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Abstract. Classical variational principles of elasticity are cast in a form amenable
to the treatment of certain problems concerned with statistically nonhomogeneous
fields. The variational principles are utilized to obtain bounds directly upon the en-
semble average values of physical quantities which in some sense characterize their
problems. General formulations and applications are given for randomly heterogeneous
elastic media and elastically supported beams with random axial variation of sectional
rigidity and foundation stiffness. Bounds are obtained for the average displacement at
the inner surface of a hollow sphere under pressure, the average elongation of a cylinder
in uniform tension, and the average displacement of a beam directly under a point load.
General methods are given for the selection of the deterministic admissible functions
which provide the best bounds that can be obtained from classical principles for this
restricted class of admissible functions. The closeness of the bounds is of the same order
as the elementary bounds on effective material properties, which are of quantitative
value only for small dispersion of the random coefficients. In a special statistically
homogeneous case, previously obtained bounds for an effective Young’s modulus are
regained. Usually, however, the bounded quantities do not possess the generality of
effective properties but are more closely associated with the results of particular prob-
lems. The developments of the present paper are considered an initial approach to the
investigation of statistically nonhomogeneous problems.

1. Introduction. Although considerable work has been done on randomly hetero-
geneous materials, the major portion of this work has been concerned with the investiga-
tion of effective properties. Incomplete information and mathematical complexities
preclude a direct solution to the boundary value problems. Thus statistical concepts
have been useful in material description. The distribution of properties within the
heterogeneous media has usually been considered as statistically homogeneous and
isotropic. In addition almost all preceding investigations have treated statistically
homogeneous physical fields.

Statistical homogeneity requires that ensemble average quantities be independent of
absolute position within the media. For these special circumstances an ergodic-type
hypot'.~sis may permit the interchange of ensemble average and spatial average quanti-
ties. P’revious treatments concerned with statistically homogencous problems were,
therefore, often able to work with spatial average quantities, which arose rather naturally
in the course of development. Local spatial average quantities are related by effective
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constitutive properties in the same manner as uniform moduli relate quantities in
homogenecous media.

We note that the region over which the local spatial averaging procedure is carried
out must be large compared to the size of material inhomogeneities. However if a problem
is not homogeneous in a statistical sense, and ensemble average fields vary rapidly in
distances comparable to a characteristic length of the material inhomogeneities, then
the spatial average quantities lose much of their significance. It is not clear that the
concept of an effective property is meaningful when such conditions exist.

Another circumstance in which it may be difficult to use cffective properties is the
occurrence of nonconstitutive random parameters. Suitable relations for the definition
of effective propertics, as are conveniently provided by the constitutive equations for
constitutive coefficients, are difficult to envision for these parameters.

The present paper investigates problems for which ficlds need not be statistically
homogencous. In general it can be shown that for fields governed by differential equa-
tions with random coefficients, a solution for simply the average value of the dependent
variable requires complete statistical knowledge of the random coefficients. Because this
statistical information is difficult to obtain, results are often in the form of bounds which
provide limited knowledge based upon a limited input. The use of variational principles
to bound effective properties for heterogeneous materials is well established. Paul [1]
used classical variational principles of elasticity to bound ecffective elastic moduli.
Brown [2] improved bounds of this nature with the use of a perturbation series to input
additional statistical information, as did Beran [3] who recast the standard elasticity
principles in terms of ensemble averages. Improvements upon the original bounds were
also obtained by Hashin and Shtrikman [4] with a variational principle formulated in
terms of polarization variables.

It is the purpose of the present paper to examine several areas for which the con-
cept of cffective properties is not clearly applicable. In particular, variational principles
of a classical nature are utilized for the derivation of bounds on quantities which, in some
sense, characterize their respective problems. Without refevence to an ergodic hypothesis,
variational principles are cast in a form which often permits the ensemble average value
of an interesting physical quantity to be isolated and subsequently bounded. The
bounds are derived in terms of one point average values of the relevant random co-
efficients or their inverse. In gencral it is shown that a knowledge of the one point averages
of the random coeflicients is sufficient to obtain bounds from classical variational princi-
ples only for deterministic admissible ficlds. In addition, a consistent approach is given
for the seleetion of the particular deterministic admissible fields which provide the best
bounds that can be obtained from classical variational principles, for this restricted class
of admissible functions. The closeness of the upper and lower bounds is of the same order
as for the elementary bounds on effective properties.

In the first sections we consider randomly heterogeneous clastic media. The results of
a gencral development are applied to the derivation of bounds on the average radial
displacement of the inner surface of a hollow sphere under pressure. Another application
provides bounds on the elongation of a evlinder acted upon by uniform axial forces.

In the folloving seetions we are concerned with elastically supported beams for which
the flexural rigidity and foundation modulus may vary in a random manner along the
beam length. An illustration is given in which bounds are derived for the average de-
flection of a simply supported beam directly under a concentrated force.
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All developments which follow are explicitly presented for continuous random
parameters. But with minor modifications in the derivation of the extremum principles,
the final results remain valid for piecewise continuous random parameters.

2. Heterogeneous elastic media. We shall consider several problems governed by the
equations of linear elasticity. For an isotropic medium with spatially varying elastic
coefficients Hooke’s law may be written as

0:i(T) = 2G(@)e:;(Z) + (k@) — 3G(@))ens(2)0.; (1
where

o;; is the symmetric stress tensor,
¢;; is the symmetric strain tensor,
G(z) is the shear modulus and k() the bulk modulus.

Although the medium is required to be locally isotropic, we allow that it may be
randomly heterogeneous. The elastic coefficients of this medium are then random fune-
tions of position which can be written as

G@) = G@) + G'@),
k(z) = k(z) + k' (2).

The overbar indicates an average in an ensemble sense. Primes denote fluctuating com-
ponents which have zero mean.

If the distribution of material properties is homogeneous in a gross or statistical
sense, then G and % are independent of absolute position. Statistical homogeneity is a
concept most usually applied to media of infinite extent. In the present work, however,
bodies of finite extent are considered. It is obvious, therefore, that in the present context,
statistical homogeneity of random coefficients implies statistical homogeneity only
within the regions of the given bodies. We note that a statistically homogeneous distri-
bution of material coefficients need not be assumed for the general developments of this
paper, although it is sometimes necessary for the calculation of final results in particular
problems.

The random nature of the material coefficients does not explicitly alter the form of the
governing equations. Relations between the strain tensor and displacements are given by

_ 1fou, au,)
i = 2<6x, + dr; @

The equilibrium equations are
aO',','/axi +F. = 0 (3)

where the components of body force per unit volume, Fz, are assumed to be deterministic.
Combining (1), (2), and (3), the equilibrium equations may be expressed in terms of
displacements as

f) ou; | ou, E) 2 ) au,]
) =2 2 - =G = ;=
~ ox; [G(ax, T ax.)] T dzx, [(k 3 G ar, +Fo=0. )
We assume the clastic medium to occupy a region R bounded by a surface S.
Displacements are prescribed on the portion of the surface S,, while tractions, given
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by T: = o,;n; , are prescribed on the portion of the surface Sr . The n; are components
of the unit outer normal on S.

The above equations, along with compatibility relations, define the general problem
with which we are concerned.

VARIATIONAL PRINCIPLES OF ELASTICITY—MINIMUM POTENTIAL ENERGY. The
functional

Vp = %f g;i€;; dR - f F,'u,‘ dR - f T,-’lt,- dS (5)
4 4 St

which may be expressed in terms of displacements as

G (ou\ <0u»>2 ou, au»:l
V. =1 AR I oAl i) 4 9 OB 2
»o2 L {2 [(61#,-) ar, “ ox; ox;
o QU Uy - } .
+ k — %@) 6_13, _—ax,,. — 2Fu; 0 dR — . T, dS (6)

is stationary and attains its absolute minimum value for that admissible displacement
field which corresponds to the equilibrium state [5].

Admissible displacement fields are required to be continuous and satisfy displacement
boundary conditions. The displacements of the equilibrium state also satisfy Eqgs. (4),
and yield stresses which satisfy the traction conditions on Sy .

If the extremum value of the potential energy associated with the equilibrium dis-
placements is denoted by V, , and the functional corresponding to any admissible dis-
placement ficld, v? , is denoted by V¢ , then we have the following inequality:

1, < V. @

We wish to use the inequality of (7) and another inequality provided by the com-
plementary enecrgy principle to obtain upper and lower bounds on quantities which
characterize particular problems. In those problems for which fields are statistically
homogencous, effective material properties may conveniently provide this characteri-
zation. The present formulation, however, must be applicable to nonhomogeneous
problems, and be suited to the derivation of bounds on quantitics other than effective
properties. These quantitics do not possess the generality of cffective properties but are
more usually associated with speeific geometries and conditions.

The nature of problems which can be treated is exemplified by the derivation of
bounds on the average radial displacement at the inner surface of a randomly hetero-
gencous hollow elastie sphere. A uniform pressure, p4 , 1s assumed to act on the inner
surface of radius .1. The tractions on the outer surface of radius B and the body forces
throughout the sphere are taken as identically zero. It is elear that for these conditions
the stress and strain fields will not be statistically homogencous, since even in a uniform
body there would be radial variation of the ficlds.

While the notation used in the general formulation is adequate to describe this
problem, a spherical coordinate system is more natural for a specific treatment. In
spherical coordinates the conditions specified above can be expressed as follows:
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@) T,=p4,To=Ts=0, on the inner surface of radius 4

)
b T,=T,=T,=0, on the outer surface of radius B

where r, 0, and ¢ are the usual coordinates of a spherical system.

Even with these relatively simple conditions the expression for V, as given in (6),
is not appreciably reduced in complexity. As the general development progresses, we will
consider this heterogeneous sphere problem further, and in particular seek some knowl-
edge of the radial displacements on the inner surface.

Continuing with the development, the inequality (7) provides an upper bound on the
potential energy functional, V, , associated with the actual displacement field. However,
the potential energy does not have a meaning of sufficient significance for values of the
functional itself to be of any utility. The form of the functional V, must therefore be
modified so that it may be possible to bound a quantity more characteristic of a given
problem. The theorem of virtual work provides the following useful relation among
quantities at the equilibrium state.

f 0;i€ij dR = f T,‘u,' dS + f F;‘u,‘ dR. (9)
R S R
The use of Eq. (9) allows V, to be expressed as
_1 _1 _1
vV, = 2. T, dS 2 ), Twu; dS 5 ]; Fu,; dR. (10)
Combining (7) and (10) we have

Y orwas -1 [ rwas -1 [ ruar <ve (11)

2 Su 2 ST 2 R
where

-1 {Q [(a_u) (a_u) Qu__'?u_] gy 0 GL}
Ve =3 e (2 L\ox; T dx; + 26x,- dz; + k- 30 dx, 0T R
- f Fu? dR — Taug dS. (12)
R Sr

Considering again the heterogeneous sphere, introduction of the conditions of (8)
into (11) gives the following inequality:

1
3 [ patw)a as < (13)

where the integration is carried out over the inner surface, and (u,), is the radial dis-
placement on this surface. This later form is greatly simplified, and we note that (u,)4
is now the only random variable which explicitly appears in V, .
In general, since G(z) and k(z) may be random functions of position, it follows that

V, and V¢ will have random values, differing for each member of an ensemble of macro-
scopically similar systems. If both sides of (11) are averaged in an ensemble sense, the
result is

1 [ = 1 1 [ . — =

—f T, dS — Tu; dS — rf Fu,dR < V3 (14)

2 Su 2 2 R

& ST
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where V¢ is given by
o _ 1 f {g [(aw;)” (aue.)” e Qu_?] _ 3 uP 203 }
& 2 J: 12 L\oz; + oz ; +26x,- ox, + )a,ax aE

- f Fa° dR — f Tul dS. (15)
R Sr

The ensemble averaging process makes the evaluation of the admissible functional
more tractable. Depending upon the choice of admissible functions, V2 may be evaluated
in terms of a limited amount of statistical information, usually no more than low order
correlation functions. By contrast the evaluation of V'S as expressed in (12) requires total
knowledge of the random elastic coefficients for individual physical systems of the
ensemble.

In addition to the difficulty in evaluating the bound on a quantity associated with an
individual system of the ensemble, the information provided is of value only in the
context of similar information for a great many systems. It is perhaps more direct to
bound an ensemble average quantity which in an overall statistical sense provides a
better measure of the problem.

We note that the fluctuating part of a quantity vanishes in those regions for which
the value of the quantity is prescribed. It follows that
T.=T, and T; =0 on 8y,

7, =u; and u' =0 on S..

Thus since T'; and u; are deterministic on Sy and S, , respectively, the functional

V, which appears on the left side of (14) may be expressed as

7, 2f iludS—§/ TudS——fFudR (16)

The ensemble average value of V, can thus generally be expressed in terms of pro-
ducts of average quantities. We note, however, that the average of V, as expressed in
(6) would involve correlation functions not usually identified with quantities of interest.
The form of (16) is considerably more useful for the purposes of this work, as is illustrated
by the following expression to which it reduces for the heterogeneous sphere problem:

_ 1 _
Ve, = 9 pa(@,)4 dS. . (17)
S
PRINCIPLE OF MINIMUM COMPLEMENTARY ENERGY. The functional

Vv, = %f vuesdR — [ T dS (18)

v Su

which may be written explicitly in terms of stress as

V. 1 005 1 2 _ ,
[ l:—&_).(—v - <(, 3k> 0'110’,,,,”] dR j:gu .[',*u.‘ dS (19)

and, where the admissible stress fields are symmetric, satisfy the traction boundary
conditions, and the subsidiary conditions

do;;/0x; + F; =0 in R,
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is stationary and has an absolute minimum for the stress field which satisfies the com-
patibility relations or, equivalently, which is derivable from a displacement field u; such

that
oy _ 1 (L _ _2_) _ 1<8u- 6%-)_
2¢ T 6\G " 3k % = o\ag, T g,
Employing previous notation, we shall denote the extremum value of the functional
corresponding to the actual state of stress by V. , and the value of the functional associ-

ated with any admissible stress field, ¢ , by V¢ . The complementary energy principle
then yields the inequality

Ve < Ve (20)

Following a procedure similar to that employed for the potential energy theorem, we
utilize the virtual work expression to provide a modified form of V', , which appears below:

Vc = l T(ui dS — l T.’u.' dS + lf Fiui dR. (21)
2 Sr 2 Su 2 R

If we introduce (21) into (20) and for previously expressed reasons take the ensemble
average of both sides of (20), we obtain the following result:

1 T, dS — 1 T, dS + L f Fai,dR < V? (22)
2 Js, 2 Js. 2 Jr

where the expression for V¢ is

cr,,a,, 1 (1 2) :I
Ve == =\5— o7 on | AR — Tou, dS. 23
2f [ ~ 6 \G 3k oo i 23)

For the particular problem of the heterogeneous sphere, inequality (22) reduces to
the form below:

[ payaas < v2 (21)

ApmissiBLE Funcrions. Referring to (14) and (15), it can be seen that the ex-
pression for V2 , which must be evaluated in order to obtain an upper bound on V, ,
is in terms of correlations of the elastic coefficients and the admissible displacement field.
These correlation functions are generally quite difficult to obtain. We shall therefore limit
our choice of admissible functions to those which are statistically independent of the
random elastie coefficients. Although the possibility of finding a useful admissible fune-
tion which has a fluctuating component and which is uncorrelated with G(z) and k(z)
cannot be entirely eliminated, it is highly unlikely. In a practical sense, therefore, we are
limited to admissible functions with no fluctuating component, henceforth referred to as
deterministic admissible functions.

With a deterministic admissible displacement ficld, the expression for V9 , as given
in (15), reduces to the forn

. 11/a (0u> (a_@) X au] gy ém,“}
Ve = 2 { [ax + dx; + ax, ar + & )c?zalm IR

— / Fau? dR — T dS. (25)
R Sr



226 A. SOMOROFF [Vol. XXVIII, No. 2

We note that the evaluation of 7S can now be carried out with a knowledge of only
G and k.

Although the restriction that admissible functions be deterministic certainly re-
duces the amount of information necessary for an evaluation of the bound, it must be
realized that admissible fields with relevant random components would possibly yield
better results. Recent work [6] with statistically homogeneous problems has, in fact,
verified that the quality of bounds obtained from classical minimum principles may be
improved through the inclusion of more statistical information, specifically higher order
correlation functions of material coefficients. It has been found [7], however, that the
application of these procedures to problems which are not statistically homogeneous is
considerably more complex and requires explicit statistical information, not generally
available.

Proceeding with the deveclopment, we observe that since V9 provides an upper
bound on V, , it is desirable to minimize 179 for any restricted class of admissible func-
tions which is being used. In particular, we seek the deterministic admissible field which
provides the minimum value of ¢ . Pursuing this objective, we note that V9 as ex-
pressed in (25) may be identified with the potential energy functional of a fictitious body.
This fictitious body is subjected to the same boundary and loading conditions and is
identical in all respects to the actual randomly heterogeneous body except that it has
elastic coefficients G and . Utilizing the theorem of minimum potential energy, it
follows immediately that this functional assumes its absolute minimum value for the
admissible displacement field which corresponds to the equilibrium state of the above-
defined fictitious body. Thus the deterministic admissible displacement field which
provides the minimum value of V¢, and hence the best bound on ¥, , is the solution of
a “reference’” problem completely analogous to the actual problem but with elastic
properties G and £. The quantitics associated with the solution of this reference problem
will be denoted by an (*). IFor this choice of an admissible field, utilization of the virtual
work theorem allows modification of the form of V¢ from that of (23) to the expression
which appears below:

o1 f THu, dS — 1) f Pt as — ) [ Fa* dR. (26)
Su Sr

2 < Jdr

The inequality of (14) may then be written as

17 &5 _1 ' g ~_lf o
[2 Su?,u; dS 2f517'u' dS 5/, Fa; dlf,:l

< [% T*u, dS — %f TurdS — l[ F ¥ dR]° @7
2 Jsr 2 Je

~ J Su

We next consider evaluation of the bound provided by the complementary energy
principle. For reasons analogous to those stated above, admissible functions are again
restricted to be deterministic. 17¢ then reduces to

7’0_1 fﬁf&T_lT_g—(T}]oo\L _f'o ;
Vo = 5 R{ 5 <G> r l:<(;> 5 \x U“O',,,.,.J dR . T, dS. (28)

Ve provides an upper bound on 1", . It follows that as 779 decreases, the quality of
the bound improves. We observe that expression (28) 1s the complementary energy
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functional associated with a fictitious body identical to the actual body but with elastic

o (G = [G]"

It then follows directly from the theory of minimum complementary energy that of all
deterministic admissible stress fields, the one which provides the absolute minimum
value of V' for this restricted class of admissible functions is the solution of a “reference”
problem completely analogous to the actual problem but with elastic coefficients

@] e (G

We denote the quantitics associated with the solution of this reference problem by (**)
superscript. The introduction of this admissible field into VS and utilization of the
virtual work expression finally allows the inequality of (22) to be written in the form

1 was—L[ 1 ' ra ]
[9 Tai; dS 5 S“l.-u‘dS-I—2 Rl’iu,-dR

< Sr

< [1 Tar*ds — L [ prey, as + L f Pt dR]- @29
2 /e, 2 /s, 2 ),

The above discussion of admissible functions can be applied directly to the hetero-
geneous sphere problem. Recalling the values of T, and V., which were previously ob-
tained for this problem, the general inequalities (27) and (29) provide the following lower
and upper bounds, respectively:

Pa ﬁ (’ltt)A dS S Pa ﬁ (’M—,)A N S Pa /; (u;k*)A ds. (30)

We assume now that the distribution of material properties within the sphere is
statistically homogencous and isotropic. The macroscopic symmetry of the configuration
then allows that (ur), , the ensemble average radial displacement at the inner surface,
and the analogous quantities associated with the reference problems are independent of
angular variation. This macroscopic symmetry permits the further reduction of (30) to
the following bounds on (u,) :

W), < (u_r)A < W4 . (31)

Introducing expressions for (u*), and (u¥*), , the bounds take the final form given
below:

rae= i (@) + 0]+t [6) -30)

o AR+ BY [_1 f_i] paA [,@ B z].
S <\u’r)A S 12(])).5 _ :13) (';y + Aj + 6 ('; 3,6 (32)

While the above bounds on the ensemble average radial displacement certainly do
not comprise a complete solution, they do provide some information about a quantity
characteristic of the problem.

In general, the problems for which the inequalities of (25) and (29) may provide
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useful results are those for which the geometrical boundaries and preseribed conditions
allow a quantity of interest to be isolated in the functional expressions. For those prob-
lems in which these conditions are fulfilled, final results follow directls upon the intro-
duction of the proper admissible functions.

An illustration of this statement is provided by the following problem:

HETEROGENEOUS ELASTIC CYLINDER UNDER UNIFORM AXIAL LoAD. We consider a
randomly heterogeneous elastic cylinder of cross section S, and length 2L. The axis of
the cylinder is taken to be in the z; direction of a coordinate system with origin at the
geometric centroid. Uniformly distributed tensile foreces of intensity oo act on the end
faces of the cylinder. The traction on the other cylinder surfaces and the body forces
are assumed to be zero. Boundary conditions for this problem can then be written as
follows:

(a.) T3=O'Oa/tX3=L, T3= _O'antX3= —L.
(b) All other components of the traction vector are identically zero over the entire
surface.

We now assume the random distribution of elastic properties to be statistically
homogeneous and isotropic, and the body to be large compared to a characteristic length
of the inhomogeneities. Combining this assumption with conditions (a) and (b), we
would expect the ensemble average displacements to be uniform over the end faces.
The inequality of (27) then reduces to

—[@)x,-2 — W)x,m-2]00S0 < —[Wh)x,cr — WH)x,aer]o0So . (33)

The macroscopic symmetry of the problem with respect to the X3 = 0 plane indicates
(@) x,., 1s equal to — (d@3)x,._, , and (u*)x,., 1s equal to — (u%)y,=_, . Relation (33)
then provides a lower bound on the ensemble average value of the clongation, actually
one half the elongation, (d,)x,., :

(a:l).\’u—l. 2 (14"5)-\'3-1, ’ (34)
Similarly the inequality of (29) gives an upper bound
(dS)X:: L S (?l%k*)x,: L (35)

Combining (34) and (35) with the easily obtained expressions for (w¥)y,_, and (u¥*)x,_,
gives the following result:

5 <A [0

] . (36)
E N T

It is noted that no assumptions concerning the statistical homogeneity of the stress
and strain fields were made in the general development leading to (27) and (29). How-
ever, it seems very reasonable due to the particular geometry and prescribed conditions
of this problem that the ensemble average stress and strain ficlds are homogencous. It
may be shown that the volume average value of o4 is ecqual to g, , while the volume aver-
age of all other stress components is zero. These are also the enxemble average values of
the stress components which can reasonably be expected. We ean then assume that
ensemble average and volume average stresses are interchangeable for this problem.
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If an effective Young’s modulus, (E).;; , is defined for the heterogeneous material, it
provides the following relation:

€ = 0o/ (E)exs
where ¢, is the uniform value of &; . But ¢, is just equal to (i3)x..,/L, so
(723))(.:1, = UOL/(E)cu . (37)
The introduction of (37) into (36) yields bounds on (E),,

9[_(%)][@] ; %G (39)
T )]

The bounds of (38) are the same as those obtained by Paul [1] also threugh the use of
classical variational principles, but in a manner somewhat different in detail than the
approach used presently. They are derived here to illustrate that where the concept of
an effective property is applicable, previous results can be regained.

Classical variational principles have in the past been used to obtain elementary
bounds on effective properties relevant to several physical areas. The formulation of the
problems was always based upon the assumption of statistical homogeneity of the random
material properties and the physical fields. Reference to the previous work would indi-
cate that the admissible functions used in the derivation of the elementary bounds were
deterministic and associated with homogeneous fields. These admissible functions were,
in the context of the present paper, the solutions of the relevant reference problems,
analogous to those defined above. It follows from the discussion accompanying the
definition of the reference problems that the elementary bounds on effective properties
are the best which can be found through the use of deterministic admissible functions
in classical variational principles. The quality or closeness of the bownds derived with
the methods of this paper is of the same order as for the elementary bounds on effective
properties. They are of numerical value only when the dispersion of the random co-
efficients about their mean values is relatively small.

3. Elastically supported beams—governing equations. The theory governing
elastically supported beams and by direct mathematical analogy thin axisymmetric
circular shells is well developed and widely known. The derivation of these problems from
more general considerations points out the limitations and restrictions of the classical
“strength of materials” approach which will serve the needs of this paper.

We consider an elastically supported beam, extending from X = 0 to L, for which
the elastic support is provided by a load-bearing foundation distributed along the beam
length. There may also be additional supports at the beam ends. The beam is loaded by
transverse forces which cause the beam to deflect. In turn, these deflections produce
vertical reaction forces in the supporting medium which oppose the deflections. It is
assumed that the intensity of reaction forces at any point is proportional to the de-
flection at that point.

The equilibrium of vertical forces and bending moments acting on a beam element
of infinitesimal length gives the following equation

d*M/dx® — ke = —p (39)
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where

M (z) is the bending moment at a scetion,

w(z) is the vertical deflection of the neutral axis of the beam,

p(x) is the deterministic applied load per unit length,

E(z) = bm, is the foundation stiffness when b is the beam width at section z and
m, is the foundation modulus which has dimensions of force per unit area per unit length.

Deflection and applied loads are taken as positive downward. A positive moment
puts compression in the upper surface. The shear force V' = dM /dx is positive down-
ward on the right face of an clement and positive upward on the left face.

The moment curvature relation gives ‘

(a) M = —EI d*v/dr’
which may be cquivalently rewritten as (40)
(b) M/EI + d*w/da® = 0.

E is the Young’s modulus of the beam material and I is the moment of inertia of a
section about its neutral axis. The introduction of (40) into (39) gives the equilibrium
cquation in terms of displacement:

d2 , d?.
(EI 7:2) + kw = p. 41)

dz®
In the present work both IFT and & may be random functions of position along the
beam, with the restriction that variations be consistent with the generally accepted
limitations imposed by classical beam theory. Thus in this problem random parameters
of both a constitutive and nonconstitutive nature occur. The parameter EI appears in
equation (40), which is essentially a constitutive relation, while the nonconstitutive
parameler & appears ouly in the equilibrium cquation.
The problem definition is completed by the following boundary conditions:

(a) either A or dw/dv must be preseribed at X = 0 and L, and (42)
(b) cither ¥V or > must be preseribed at X = 0 and L.

The deflection, slope, moment, and shear force are continuous along the beam. An
exception is the shear foree at sections where point loads are applied. However, even
there it may be realistically assumed, if necessary, that the load actually acts over a
finite distance, thus preserving the continuity of the shear force.

VARIATIONAL PrivcipLes.  We will utilize two variational principles associated
with the beam problem. The first is a variational principle for which the deflection w
is the variational variable and the equilibrium equation (41) is the extremum condition.
This pinciple, which is essentially the principle of minimum potential energy, may be
stated as follows.

The functional

’

AL g A |
- (" EL /) Ll ] ) dw
Vo= |9 () Ha —pujdet M dxi

is stationary and an absolute minimum for the admissible deflection function which
satisfies the equilibrium equaticn and all boundary conditions of the problem.

(L) ‘(1,)
- Tw
) i(m

(43)
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The ( ) notation on a boundary term of U, indicates that the term actually appears
at a point only if M or V is prescribed at the point. Thus M dw/dx appears at X = L
only when } is preseribed at this point.

A straightforward application of variational methods allows for the demonstration
of the above principle. It is shown that satisfaction of the equilibrium equation and
boundary conditions is necessary in order that the first variation of U, may vanish.
Functions admissible to the variational principle are required to be continuous and
satisfy the kinematic boundary conditions. An admissible function, w°, may be expressed
in the form w® = w + Aw where w is the actual deflection and Aw any continuous funec-
tion which vanishes where deflection is specified and which has zero derivative where
the slope is specified. We introduce such an admissible displacement into the functional
associated with this principle. Then using integration by parts, the extremum condition,
and the innate positive character of ET and %, it can be shown that the extremum value
of the functional is the absolute minimum value for any admissible function. This yields
the inequality

U, < U2 (44)

where U, now denotes the extremum value of the functional, and U2 the value associ-
ated with any admissible function, w°.

If the above minimum principle is to be useful in the present work, the form of U,, ,
as expressed in (41), must be modified. We seek a form more favorable to the isolation
of quantities of interest in particular problems.

Using integration by parts, equation (41), and the following relations:

- _pdw - a4 (, df_w>
M= —E dz* and V' = ~az P g)
the functional U, may be rewritten equivalently as

|L

+ %Vw[

+ AI (l_—w (L)

— Vw (45)

.I_fL e 1 ‘_1}9
5] pwde— MG

(0) 0 (0)

If the ensemble average of (44) is taken, the result is
U, <Us. (46)

In order to evaluate the bound on U, , we must evaluate

dw\* |k, o o dw°
—f [9 (dr) é(w)—pw]dx—l—]ll

The above functional can be evaluated in terms of the average values of EI and k
only for those admissible functions which are statistically independent of the random
coefficients. Recalling the discussion following expression (24), we see that these ad-
missible functions must in general be deterministic.

It can be demonstrated in a straightforward manner' that the deterministic ad-
missible deflection field which provides the minimum value of U2 for this restricted class
of admissible functions is the solution of a reference problem analogous to the actual
problein but with properties £ and £&. Quantitics associated with the solution of this
reference problem are denoted by an (*). For the admissible function u*, the functional

(L)

— Ve (47)

) (0)

1 See Appendix A.
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U? may be rewritten in a form similar to expression (45). The inequality of (46) can
then be expressed as

lfL ) _dw |t dib (L) - L (L)]
-z dr — M == M= Vel — Vu
[ 2/ pwar dx |, + dz | T3 wo ? 0
1 jL dw* L dw* (L) L (L)]
< | == * dy — LAL* M = Ly*p*| — * .
- [ 2 J, pioT &= Ch dz |, + dzr | TV 0 Vw ) 48)

The expression for U, which appears on the left side of (48) can, of course, be ob-
tained only because one quantity or the other of each pair of quantities which occurs in
the boundary terms is specified at the boundary point. This allows the average of the
product to be written as tli¢ product of the averages.

We shall now consider a variational principle analogous to the complementary
energy principle for which both the bending moment and the deflection are variational
variables. It can be shown that the functional defined as

(L) dAI
o  dz "

(L)

(49)

_1(rfar ] , dw
UM——2f0 [EI—!—kw d’r+Md,;

0)

is stationary and an absolute minimum for those admissible functions which are related
by the constitutive equation

M/EI + d*w/dz® = 0. (40-b)

All admissible moment and deflection functions, denoted respectively by M° and w°,
must satisfy the equilibrium equation, (39), as a subsidiary condition. In addition ad-
missible moment functions must be continuous and satisfy the preseribed boundary
conditions on M and dM /dx = V.

The notation ( ) on boundary terms associated with U, indicates that the term is
actually present only if w or dw/dz is specified at the point.

Denoting the extremum value of the functional by U, and the value of any ad-
missible functions by U2 , the above minimum principle gives the following inequality:

Uu ZUg. (50)
Utilization of the extremum condition (40), and subsequent use of integration by

parts and the equilibrium equation, allows Uy to be expressed as

L dw
, + M dz

L

— Vw

0

L) (L)

dw + 1V

1 L
Uu =3 fo pw e — 301 22 1)

0) (0)

Taking the ensemble average of (50) we have a bound on U,
Un < Ug. (52)
As U g decreases the quality of the bound will improve. For reasons similar to those
presented earlier, we choose deterministic admissible moment functions. It can be shown®
that the deterministic admissible moment function which provides the minimum value

of U S for this restricted class of admissible functions is the moment associated with the
solution of a problem completely analogous to the actual problem but with properties

! See Appendix B.
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(@] [B]

Denoting this particular admissible moment by M**, defined by

T\ 71 g2p**
(a) M** = —[(—El_lﬂ %2—, where

o S G] + [O] e -n

and combining (a) and (b) gives

o (] e

Admissibility requires “hat 3** satisfy the boundary conditions where the moment
or the shear force are prescribed, while w** satisties the boundary conditions on w and
dw/dz.

We note that although the chosen admissible moment, 3/**, is deterministie, the
admissible deflection, w°®, associated with this choice is not deterministic due to the
presence of the random parameter k(z) in the subsidiary condition, Eq. (39). The
function w** is not admissible because 1t does not satisfy the subsidiary condition for the
choice, M° = M** Combining (53c) and the subsidiary condition, the admissible de-
flection function w® can be expressed in terms of w** as

e[

The introduction of the above admissible functions into U g , followed by some ma-
nipulation, allows a modification of the functional form so that the inequality of (52)
may finally be written as

(53)

sz s agde|t L gde | ]
[2-0 pwdx Zde o-'—Jl dr | +2hvo Lw(o)
1 [L dw** |* o, dw [P L (L)]
< |2 o S Y V£ T A CW LY kskqyik| [ .
- [2 0 pw* dz 2 dx o T dx | T v 0 v )

(54)

SiMpLY sUPPORTED BEAMS. Consider a beam on an elastic foundation which is
simply supported at X = 0 and X = L and acted upon at its midpoint by a concentrated
force of magnitude P.

The following conditions are thus satisfied:

w=0 at X =0andL,
M=0 at X =0andL, and (55)
p(X) = P&(X — L/2).

Introducing these conditions into the general bounds (4S) and (54) yields the following
lower and upper bounds, on ()x..,. , the average midpoint deflection, respectively:

W*)eezse < (Waerre L (0 surse (56)

f
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Assuming the random coeflicients are distributed in a statistically homogeneous manner
along the beam length, the bounds on (%),. ., may be more explicitly given as

PB sinh BL — sin BL < W) Py sinhyL — sinyL &7)
2k cosh BL + cos L — X2 = 9(—17]‘;)“ cosh yL + cos yL

where

I -1 ?1/4
P ()

B = I:;Hﬁ] and vy = :(l;L_)_l .
0]

If the statistics of the random coefficients were not homogeneous, the calculation of the
bounds could have proceeded with a knowledge of

FI@, K, gy and e

There are other problems of a similar nature for which results can be obtained.
These first order bounds may also be combined in a kind of hierarchy to provide bounds
on the ensemble average influence coefficient and various correlation functions. A num-
ber of the above-mentioned results may be found in reference (7) along with analogous
results for elastically supported plates.

Appendix A.

DEMONSTRATION THAT w* PROVIDES MINIMUM VALUE OF US FOR ANY DETERMINISTIC
ADMISSIBLE FUNcCTION. The introduction of a deterministic admissible deflection
function into the expression for U2 given in (47) yields

. “[ET (dw°\* | F dw° |V
Ue = / == <—-':~,—— + o (w°)® — pw° | dr + M —— — Vw®
> =), L2 \ax o W) —p dz 1

As previously stated, the particular admissible function denoted by w* is the solution

of the “reference” problem presented below:

(@) j (1;1 d—“’) + Fw* = p,

L)

(A-1)

0)

(b) w* satisfies the kinematic boundary conditions, (A-2)

() M* = EI d’w*/dx* and V* = —d/dz(EI d*w*/dz®) satisfy the moment and
shear forece boundary conditions.
We now define a general deterministic admissible function w® as

w® = u* + Aw® (A-3)
where w* is the solution of the problem (A-2), and Aw®is an incremental field of arbitrary
magnitude. The admissible function w® satisfies the following conditions:

(2) w° is continuous, (A-4)
(b) 1° satisfies the deflection boundary conditions.

The incremental field, Aw®, satisfies:

(a) Aw® is continuous, (A-5)
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(b) Aw® = 0 at the boundary points where the deflection is specified and
d Aw°/dx = 0 where dw/dz is specified.

Introducing w® from (A-3) into U2 gives the following expression:
2 o\2
U3 = Ui+ f [El(d—ég)—> + E(Aw°)2:| de

2y 32 o
+f [ dw—-‘%i—”q-m*m ~pAw°] o + M 2Av

(L)

— VAw®

(0)

(L)

o )

The first term U# is the value of the functional for w*. Using integration by parts
and the conditions (A-2(a) and (b)) and (A-5 (b)), it may be shown that the last three
terms on the right side of (A-6) vanish. Since

L 2 o\2
/ [L (d A%"—) + /E(Aw°)2] dv
0 dx
is greater than or equal to zero, the following inequality results:
Ux < Ug. (A-7)

It has thus been shown that the deterministic function which satisfies the “reference”
problem defined in (A-2) provides the absolute minimum value of U2 for any deter-
ministic admissible function.

(0)

Appendix B.

DEMONSTRATION THAT M** PROVIDES THE MINIMUM VALUE OF U2 FOR ANY DETER-
MINISTIC ADMISSIBLE MOMENT FUNCTION. Given any admissible moment and deflection
functions, the functional U g takes the form

(L) d]‘[

o == [(AIO) + k(w°) :' dx + Z%U Me° —

2 [ (0 dx (B-1)

(0)

As previously noted, the admissible functions must satisfy the following conditions:
(a) d°M°/dz® — kw® = —p, (B-2)
(b) M? satisfies the prescribed moment boundary conditions,

(e) dM°/dzx satisfies the prescribed shear force conditions,
(d) M° continuous.

Making use of the condition of admissibility, equation (B-2 (a)), we may express
w® in terms of the admissible moment as

1 d’M°
we = [p + = ] (B-3)
For deterministic admissible moment functions we may write
M° = M* 4+ AM° (B-4)

where M7* is defined by the reference problem associated with the equations and dis-
cussion of (53), and AJ/°is an incremental deterministic field which is required only to
satisfy the following conditions:

(a) AM° =0, where the moment is specified, (B-5)
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(b) d AM°/dx = 0, where the shear force is specified,
(¢) AM° continuous.

With the introduction of 37°, as written in (B-4), into (B-3) and the use of expression

(53¢), we have
1 [ /1y d*AM° (B-6 ‘
w? = k [(Z) w* da? ] )

Thus the ensemble average value of the functional expressed in (B-1) assumes the
following form for any deterministic admissible moment function:

Uu =3 f [(M**) (;) + (AMOY? (_—> + 2M**AM°(;)

) 2 0 ) o

dw [ g 2 AN ** dAde 1@
— A** ——= AM°! - w— —— . -
T dr * !(m + dx o) dr | dzx lw) B7)
Regrouping terms we have
- . 1 [t Q(T> <d AM° ><)]
o __ %k %k s J0 —_ —_———
Us = Ul + 2f [(AM Ner) Y Car ) B &=
L 4 o (L) o
exA 170 f{_él’__)] dw o7 dAM
+fo [[ AM (EJ) + v ( ey B K St B el B

(B-8)

where U%* is the value of U for the choice M ° = M** Using (53a), integration by
parts, and the boundary conditions imposed on w**, it may be shown that the terms

L L A0 ] dw = dAM®
M**AM° + - = AM°| -
fo [’l[ AM <Ll> w* e dr + A]I " w .

©
vanish. Then since
g 1 & An/°>2 < >]
o PO e
[0 [(AV ) ( > + ( dx” k dz
is nonnegative, the relation of (13-8) yields the following inequality:
Ui < Us . (B-9)

REFERENCES

[1] B. Paul, Prediction of elastic constants of multiphase materials, Trans. Met. Soc. AIME, 28, 36 (1960)

[2] W. F. Brown, Diclectric constants, permeabilities and conductivities of random media, Trans. Rheology
Soc. 9, 357 (1965

[3] M. Beran, Use of the variational approach to determine bounds for the effective bulk modulus in hetero-
geneous media, Quart. Appl. Math., 24, 107 (19606)

[4] Z. Hashin and 8. Shirikman, On some variational principles in anisotropic and monhomogeneous
elasticity, J. Mcch. Phy=. Solids 10, 335 (1962)

[5] 1. Sokolnikoff, Matkematical theory of clasticity, McGraw-11ill, New York, 1956

[6] M. Miller, Bounds for cficctive d vieciric constand and bull: modulus of heterogeneous materials in terms
of statistical information, Ph.D. dizsertation, University of Pennsylvania, Philadelphia, Pa., 1967

(7] A. Somoroff, An application of varialional principles lo stat/stically nonhomogeneous fields, Ph.D.
dissertation, University of Pennsylvania, Philadelphis, Pa., 1968



