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Summary. A method is given which makes it possible to calculate the surface ele-
vation associated with long waves on a rotating earth when fluid is created or passes
over geometrical boundaries.

1. Introduction. The equations associated with the classical long wave theory have
been given by Proudman [1], and have been extended by Chambers [2] to include the case
where the continuity equation does not hold.

It is assumed that q, the horizontal fluid velocity, is independent of depth; that A,
the sea depth, is constant; and that the fluid is uniform. It is further assumed that
variations in the Coriolis parameter are negligible and that the surface of the earth is

sensibly plane.
Under these conditions, the horizontal equation of motion is

dg/dt + Ok X q = —gV¢ 1

where ¢ is the elevation of the free surface above its mean level, ¥ the two-dimensional
gradient operator, k the vertically upward unit vector and @ the Coriolis parameter
(@ = 2w, sin @ where w, is the angular velocity of the earth and a the north latitude).

If a volume V, of fluid is liberated uniformly over the depth of the fluid at zero
time along the z axis, the solution of Eq. (1) is given through a potential 4 such that

d

q = EY (VA) — ok X VA) @)
where A is defined by
2
VA — KA — &15 %tf = %’— SMH(t) 3)

where ¢ = gh, K* = @°/c®, 6(r) is the two-dimensional delta function and H(¢) is the

Heaviside step function.
From now on, the assumpticn will be made that all quantities are independent of z.
Suppose now that a volume of fluid hx(r’, ') 6z’ 8y’ 6’ is liberated within the cylinder
<<+ 8,y <y <y + 8y between times ¢’ and ¢’ 4 4t

* Received July 7, 1968; revised version received April 19, 1969.
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By Eq. (3), the associated potential §A4 is given by
2
(v’ - K®* — gggﬁ) SA = x(' , U)oz’ sy’ 8t'8(r — r)H(t — 1),
whence

2 ©
<v2 — K- clgt—) A= f (e, VH({E — ) dt’

= y(r, 9), say. (4)

If x vanishes for negative time, so also does y. It will be assumed that this is the case.
The elevation { of the free surface above its mean level is given by

sy 4 LAY
$ = —h[K A+ af] (5)

If the volume flow of fluid in across an element 8s of a geometrical boundary is given
by 6hés, 8 is the inward normal component of velocity (—q-n) at the boundary, and
so it follows from Eq. (2) that
9’4 94
omar T Y = (6)
over a geometrical boundary. Where the geometrical boundary coincides with a barrier,
6 is zero.
The determination of A from the differential equation (4) and the boundary condi-
tion (5), together with initial conditions

Ar, 0)

0
[5ie0]..

may be referred to as the general problem of long waves on a rotating earth.

Y may represent movements of the sea bed and 6 will correspond to flows across
geometrical boundaries.

2. Integration of equation. In order to integrate the differential equation (4) it is
necessary to use the Green’s function G(r, r’; {) which obeys the differential equation

A1)

It

It

A,(),

2 2 ;l_ 9_2_ — ’ .
v — K — ol G = 6 — r)&(t), (7)
the conjugate boundary condition
9°G G
mar ~ Vas =0 ®)
and the initial conditions
G =0, §§—7=0 at (=0 ©)

The integration proceeds by the method of Ainola [3]. Define the convolution of two
functions of time f(t), g(f) in the usual way:
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fro=[ it~ gty dr. (10)

It is well known that the convolution obeys the commutative and associative laws.
Three particular cases are

1%g= fo' oty dr'. (110)

brg = fo "ot — 1)) d (11%)
= g(1).

1 [P = g0 - g0, (110

f and g may, of course, be functions of other variables.
It can be shown, in extension of Green’s theorem in two dimensions, that

f[G*l*l*V"’A—A*I*I*VZG]dxdy
(12)

[ (gerere 2t g ) g
an an

Now
104
VA = K°A + 2‘;2 )

VG = K°G + ] L 3 G Lo — 1) 8(0).

The left-hand side of (12) becomes
f{G*l*l*[K2A+l a‘f+¢]
2
— A *1*1=* [K q + -1—59——(: + 6 — r’)é(t)]}dxdy

=017f(G*1*1*a”A/at2—A*1*1*6”G/6t2)dxdy

—l-fG*l*l*u/xdxdy

— A@ ) * 11 5(0),
using the relation [ f(r) 6(r — r’) dz dy = f(r’). Now
1%1*0°4/9> = 1% [0A4/at — A,(r)]
= A — A,@r) — t4,@r).
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Similarly 1 * 1 * (6°G/dt®) = G using the initial conditions. Also
A , ) *1*1*5(f) =1*1*[A@ , 1) * §(1)]
=1#*1*A@,?
and so the left-hand side of (12) becomes
fG * [1 *1 %y — élq {tA,(r) — Ao(r)}:l drdy — 1*1* A@', 1), (13)

the other terms cancelling out.
The right-hand side of (12) may be rewritten

a4 oG
f1*1*[0*6n —A*an]ds.

LA 94 [94]
ondt ~ on on 4o

3G _ oG [gg]
anat on ondi-o
Now at t = 0, A is known everywhere and so therefore 4 /dn is known. Similarly G
is then zero everywhere and so dG/dn is zero. Thus, the right-hand side of (12) becomes

i) e
fltlt[(;*{l*anat pel B A*l*anat
=—f1*1*1*{G*—+A aG}ﬂds

+f1*1*(;*<94> ds

/.,

Now

and

~[1x1egr1voas,

using Egs. (5) and (8). Now
G

G’* +A*3;——-(G*A)

and so the first integral vanishes on integration round the boundary. Thus the right-hand
side of (12) assumes the form

—f1*1*0*<1*0+[‘9‘4] )ds. (14)
t=0:
On equating the expressions (13) and (14)

fG*[l*l*‘p—El;{tAl(r)— Ao(r)}]dxdy—- 11+ A®, 1)

=—f1*1*0*{1*o+<gn—‘4) }ds.
t=0,.

(15)
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This may be rewritten in the following form:

1*1*A(r’,t)=l*l*fG*wdxdy—l—, [+ 4@ + 4@l dzdy

+ 1*1*[0*{1* 6+ [aA:I‘_o}ds. (16)

)
at(l*g)—g

From Eq. (11a)

and differentiating Eq. (16) twice with respect to ¢, it follows that

A@ ,t) =fG*‘[«dxdy

+ f G * {1 £ 0+ (94)‘_0}0;3
Z at f G * [tA,(r) + A.@)] dz dy, (17a)

thereby determining A completely, and, through Eq. (5), {. If now it be assumed that
all the fluid is undisturbed prior to { = 0, Eq. (17a) simplifies to

A(r',t)=fG*¢d:cdy+fG*l*0ds (17b)

3. Green’s function for an infinitely long canal. Consider a canal defined by the
region 0 < z < a. The flow of another canal or of a river into it may be regarded as a
flow across one of the geometrical boundaries z = 0 or x = a. This will be amenable
to the method outlined above and it is necessary to determine the appropriate Green's
function. This is given by the relations for G(z, y; 2/, ¥'; t):

2 2
‘5 +28 - k6 - L %tG 8 — 2)6(y — y)8(H) in 0 <z<a (188)
G 1.
5701 Q@ 0 on =0, z =a, (18b)
and
G=o,§t§=0, st =0 (18¢)

Clearly 3’ may be assumed zero.
Applying the Laplace transform, let

¢=[ 6 ar.
)
(Quantities involving p will be barred.) Then

Ci-l— G (K’ + 225) G=0d6z—2)8y in 0<z<a. (19a)

p___Q-——=O on z=0, z=a. (lgb)
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Let
- oG oG
L=p > Q@ (20)
Then
3P 2 22 T ’ ’ AW
3+ +c§ I =pé@ — 2)y) — QW —2)8ly) 0<z<a. (2la)

This is subject to the boundary condition
=0 on z =0, z = a. (21b)
Thus if G, is the Green’s function obeying the following boundary conditions:

G, , oG,

0w T o Y'G = 8@z — 2)dy) 0<z, 2 <a, (22a)
G,=0 on z=0, z=a, (22b)
¥y =K +p/’, (22¢)
a solution of Eq. (21a) is
T'=—(pa/dx’ + Q9/0y)G, . (23)
By the usual Green’s function techniques,
- 251 g mar oz’
= - Z:l%e sin o = sin . (24a)
where
2 2 2 2 2
2 _ 2 VT g2 P MT
Tn ¥+ pe K +Cz + P (24b)
= — Dsin "5 4.0) (240)
where
&.(y) = e """ sin 71_1;.1:_. . (24d)

The reason why T is taken as — (p /92" + Q@ 9/3y)(, instead of (p 9/3x — Q 3/3y)G,
is that for this latter case the boundary condition for ' on z = 0, 2 = a would not be
fulfilled. Let

G= > (A cos *L L B sin nm) (25a)
Then i )
G G
I'=p or ¢ oy

Z { Q —-"—' —{— n_an} cos X
a a
0B,

< nr aB,.\ . nrz
+ ';{—p o 4, — -ay}sm P (25b)
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Thus, comparing Eq. (25b) with the value of T' obtained by substituting relation (24b)
into Eq. (23), it follows that

0d, | mrp
Qay +paB,.—0 (26a)
L ) N ( 9 i)
Let
_ F) 3\ -
4, = (p P + Q ay> C, (27a)
- F) 3\ -
B,. = (pa—x, + Qay> D,, . (27b)
Then
oC, | mm 5 _
—Qay +paD,.—0 (28a)
nr = BD-" _
26 -0, (28b)
Now
= Qa 3C,
D, = pnr 3y (28¢)
from Eq. (28a), and so Eq. (28b) becomes
_pnm s QadC, _
a C pmr ay2 - 5-. (28d)
or
PCu  pln'n’ 5 _ _pom
ayZ + a2Q2 Cn - Qza én . (29)
Now it may easily be shown that if
d’ -
Eﬁé + ofu = 1 (30a)
w= e P ding I¢l. (30b)
+ 8 ale + 69)

The complementary function is assumed to vanish, as it would represent a wave pro-
ceeding all the way along the canal and thus would not be caused by a source in the

finite part of the canal. It follows that

v sin 225 || l
N _m 1 = vnlyl " Qa ' 2 . n7r:c'
6= "¢ 1p2n”7r2/a292 20T pnr <P27127r2 2)[ a, g Gla)

az QF Tn
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and using Eq. (28c¢)

in 227
L

D, = —1?262— —2—2—51 e 4+ ——sin
T
a’Q a \a*¢® T
Let
n’r’ n’r’ 1
K2+‘5r=a:, 5292+5§=Bi
then
v =p*/c¢* + o
Then
. pnr
- pnr | e 7"Smp€2‘a [yll 2 . nrz’
" T Q% Bt el +zm7r N
e (P°Bs + az)
. pnr
s _ 1 _6_J e~ ¥a SIN T v 1 2 . nmz'
n Q .

Iy 11?2372. + ol : + an( 262 4 a2){ ay, a

It follows from Eqs. (25a), (27a), (27b), (32a) and (32b) that

5 i) [’}
= (Pw“la—y)

< nrx mer e ! 7 Sin %% vl l 2 . nnx’
’ oyt cos “a La p2ﬁ: + o + pmr aYn s “a
n x[l 0 g MY Y"Sinagf vl 1 2 . nrz’
TS 08y p2ﬁ2+a2+m e
l " " P’ + ) J "

It remains to invert this.
Let x,(t) be such that

{ Iyl Y Singﬁz [yl 1
® _ 2 —Ynly n Q
f xa(D)e™" dt = — 5+ 3 :
0 Qay, |p°Bs + aa pmr l
( 6" 'l)
)
Then
< 9° nr cos nrx sin nra’
G’“,.Z-:,[a.u’af-i'ﬂajat:l Oax"() a a
d 9 9 sin nrz sin nra’
+Z|:6.1: 3J31+ ] (074 a

Thus, if x.(¢) is found, the problem is solved.

(31b)

(32a)

(32b)

33)

(34)

(35)
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The right-hand side of Eq. (34) may be written as

@'/ + o) sin% Iyll

[eXp @'/ + o) Jy l+

Qa\/p—anaf.l Pt e g @8t J
€ (36)
[ sin prr Jy] y\l
_ 2 c_exp — (@ +aic)” yl/e | 1 Qa |
( )lnam Vp e nBs P J
p +
B
The inverse transform of (p* + /827" is
& sm ( 5 ) (37a)
(see [4a)]). The inverse transform of
exp — (0 + i)'’ |y|/c
(p2 + a:CZ)l/Z
is
Tt = Iyl (¢ - L) G

(see [4b]). The results (37a) and (37b) may be obtained readily from any good table of
Laplace transforms. The inverse transform of

sin p_ﬂ‘jﬂl
Qa
P
is

fo " 260" d—dé bm(%L> ds. (37¢)

This does not seem to be a known result and the derivation is given in Appendix 1.
It follows from the results (37a, b, ¢) and the Faltung theorem that the value of
x(f), being the inverse transform of the expression (36), is given by

() = fotg—:sin% - 1)
{5253 Jolane(t”® — |y|2/02)”2)H(¢' - J%l)
st [ e S5 ) afar G8)

Clearly G(z, z’; y, ¥'; t) = G(z, a'; y — ¥, 0; ) as y only occurs as |y|. A problem in-
volving a flow across the side of the canal only, say, x = 0, involves a simplification of G.
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In this case z” = 0 and

a3 . nrx’ nrzr’ nw nr
—7 \sin = | COS _— = —
oz a 27 =0 a /a9 @ a

and the expression (35) reduces to

©

. . > n'r’ ’ nrx nrod , . nwx
G(x,O,y,O, t) = Z a Xn (t) CoS a + Z a dy Xn(t) sin a (39)

n=1 Q n=1

4. Green’s function for a semi-infinite ocean. Consider a semi-infinite ocean defined
by 0 < z. Then the Green’s function of interest is defined by

9°G |, a°G ., 16°G , ,
o+ G K- 55p = e =) ) o) >0 (10w)
with
°G G
axat—Q@_O on z=0 (40b)
and
G=0 aG/at = 0 t=0. (40c¢)
The transformed equations will be
2y 2/~
%ﬁ %—y(i — G = 8@z — ) 8(y) z, x>0 (41a)
and
p 3G/ox — QaG/oy =0 on z =0 (41b)
where
v' = K* + p*/c’. (41c)
The solution of Eq. (41a) in an unbounded region is
~ 1 2\1 B
G, = o Ko(y((x — ) 4+ y)"?) (42a)
_ 1 e e™exp —(Jz — 2| (W 4+ 4)"7) du
= -l &+ w7 . (42b)
(see [4c]). G, has been given in explicit form [5]. Let
G = Go+ G*

where G* obeys
8*G*/ax’ + 9°G*/ay* — ¥°G* = 0 in z > 0. (43a)

G* represents the disturbance reflected at z = 0, so to speak, and will therefore die out as
r — ; and so

G = [ o™ oxp —Gl + 1) g0 du. (43b)
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It will be convenient (the reason for this will be seen later) to take G* in the form
- F] a4 )2 f” e exp —((x + )W’ + %°)'”
* — o Z

G (p oz + Q 3y . 41r(u2 + 72)1/2

It is easily verified that the relation (43c) is equivalent to a special form of (43b).
From the condition (41b), it follows that
B_G: _q _a__G- _ l_ ® eiuu exp __x,(uz + 72)1/2
P oz Y 4r J_. W + ¥

) o(u) du. (43¢)

xw) du

where
x(u) = (—p@® + )" + Q) exp z (u* + 7"

+ (—p@’ + 1) — wQ) (@’ + 7" — w®)® exp —z(u’ + ¥°)"*$(u).
Now on z = 0, it follows that x(x) must vanish and so

1

o) = _pz(uz x 72) T el (44)

The reason for the form (43c¢) is now seen. It follows that
] a1 /“” e™ exp —(r + 2\’ + 7°)'”* 1
* = —_ —_— —_— b 2
G (p oz + Q ay) ar J_. (u2 i 72)1/2 pz(uz + 72) + e du.
(45)
Let
1 © fun
‘ s du = g(n).

2r J_o PPC + 70 + U°Q
Then, by the Faltung theorem [6]

7 3 21 © 1 2 2\\1/2
= "(”g—x + 95?,) 42T f_w;Koﬁ((x + 2" + @y — ) () dn.

Also,

- 1 —py !ﬁl_}
g(n) 2(p2 ¥ 92)1/21)7 exp {(pz -+ 92)1/2

(see [4d]), and so

d J\
G = _(pax+ 96y)

1 [° Koty(( + 2)* + (y = 0))") { —py ] }
.2 j:m (pz + 92)1/217‘)’ exp (pz + 92)1/2 d'l] (46)

where

1

2
v =K’ +€§ = (@ + p).

One thing comes out of this analysis immediately, namely that the image system in the
region z < 0 which makes the satisfaction of the boundary condition at x = 0 possible
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consists of a row of sources which are situated along the line z = —z’, and not of a
single image source at the point (—2’, 0).
The inversion proceeds as follows:

5 3 ayY ¢
¢* = —(p5; + 9é)y) 2p(p° + @)

[ K@+ @@+ = ) dy @)
If F(z, 2/, y, {) is the inverse transform of the infinite integral, that of

+ O KO((p + 92)1/2 Nz + 2) + (y — n)z)x/z)e—,(;.”/,) dn

13
Az, 2", y, 1) = f sin Q¢ — tF(zx, 2’, y, t') dt’. (48)
[

This follows immediately by the Faltung theorem for the inversion of Laplace transforms.
Clearly

A(Z, :L", Y, 0) =0 (49)

Inverting the operator

it follows, using Eq. (49), that
9°A
G*(z,z',y, 8) = *”2% [552“5 + 20 5;51/ + Q f 5 (x *',y, 1) df] (50)

It remains to determine

F,z',y,0) = f_ Ko(®@ + @)% (@ + o) + (y — 0" dn (51)

= [ K@ + 90 dn, say.

The inverse Laplace transform of K,((p® + ©°)'/?b) can be seen to be [4e]
cos (Q(& — b)'P)

2 2172 t> b, 0<t<d. (52)
= )
It follows therefore that
, Q' £ — b 1/2
F(I) z ) yv t) = f cog(((t (E_ lnl/lcjl /C) b2 1/2) dﬂ (53)

where the integral is taken over the values of 4 defined by

s L ey )
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Appendix. The inverse transform of
p'sin (ap™') is bei(2(at)'’?)
[6] and hence that of

sin (ap™) s (%bei(?(at)‘”)

[Edz bei(2(at)”2):|‘_0

vanishes. Now if f(f) is the inverse transform of g(p), the inverse transform of (1/p)g(p™")
is

[ Ta@s0 )16 s
0
(see [4f]) and so the inverse transform of p~" sin ap is

fo " 2607 g—s bei(2(as)'") ds.
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