and positive-definite. However, there may be cases where
(dbik/dqi)ipk = (dbjk/dq,)if>k. In such cases we also have ®,; = GLh and the instability
is non-oscillatory. An example of such a case is given below.

Dissipative structure for an unstable steady state. Folding instability of a stratified
viscous medium in compression. As an example of instability in the vicinity of a steady
state leading to a dissipative structure, consider a highly viscous layer embedded in an
infinite medium of much smaller viscosity. The materials are assumed incompressible
and we neglect body forces and temperature changes; hence we put (P = 0.

Consider an initial length L of the layer, along the middle plane which coincides
with the x axis. We assume that the whole system is compressed in the direction of the
layer at a constant rate, so that the initial distance L at t = 0 becomes

V = L - fit (11.18)
at time t. We may take

<Po(t) = fit (11.19)

to be the generalized coordinate describing the initial steady state. The perturbation
is the lateral deflection w(x, t) of the layer normal to its initial plane. It may be written
as a Fourier expansion

w = 3-/sin (11.20)
where l„ = irn/L (?i = 1, 2, • ■ •) and qn' are the perturbations of the initial steady state.

We first evaluate the dissipation function of the layer. The deformation is assumed
to be an incompressible plane strain with principal strains et and t2 satisfying the condi-
tion of incompressibility e, + e2 = 0. Applying expression (9.25) to this case, the dissipa-
tion function of the layer per unit transversal dimension normally to the plane strain is

D, = 217, T dx f'%2 dy (11.21)
Jo J-h/2

where y is measured along the thickness h of the layer of viscosity ii, . The strain is

The second term represents the bending strain. Substituting (11.20) and (11.22) in
(11.21) and neglecting higher-order terms in qn', we obtain

Dt = ~ Lrjtf £ Z„V2 - 2nrfh i: ln2qn'qn' + 2Vl (11.23)
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The dissipation function of the two half-spaces on each side of the layer is easily obtained
by distributing a sinusoidal load

Fn(x) = Fn sin lnx (11.24)

on the half-space, producing a rate of deflection of the surface

wn{x) = qn' sin lnx. (11.25)

The relation between Fn and qn has been evaluated many times earlier [7, 13]. We find

Fn = 2 U2q: (11.26)
where ?j2 is the viscosity of the half-space. The dissipation function of the two half-spaces
is expressed in terms of the total power dissipated as

Dm = [ J2 Fn{x)wn(x) dx = Lri? X lnq/2. (11.27)
Jo

The total dissipation function is

D = A + Dm (11.28)
and the Lagrangian equations for the perturbations are

dD/dqn' = 0 (11.29)

-21,,/SW.V + L(hih%* + 2 = 0. (11.30)
These equations are uncoupled and the solution of each equation is

qj = CneVnt (11.31)

where C„ are constants and

2l7l/3 rJ , 2i 2
Vn = J - \jVlh L

I 2^2
hi J (11.32)

This value pn depends on ln and hence on the wavelength. If we consider /„ to vary
continuously, pn is maximum for

Inh = (Qv-i/vi)1'3- (11-33)

This corresponds to a wavelength £ = 2w/ln whose amplitude grows at the fastest rate,
and which was referred to in earlier work as the dominant wavelength [7, 13]. Thus we
end up with an unstable phenomenon showing a regular sinusoidal pattern which emerges
gradually as a dissipative structure. Note that in this particular case the instability
is non-oscillatory although the initial state is not one of thermodynamic equilibrium.

The case of a single layer considered above is a particular case of a very general
phenomenon of viscous buckling of a stratified viscous medium in compression. Its
general theory has been treated extensively earlier [7]. It illustrates the properties
of a thermodynamic system in an unstable steady flow generating a dissipative structure
in the form of regular folds. This phenomenon is fundamental in the theory of geological
structures of sedimentary rock, as well as the theory of creep buckling of composite
multilayered plates.
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It should be noted that Eq. (11.29) expresses minimum dissipation where q/ are
varied arbitrarily. This is a particular case of the general theorem of Sec. 3.

Dominant unstable structures. Minimum principle. As shown by the previous examples,
unstable perturbations in many cases may be governed by equations of the type

ft,,?,' + ^7 = 0 (11.34)OQj

where

D = tfiAiii (11-35)
with constant coefficients ft, , and 5, , . For a system initially in unstable static equilibrium,
a general theorem [7, 14] shows that the instability is non-oscillatory. This is a con-
sequence of the symmetry property ft,, = ft,, and the positive-definite character of
the dissipation function D. For the case of instability in the vicinity of a steady state
this may not be applicable. However, in the particular example (11.30) for an initial
steady state the symmetry property (ft,, = ft,,) is valid and as a consequence the
instability is non-oscillatory. In all such cases we may of course apply the minimum
instantaneous dissipation theorem of Eqs. (3.6) and (3.7). However, we may formulate
an additional minimum property by considering the exponential characteristic modal
solutions

= C.er" (11.36)

for those cases where the characteristic values p, are real and positive. The particular
modal solution for which p, is maximum represents a dominant structure which will
emerge after sufficient time. This structure is independent of the initial conditions. In
the two examples discussed above, one of unstable equilibrium of a layered fluid under
gravity, and the other of folding instability and a layered viscous medium initially
undergoing a steady compressive flow, the dominant structure is a periodic sinusoidal
spatial distribution. For each modal solution we may write

• a r *8 ̂  a ■' ^8 ̂

p, = - f •AttjKtt ■ (11.37)
Qi

The dominant structure is such that

&i,9l'<'V(,) = minimum (11.38)

ft,,a,/<s)g/<s> = constant. (11.39)

Appendix. Stress-strain law for non-Newtonian fluids. The most general relation
between stress and strain-rate for a non-Newtonian isotropic fluid may be derived
quite simply as follows. Because of isotropy, principal directions of stress coincide with
principal directions of strain-rate. We may write the principal stresses cr/oVcr./ as
functions of the principal strain-rates eI'e2/e3' in the form

<r\ = Fi + F2e/ + F-fii12,

<t2 = Fi + F 2e2' + F 3e2'2, (A.l)

0-3 = Fi + F2e3' + F3e 3'2,
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where Fl , F2 , F3 are three functions of e,', e2, e3. It is always possible to write the
stresses in this form since we may consider Eqs. (A.l) to determine F{ , F2 , F3 as three
unknowns. The system of equations, and hence the unknowns, remain the same for
all permutations of the indices for a, and e/. Therefore FlF2F3 are symmetric functions
of e1'e2'e3' and hence functions only of the invariants

h = e,/5,, , I2 = I3 = e,/e,*'<?*,', (A.2)

Fi = Fi(Ii , U , /.)
F2 = F2(I, , I2 , I3) (A.3)

f3 = F,(7, , /2 , /3)

Finally, for directions other that the principal directions we may write (A.l) as

<r,/ = Fidij + F2e,/ + F3eik'eki' (A.4)

which establishes relations (9.40). For an incompressible fluid this yields the result of
Reiner [30] and Rivlin [31]. The particular case <r,,' = dD/de,/ where D is a function
of the invariants was discussed by Ziegler [32].

References

[1] M. A. Biot, Theory of stress-strain relations in anisotropic viscoelasticity and relaxation phenomena,
J. Appl. Phys. 25, 1385-1391 (1954)

[2] M. A. Biot, Variational principles in irreversible thermodynamics with application to viscoelasticity,
Phys. Rev. 97, 1463-1469 (1955)

[3] M. A. Biot, Thermoelasticity and irreversible thermodynamics, J. Appl. Phys. 27, 240-253 (1956)
[4] M. A. Biot, Linear thermodynamics and the mechanics of solids, in Proc. Third U.S. Nat. Congress

Appl. Mech. (Amer. Soc. Mech. Eng.), pp. 1-18, New York, 1958
[5] M. A. Biot, Generalized theory of acoustic propagation in porous dissipative media, J. Acoust. Soc.

Am. 34, 1254-1264 (1962)
[6] M. A. Biot, Theory of stability and consolidation of a porous medium under initial stress, J. Math.

Mech. 12, 521-542 (1963)
[7] M. A. Biot, Mechanics of incremental deformations, John Wiley & Sons Inc., New York, 1965
[8] M. A. Biot, Variational principles in heat transfer—a unified Lagrangian analysis of dissipative

phenomena, Oxford University Press, 1970
[9] M. A. Biot, Theory of finite deformations of porous solids. Indiana Univ. Math. J. 21, 597-620 (1972)

[101 M. A. Biot., Non-linear thermoelasticity, irreversible thermodynamics and elastic instability, Indiana
Univ. Math. J., 23, 309-335 (1973)

111] R. A. Schapery, A theory of non-linear thermoviscoeiasticUy based on irreversible thermodynamics,
in Proc. Fifth U.S. Congress Appl. Mech., pp. 511-530, 1966

[12] M. A. Biot, A virtual dissipation principle and Lagrangian equations in non-linear irreversible thermo-
dynamics, Bull. Roy. Acad. Belgium (Classe des Sciences) 61, 6-30 (1975)

[13] M. A. Biot, Folding instability of a layered viscoelastic medium in compression, Proc. Roy. Soc. Lond.
A, 242, 444-454 (1957)

[14] M. A. Biot, Thermoelaslic buckling. An unstable thermodynamic equilibrium at minimum entropy,
Bull. Roy. Acad. Belgium (Classe des Sciences) 60, 116-140 (1974)

[15] L. Onsager, Reciprocal relations in irreversible processes I, Phys. Rev. 37, 405-426 (1930)
[16] L. Onsager, Reciprocal relations in irreversible processes II, Phys. Rev. 37, 2265-2279 (1931)
[17] L. Onsager and S. Machlup, Fluctuations and irreversible processes I, Phys. Rev. 91, 1505-1512 (1953)
[18] S. Machlup and L. Onsager, Fluctuations and irreversible processes II, Phys. Rev. 91, 1512-1515

(1953)
[19] B. D. Coleman, Thermodynamics of materials with memory, Arch. Rat. Mech. Anal. 17, 1-46 (1964)
[20] J. Meixner, Zur Therrwdynamik der Theromodiffusion, Annalen der Physik 39, 333-356 (1941)



248 M. A. BIOT

[21] Y. C. Fung, Fundamentals of solid mechanics, Prentice Hall, N. J., 1965
[22] O. W. Dillon, A non-linear thermoelastic theory, J. Mech. Phys. Solids 10, 128 (1962)
[23] H. Parkus, Methods of solutions of thermoelastic boundary value problems, in High temperature struc-

tures and materials, pp. 317-347, Pergamon Press, London, 1964
[24] J. E. Adkins, Large elastic deformations, Progress in Solid Mechanics II, Amsterdam, 1961
[25] M. Voisin, Sur une propriete de I'inertie, Annales Soc. Scientifique de Bruxelles 88, II, 219-226 (1974)
[26] P. Lieber, O. Anderson and Koon-Sang-Wan, A principle of virtual displacements for real fluids,

in Proc. 9th Int. Congress Appl. Mech., Brussels, 1956
[27] M. A. Biot and H. Ode, Theory of qravity instability with variable overburden and compaction, Geo-

physics 30, 213-227 (1965)
[28] M. A. Biot, Three-dimensional gravity instability derived from two-dimensional solutions, Geophysics

31, 153-166 (1966)
[29] I. Prigogine and P. Glansdorff, L'ecart a I'tquilibre interprets comme une source d'ordre. Structures

dissipatives, Bull. Roy. Acad. Belgium (Classe des Sciences) 59, 672-701 (1973)
[30] M. Reiner, A mathematical theory of dilatancy, Amer. J. Math. 67, 350 (1945)
[31] R. S. Rivlin, The hydrodynamics of non-Newtonian fluids, Proc. Roy. Soc. Lond. A 193, 260 (1948)
[32] H. Ziegler, Thermomechanics, Quart. Appl. Math. 30, 91-107 (1972)
[33] J. C. Legros, Influence de la thermodiffusion sur la stability d'une lame liquide horizontale, Bull. Roy.

Acad. Belgium (Classe des Sciences) 59, 382-391 (1973-74)
[34] M. A. Biot, On a unified thermodynamic approach to a large class of instabilities of dissipative continua,

in Advances in Chemical Physics 22, 13-16, Proc. Conf. on Instability and Dissipative Structures in
Hydrodynamics, John Wiley & Sons, Inc., New York, 1975


