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Abstract. This note is a study of the problem of the steady motion of an inviscid
incompressible fluid past thin airfoils, the Hall effect being taken into account. The case
of crossed fields (one of the most important in acrodynamics) is studied in detail. The
results for the cases of aligned fields and Alfvén motion are also given. The general solution
is represented by a continuous superposition of plane waves. The boundary conditions
determine the solution by means of a Fredholm-type integral equation which may be
solved with the aid of the method of successive approximations. If the parameter of the
magneto-hydrodynamic interaction (S) is equal to zero, one obtains the known solution
of classical aerodynamics. The equation is solved explicitly for Alfvén motion.

1. Introduction. The flow of conducting incompressible fluids past thin airfoils
when the Hall effect is neglected has been rather comprehensively discussed. Relevant
references may be found, for instance, in [1] and [2]. In practical problems which require
the study of the fluid motion past airfoils (e.g. problems of aerodynamics and astronautics)
the fluid is an ionized gas. It is known, however, that in the dynamics of ionized gases
the Hall effect cannot be disregarded. Accordingly an examination including the Hall
effect is necessary; this is the object of the present paper.

Some results in this connection have already been given. The aligned-fields case has
been considered by Sears and Resler [1] and Tang and Seebass [3]. In [1] a qualitative study
was made and in [3] a quantitative description of the solution in symmetrical flow was
given. Working independently, we examined the general problem in [2] and [4]. In these
papers, however, the solution is expressed with the aid of generalized functions.

The solution presented here includes the cases of crossed fields, aligned fields and
Alfvén motion. Moreover, the solution is valid for general flows (not only for symmetrie
flows), and is expressed by means of classical functions. The method is applicable both to
compressible fluids [5] and viscous fluids [6].

Tor the sake of simplicity only the mathematical treatment of the problem is given
here. It is assumed that the formulation of the problem is known from the works cited.
The notation given in [2] and [4] is used.

A. CrossEpd FFIELDS

2. Equations of motion. If the free «tream velocity and the magnetic induction are
orthogonal, then the perturbed motion is determined by the {ollowing system of equations

[2]:
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From (1) and the first of Eqgs. (2) we have
Av, + SAb, = 0, A = 8°/9x” + 8°/oy’. @)

From (3) and (4) we eliminate v, + b, . From the resulting equation, from (5) and the last
of Egs. (2) we also eliminate e, , e, and v, . We obtain

2 2

9 9 ) )
Pb,—i—yaxAbz—O, P—Aax+RSay§—Rax2' ®

By deriving (6) with respect to x and y and taking account of (1), we find an equation in
v, , b, and b, . On eliminating from this equation v, with the aid of (6) we get

3 9
APb, — v Agn g ab. =0, )
so that:
AL{U"} —0, L=P 4,/ a (10)
b, - Voot oyt ©
Ly, = 0. (109
For v = 0 we obtain the equation valid when the Hall effect is negligible [7].
3. Dispersion equation. I‘or plane waves of the form exp(—i\x + sy), s = —ikr,
we obtain the following dispersion equation from (10): :
P +1=0, (NG + 1) — RSP + R} = %07 4+ 1). (11)

The last equation may be also written
a(® + 1) + 260" + 1) + ¢ =0, (12)
a= (@GN — RS =\ =a, +ia,, c¢=R(S+1)?
b=R(S+ 1N — RS) + L\ = b, + b, .

The roots of Eq. (12) are distinct and complex. The first assertion results from the relation
b* & ac and the second from the fact that if in (12) » had been real, we should have had

a4+ 1D+, 4+ D) +c=0  a,0°+ 1)+ 2b, = 0.

(13)
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But the real roots of the last equation, S* = 1, do not verify identically the previous
equation.

We denote 7, = —< sign A and by r; (j = 1, 2) the roots of Eq. (12) for which s; =
—14Ar; have negative real parts. Since Eq. (12) is biquadratic, two roots have this property
no matter whether X is positive or negative. The last assertion results from the fact that the
roots of Eq. (12) are expressed by radicals and from the observation that for two real
numbers « and 8 we have

o + 2iB07)V? = sign B{(@® + BN 4 a}* + isign M@ + BN — )2

The remaining three roots have positive real part.
Elementary calculations show that for large A we have

—isign X + OR\7?),

T

(1 +)"r, = —isign X 4 {14 S(1 + )7 }R [T 4+ OR L), "
4, General solution. Taking account of (6), (10) and (10") we have
{vj}(x, y) = F - > rk{Ai} exp (—2\z = s,y) dX\;
b’ e kmerr B
: (15)
Wbi(z, ) = f :” T exp (—iha & 5) d.
From (1) and the last of Egs. (2) we also have
F e
}biJ(x, y) = f: ‘kZ, B | exp (—0\x =% s) dy;
p* IA: J (16)
wilz,y) = £8 f:n Zr,Cf exp (—i\x = s,;y) d\.
Taking account of (11), the first of Egs. (2) and Eq. (3) yield
Af + SBf =0, Af = BZ, (17)
s;C{ = £P,B;, P, =07+ 1) — RSS + R. (18)

TFinally, from (4) and (5) we get
et e r7ll
VR{ 2}(1:, y) = f (RiN' — 1) Z{ y [r;lP,»Bf exp (—i\z =+ s,;7) d\. (19)
e e =1

In the above notation the top line indicates the solution valid in the upper half-plane
(y > 0) and the bottom line the solution in the lower half-plane (y < 0).
The unknowns B are determined from the boundary conditions.
5. Boundary conditions. We assume that the airfoil equation is
y = Y. {(2), o] <1, (20"

Y ! satisfying Holder’s condition. The following relations result:
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vi(2,0) = Y(@), [z <1, (20)
] = @)[Y], [b=0, V& , (e4))
[b.] = [b] = [e] =0, Vuz, (22)

where [¢] = ¢*(z,0) — ¢ (2, 0) and
e(x) =1 le < 1’

=0 |z] > 1.

By using the inversion theorem of Fourier transforms, we deduce the following equa-
tions from the general solution and the boundary conditions:

f (1Bt + 8 SorB) exp (—ina) dh = Yi@), |o| < 1, 23)
ro(Bs + B;) — S 2. ri(Bf + By) = 2I,
2nBi+ By =0,  Xr'Py(B] +B7) =0, @)
1 [ .
2 = ~or ), [Y'] exp (1\x) dA,
2. (Bi — B3 =0, 2_ri°P,Bf —B;) =0. (25)
From (24) we get
B 4 B} = 2, (26)
(S + Daay = —r,P,, (S 4+ Daa, = r,P, 26')
(S + Dagro =1, a = (I\ + R)("ﬁ - ri)

Since Egs. (25) become

Z By = (Z anl, ZT:ZP:'B;" = (Z ri—zpiai)])
there results
B; = BiBJ + v,
B, = —riP,a’}, v = a; + afiPyat, 27)
B, = Pt Y2 = ay — ariPat. '
Taking account of (27), Eq. (23) becomes

fm (ro — S D 18,)B; exp (—i\x) d\

=5 [ KZra)ew(—add - VL, Rl <L
On using the pressure expression we deduce

[p] = /~+<° (B; — By — 8 > (B! — b3)} exp (—i\2) d\
(29)

— %S+ 1) fm (Br = a]) exp (—iNg) d\ = 2f(x),

which is useful for the calculation of lift.
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The condition of pressure continuity outside the airfoil yields
j@)=0, |of > 1L (30)

By means of the inversion formula for Fourier integrals, we deduce from (29)

B = ad + 2Tr(§13r—1) f_ 1) exp @) at, @1)

so that (28) becomes

+1

JOK(E —2)dt = (S + DY(), |2| <1, 32)

-1
Kit—1x = —%r f_m k exp {iN(t — 2)} dX, Y = %:Y"+ + Y7), (32")

=1, + Sty + 1) {rl + e + 13 + iGN — RSN + R)7'.

In conclusion, by determining f(x) from Eq. (32) we get from (31) B}, from (27) B% and
from (26) B; . The lift may be calculated with the aid of (29). All the determinations can
be made since the roots r; are distinct.

6. The Fredholm-type equation. Taking into aceount (14) we obtain
= —(8 + Disign A — S(S + 1)k*,

- 2 ~2 _ R (33)
k*_l)\l+O(R)\ )y ‘-'-"—1__}_1,2_'_(1_*_”2)1/2;

which shows that the kernel (32’) is a distribution. According to [8],

f sign X exp {i\({ — 2)} dt = 2i(t — 2)77, (34
so that there results
RN s b SR () —
K(t—a2) = - 8(S + DK*(t — ), (35)
K* being obtained from the expression of K by replacing k by k*. K* is a convergent

integral.
Accordingly, Eq. (32) becomes the singular integral equation

}r@f_j t—@—xdwr sfl JOK* — 5 dt = —Y(@), || <1,  (36)

where the sign “®” indicates the principal value in the sense given by Cauchy.
In the aerodynamics of thin airfoils the singular integral equation

;lr-(Pf_: t—f%dt =F@), | <1 (37)

occus. s ¢ solution of this equation, assuming that F satisfies Holder’s condition, is,

from [9] and [10],
- A L) B
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With this result, we obtain from (36) the following Fredholm-type equation:

@ =5 [ 10 Me, ) &+ me),

N A =T T

o =32 (152 e [ ()" 242 ;" 0,

The integral equation (38) solves the problem completely. It may be integrated by the
method of successive approximations, the first approximation being the solution given in
classical aerodynamies (S = 0). The solution is general. By particularization we deduce
the solution given by Sears and Resler [11] for the perfectly conducting fluid as well as
the solution for the fluid with nonzero electrical resistivity [12], [13], [7].

B. AvigNED I'IELDS

7. Motion equation and the general solution. In this case the disturbed motion is
determined from the following system (see [2] and [4]):

B _ %y (65—"—1”):0, v, = —p, v, = Sb,,

oy ax dy (39
b, | 9b, ab, _
RO, = b) = 2 g, T, (40)
_ah, _ (ab ab) ab, _
Re, = 3y te, = v oy i Yy + R(1 — S)b, , 41)

to which we add Eqs. (1), (6) and the last of Eqgs. (5). From the above system of equations

we get
Ib, = 0, AL{"”} =0,
b, @

L =D+, 48°/02°, P = A+ R(S— 1)8/or.

For plane waves of the same type as in the preceding paragraph we have the following
dispersion equations:

4 1=0, P+ 14+ N'RIS=DP+.L0"+1) =0. (43)
Denoting by r; (j = 1, 2) the roots of Eq. (43) for which s; = —o\r; have negative real
parts, we deduce
r, = —isign A + RS — 1)’0(\7%),
RS — T1) 1 (43')

ry = —i(l 4 )% sign \ + + RS — 1°00\7%).

72T

1+

N

We also set r, = —17 sign A.
Taking account of the damping condition (6) we get the following general solution:
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M Ai
v (x, y) = / > Fred exp (—i\x =+ s.y) d)\, (44)
* —® k=0,1,2 +
b, B,
b Fr, B3
u{ b: 1(Jc, y) = f > { ¢ } exp (—i\x £ s;y) dX, (45)
Rezj I T N o

Af = 8BS % 1), A =B,
C:=—-PB:, P,=r+1+a\"R(S—1).

As the notations coincide with those used in the preceding paragraph, they do not lead to
ambiguities.
8. Boundary conditions. Conditions (20) —(22) furnish the equations:

(46)

/ T (Br + SB! + SB}) exp (—in) d\ = Vi), o] <1, @7
By —Bs + 8 22 (Bf — B} = —2I,
2Bl +B) =0, 2 Pi(Bf —B;) =0, (48)

2 Bf = B) =0, 2 rPi(Bi +B;)=0.
We get
B — B; = 2al,
8—Day=1, (S—1P,—Pla,=—P,, (S—1)P,—Pla,=P,,
B} = 8By + .1,
ro(Py — P)B. = 1Py, (8 — Dro(Py — Py = (ry, — 1)Py (50)
r(P, — P)B, = —r,P,, (S — D)r(Py, — Py, = (ro — r)P, .

On using the pressure expression we get

(49)

(p] = 2[ {(ro + 8 D riB)Bs + rol} exp (—irz) dN = 2f(x) (51)
Imposing the condition f(z) = 0, [z| > 1, we get from (51)
+1
(S— OB =1 — 5—14 [ f() exp (6N0) dL, 52)
LTy o — ¢
so that (47) becomes
+1
[iore—pa=s-nrw, k<, @)
J
At g the same expression (327),) where:
E =yt — 8 14 P4 r,r‘jj]'g + NTR(S — 1
e mre(ry + 1) (53)

—(S — Disign x — S(S — DE**,  k** = o/|\| + OR(S — D\?).
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Accordingly, Eq. (563) transforms into the following singular equation:
1 +1 f(t) +1 .
~ ¢ T2 dt + 8 JOK**( — z) dt = —Y(z), lz] £ 1. (54)
-1 - -1

With the aid of the method given in the preceding paragraph Eq. (54) reduces to a Fred-
holm integral equation. Once the function f is determined, formulae (52)-(49) solve the
problem. Obviously the above results are valid only if S < 1.

C. AvurvEN MorioN

9. General solution. This section examines the singular case S = 1, the fields being
aligned. If in the system of motion equations from Sec. B we set S = 1, we deduce

[
L

Since in Eq. (565) there intervene only derivatives of the same order, wave propagation
will take place without dispersion. Using the notations:

2
A(A +,° '6—5)
ox

o= —isign\, 1= —igsign\, pu =1+ (56)
we obtain the following general solution:
v A*,]
biplz, y) = fw E B’} exp (—i\z =+ s;9) d\. 67
vb: R C?.I
From (1), (41), (39), (40) and the last of Egs. (5) we get successively
v Fr; A%
b ((x,y) = fﬂo Z Fr; B exp (—i\z = s,;9) dA, (58)
uRef,J o :ts,»CJ

Af = Bf, OCf =R(Af — BY), C;f =B},

the unknowns being A5, B, B3 .
The boundary conditions (20)-(22) furnish the following relations:

+ 0

[ @i+ B e (- i = Vi@, el <1, (59)

A} — A7 + Bf — B; = —2I,
Bf + By + w(B; + B;) =0, (60)
Ay — A7 — (B — B)) + u:'(B: — B;) =0, N, =R,
S (Bf —B;)=0, A+ A7 — (Bl + B}) + wmuz'(B + B;) = 0.
From (60) we get
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A} — A7 = —2(1 4+ w)I, Bf — Bf = —2u,I, B; — B; = 2u,I, 61)
(1 4+ w)BY = wA?,  w(l + w)By = —p A7 + (1 + w)@ — w)l.
We also have
[p] = 2 f A+ w) AT — T} exp (—ina) dh = 2/(2). 62)

Imposing the condition of pressure continuity outside the airfoil, we get f(z) = 0, |2] > 1,
so that from (62) we have

= w50 [0 ep @ a (63)

10. Solution of the integral equation. By using formulae (61) and (63) we get the
following integral equation from (59):

[Nt - na = -v@, ki<, (64)

where
Nt —2)= /7t — x)) — wN,(t — ), (65)
No(t — 2) = 51; : ﬂ’”—?;‘l——mdx - —;1r(c 4 In |t — 2, 66)

C being Euler’s constant (=0.577215). Here we have used (34). The last integral is also
a distribution [8].
Consequently, Eq. (64) will be written:
1 S (ON ,
1o —dt + 2 f JOC+ |t -z} dt = —Y@).  ~ (64)

™ -1 t —

If we denote

1 7+t
0@ = == [ €+ In |t — ) at, ©7)
™ J-
we deduce
+1
oa =1 g, (68)
™ J t -
so that the integral equation (64’) becomes
gl —wg = -7, (69)
the general solution of which is
0@ = e(vs - [ v ae), (69)
0

where T, is a constant.
From (68) we determine the solution of Eq. (64')
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o = -1 (2" [ () L w = v + 10,

1+ 1 — i
- L5 [ () .
VO = YO o [ veet d,

o= =2 (155) "o [ () e

The last integral can be calculated explicitly by using the known formulae:

exp (wcos 1) = I(w) + 2 Z I.(w) cosnr, (71)
1
1/‘ cos nr _ sinn B
COST—cosod " sin 6’ n=0,12, y (72)

I.(») being the modified Bessel functions.
11. Determination of the lift. The lift is determined by the formula:

L=—[ wa=-2] @i (73)
1 -1
so that using the solution (70) as well as the formulae (71) and (72) we obtain
+1 1/2

1@2/G%ngw=mm4ﬁ (74)

where
+1 1 t 1/2
o= [ Y = ) + 1), 74
-1

In order to determine the constant I'y we will use (67). As we have

+1 1/2
[ (%-_Li) In |t — z| dzx
LU | b

- [ (1;1 ) [t — 5 s dx-;-f x(lln—“x—lﬁ dr = —1r(ln2 + 1),
it follows:
+1 l_ti 1/2 ! B o +1 1
f_l (1 _ .r) glx)dr = (In2 — C) j:l () dt + /:1 (Ot di. (75)

By using (70) and (72) (or directly (68)) we deduce

j [t dt = f (1 — &g dt = fl (1 — )"(wg — Y) dL. (76)

Taking into account (69’), we get from (75) and (76)
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aTT, = (In 2 — O)ff
- [a-orrwas [CEE)([ voeeaa an

Ir=I,—1,+w(ln2 - ), + I,).

This formula will determine the constant I', as well as the lift and the solution of the prob-
lem.

12. The flat plate. In order to illustrate the above results, we will consider a flat
plate at incidence ¢*. Using the notation ¢ = fge* we deduce:

Y() = —¢,  Y*() = —eexp W), fif= —er(lo + 1))
Io=—ew (1=T7), f@)=e T @) (78)
L = 27l {Io(w) + I,(w)}.

The graphs shown in Fig. 1 show both the influence exerted by the fluid resistivity
upon the lift, and the influence of the Hall effect. For R = 0 (nonconductive fluid) the lift
reduces to 2me, a known formula from conventional aecrodynamics. In fact, in this case

§J —

L
HITE 50
225
2.00
1.75

1.50

1.25

0.50 - —
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the solution (70) also coincides with the solution given in nonconductive aerodynamies.
As R increases, the lift begins by decreasing, since

dL _ In2—-2C .

R pee = TH7+a+AH7 <
then it increases, becoming approximately two and a half times higher than in the case of
nonconductive fluids. This maximum value is reached at B = 4, when the Hall effect is
negligible. As soon as the Hall effect appears the lift becomes maximum for higher values
of R. After reaching the maximum value, the lift decreases as the conductivity of the fluid
increases and tends towards zero for R — « (for B = 20 we have L(21re.)_l = 0.84 (v = 0.0),
0.85 (v = 0.1), 1.11 (» = 0.5), 1.39 (v = 1.0)).

The most important conclusion is that this maximum value of the lift exists.

D. AN APPROXIMATE SOLUTION IN THE GENERAL CASE

13. In the case of aligned fields, for lower values of the parameter R|S — 1| the
expression of the kernel k (53”) can be used in the form:

k= —i(8 —1)sign X — S(8 — Dw/]A|,
so that the integral equation (54) becomes

Lo [T 10 4 4 8 f (D€ + In |t — z)) dt = —Y(a). (79)

T L t—x T

In the case of crossed fields, for low values of the parameter R, the expression of k
given in (32’) becomes:

k= —i(S+ 1)sign X — S(S + w/[N|,

so0 that the integral equation (36) also reduces to (79).
Eq. (79) coincides with (64') so that its solution will be given by formulae (70) and
(77) in which w is substituted for Sw. In particular, the lift will be determined by the for-

mula:
L =2(T.f% — T, (80)

the expressions of f¥ , /¥ and T'; being given by the corresponding formulae given in Sec.
11 with the same substitution effected (w — Sw).

The most important conclusion derives from the fact that in this approximation the
lift is independent of the orientation of the external magnetic fields; this is acceptable from

physical point of view.
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