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ANOTE ON THE POTENTIAL VORTEXIN A WALL JET*

By SUSANN J. N. SHAW (New York Universily)

Abstract. Recently Gurevich [1] found an exact solution for the problem posed by
the plane flow past a vortex of an inviscid, incompressible fluid which is bounded above
by a free surface and below by a horizontal wall. This solution, which is found by using
a conformal mapping of the flow region onto the interior of a semicircular region, is
restricted to flows with at least one stagnation point.

The model of a single vortex with circulation such that the force on the vortex is
upward is useful in the description of some of the features of the flow past a submerged
lifting body; this flow is adequately described by Gurevich’s solution. For the case in
which the force on the vortex is downward, Gurevich’s solution has been extended to
include flows without stagnation points but with bifurcation points on the free surface
which correspond to singular points of the mapping. This extension describes the flow
of a vortex lowered into the fluid from above.

1. Introduction. In studies of a submerged lifting airfoil near a free surface questions
have been raised regarding the assumption that the free surface is approximately hori-
zontal and consequently that the free surface boundary condition may be linearized.
Therefore, it is of interest to investigate simple models of free-surface flows for which
exact nonlinear solutions are obtainable. Gurevich [1] recently found an exact solution
for the problem posed by the steady, two-dimensional flow of an inviscid, incompressible
fluid past a vortex of strength I' where the fluid is bounded below by a horizontal wall
and above by a free surface; that is, a potential vortex in a wall jet.

At infinity the flow velocity v, is uniform and the depth of the fluid is denoted by L
The vortex is located at a depth & below the free surface which is denoted by the unknown
function y = 5(x); see Fig. 1. The flow may be described in terms of the complex potential
w = ® -+ 7y where the velocity potential & and the stream function y are harmonie
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except at the vortex and satisfy the boundary conditions
ad/dy = 0, ay/ox = 0, v=0 at y=0,
(03/9z)° + (9®/0y)* = 2, ¢ =l at y = n(z).

Gurevich mapped the flow region in the z = z + 7y plane to the interior of a semi-circular
region in the complex 7 plane, using Chaplygin’s singular point method; see Fig. 2.

The mapping z(r) is not known initially but is obtained as part of the solution. The
potential w(r) is constructed in the r plane from the assumed signularities which produce

the flow in the r plane: a vortex of strength T at = 7y, its imagesat r = —y, 7 = i/y
and r = —1/y, a source of strength v,l at r = —1 and a sink of equal strength at » = 1.
Hence, ' :
_ 20l 14+, .T r—iyr+ 1i/ly
w() = x logl—-r+7'21r10g'r+i'yr-i/'y @
with the resulting complex velocity of the flow in the 7 plane
d_c»=4_z@1[1__1‘_(1_ )][ 7 + 2” + 1 ] @
dr wl\y ~ VLT =AE + N+ 1)1
where
2 1 T (1
pede (o)
o= — Y Blly /. ®

1__1‘_(1_ )
4uol \y 7

The complex velocity in the z plane, {(r) = (1/v,)(dw/dz), is constructed by requiring
that ¢(r) has the singularities corresponding to the vortex at r = 4y and its images—that
is, £(s) has poles at 7 = =7y and zeros at » = ==i/y—and that {(r) satisfy the boundary,
free surface, and infinity conditions:

Imf=0 on Imr=0
[fl=1 on || =1
¢=1 at 7= +1.
The mapping z(r) is then found by integration of

(de/dr) = (/g () (o ). @
£ ®
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2. Summary of Gurevich’s solution; «* > 1. Gurevich required that the mapping
be conformal except at = =1 and hence that the stagnation points of the flow in the
7 plane map into stagnation points of the flow in the z plane. The locations of the stagna-
tion points of the flow in the r plane are given by the solutions of

2%’ +1=0 (5)

which has four distinct roots 72, = —k 4+ (&* — 1)'%, 13, = —x — (X — 1)/~

For «* < 1the roots of (5) are located on the unit circle; since in steady flow stagnation
points can not occur on a free surface, Gurevich restricts his solution to * > 1. For
x > 1 the two critical points inside the unit circle are purely imaginary:

1.2 = ik — & — 1)V = +a.

The critical point corresponding to 7, = & is above or below the vortex at r = 7y depend-
ing on the sign of I'. For x < —1 the two roots inside the unit circle are real:

3.0 = E[—k — (& — D' = 5.
For the complex velocity in the z plane, Gurevich finds

§'(7') = (72 - 62)(727'2 + 1)
Q=70 +7)
Integration of (4) yields the mapping

4uol ‘52[1 B 21}:—01 (% B 7)] A, 147 ¥ 7 Cy, i/y—r
G {frios Pz 5y i+ S )
where (6)

PRI V7.3 SO VoSl =8 V2 » SRR Vsl = V7 )
a+ 1/ a+1A9 20 + 1/79)

For T'/v,l > 0, corresponding to a vortex with clockwise circulation and an upward
force, Gurevich’s solution adequately describes the flow. With I'/v,! fixed for small values
of vortex height vy there are two stagnation points on the wall which first separate to a
maximum and then coalesce with increasing v until they coalesce into a single stagnation
point. Further increase in v forces the stagnation point into the interior of the flow;
see Fig. 3. The limiting case predicted by Gurevich is not a solution, since, in the limiting
case, the stagnation point occurs on the free surface. For I'/v,l < 0, corresponding to
a downward force, Gurevich’s solution only incompletely describes the flow. Gurevich’s
solution predicts one stagnation point above the vortex in the interior of the flow and
describes the flow when the vortex is near to the wall only up to a critical height deter-
mined by the parameter I'/v,l and corresponding to raising the stagnation point to the
free surface; that is, 7 = & = 1, which limiting case is not a solution. If the vortex is
raised above this height, Gurevich’s solution does not describe the potential flow that is
expected. Alternatively, if the vortex is lowered into the fluid from above, the existing
solution does not predict the flow.

3. The solution for k* < 1. The resolution of this difficulty is to permit the mapping
from the z to the 7 plane to be non-conformal at the stagnation points in the 7 plane
when these critical points occur on the semi-circle 7| = 1. The flow in the z plane will
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have bifurcation points on the free surface where the mapping is non-conformal; see Fig. 4.
Potential flows with bifurcation points were first noted by Hopkinson [2].

The complex velocity in the z-plane is constructed without stagnation points, and
is found to be

Y+ 1
12 + 72
and the mapping is the same as (6) with A, B and C replaced by the following quantities:

T_ 20+« __—20+x 1
A=aramy: P yaxawm T (1 + 7’) ’

W0 = A/
¢ = CFRE0E — 3 - . @

The flow may be described in terms of a fixed value of I'/v,l and varying vortex height;
see Fig. 5.

In this case the limiting position corresponding to vy = 1 and « = <1 is a solution
with a single bifurcation point; the minimum depth of the vortex below the surface,
hnin = T/270, , is found to be independent of the depth I of the flow at infinity. As the
vortex is lowered the bifurcation point divides into two; these points;, denoted by b,
occur first on the lower side of the recirculating vortex flow region but, with further

¢(n) =
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lowering of the vortex, then appear on the upper side of the recirculating vortex flow
region. The free surface points denoted by d are characterized by vanishing horizontal
velocity; these points coalesce above the vortex at a vortex height v* found by setting
to zero the equation for the z coordinate of the surface points with zero horizontal
velocity; there result the transcendental equations

B*f—z @+ 1) cos 0, —ﬁi—tlogtanﬂZ
2 2 2
'y*’+;;k—2+2cos20.,
* * *
Ax V¥ ~* cos 6, _ —y cos(i.,] _
Ty [mta‘nl—y*smo,, aretan T v 6, 0

where cos 20, = —2/(v** + (1/+*%)) and A*, B*, C* are given by (7) evaluated at x*, v*
where «* is obtained from (3). Further decrease in y requires overlapping flows which
would persist until y reached a second limiting critical value

Yo = ((I‘/2vol)2 + ].)l/2 + r/2vol

and k — 17, corresponding to the limiting case of the coalescence of the bifurcation points.
This value, v = v, and x — 1%, also corresponds to the limiting case of a stagnation point
on the free surface. Hence further decrease in 4 submerges the stagnation point and the
resulting flow is described by Gurevich’s solution.

Then, for each fixed I'/2v,l, there is an interval of vortex height, v, < vy < ~*, for
which the solution obtained here fails to describe the flow; see Fig. 6.

It is postulated that for this range of vortex height the correct flow description is
found by increasing the cavity pressure and thereby decreasing the cavity surface speed
until the cavity pressure equals the stagnation pressure and the bifurcation points b
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coalesce into a stagnation point located at a finite distance below the free surface. This
aspect of the flow requires further investigation.
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