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Abstract. A short-time solution for two-dimensional change-of-phase problems for
a half space is developed. The problems are such that melting starts at a point of the sur-
face and spreads both along the surface and towards the interior of the body. Heating is
applied by an analytic but otherwise general heat input.

It is found that the shape of the melt interface is, when normalized, a universal func-
tion, i.e. independent of both the applied heat input and the material properties. Initial
melt propagation normal to and along the surface is proportional to y** and y'/* re-
spectively, where y is the nondimensional time measured from the start of melting.

1. Introduction. Numerous studies have been undertaken in the field of heat
conduction including changes of phase since the early investigations of Lamé and
Clapeyron [1], Neumann [2] and Stefan [3];” the large majority of these has been restricted
however to one-dimensional problems, usually in rectangular coordinates, though cylin-
drical and spherical one-dimensional problems have also been considered. The present
study constitutes what is believed to be the first exact short-time analytical solution of
a truly two-dimensional problem; that is, one in which a spread of the melting interface
oceurs in two dimensions.

An analytic study of two-dimensional change-of-phase problems was previously car-
ried out in [5], where such problems were classified according to the behavior of the
liquid-solid interface. Referring, to be specific, to a body which starts to melt at some
points of its surface, the problem was there said to be of Class I if the unmelted portion
of the surface remained unchanged for all times. If, on the other hand, the melted portion
of the surface was initially finite and not vanishing and increased with time, then the
problem was categorized as of Class II. Finally, if melting started at a point and then
spread along the surface (as well as into the interior), the problem was said to be of Class
II1. [5] presented a complete method of solution for problems of Class I; the development
of a starting solution for problems of Class III is, as has been mentioned, the object of
the present study.

The method of solution employed here makes use of the ‘“embedding technique,”

* Received December 26, 1967; revised version received April 9, 1968. The work described here was
supported by a grant of the Office of Naval Research, and formed part of a dissertation toward the Eng.
Sc. D. degree at Columbia University.

1Present address: Cornell University.
2An interesting discussion of this early work, as well as extensions and indications of some important
unsolved problems, was given by Brillouin [4].
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which was introduced for one-dimensional problems in [6],* and employed in [5] for prob-
lems of Class I. In this approach, the melting or solidifying body of changing dimensions
is mathematically extended to occupy the space filled by the actual body before change of
phase. An unknown fictitious heat input is applied at the boundary of the extended
body, whose magnitude is then determined in such a manner as to satisfy the actual
boundary conditions on the moving liquid-solid interface. The principal advantage of this
technique is that it allows an explicit expression for the temperature to be written in
terms of the fictitious heat input. A general one-dimensional starting solution was con-
structed by this method in [9].

The solution presented applies equally to the melting of an initially solid body and to
the solidification of an initially liquid mass; for simplicity therefore only the former of
these possibilities will in general be discussed.

Problems of melting may be classified according to the behavior of the liquid phase,
that is, depending on whether the liquid is allowed to remain stationary upon formation,
is ablated in a prescribed manner or is instantaneously removed. The latter case will be
considered here, but it should be remembered that in one-dimensional problems the
starting solution is independent of the rate of ablation [11], including the limiting cases
of zero rate (stationary liquid) and infinite rate (instantaneous removal). It may be sup-
posed on physical grounds that a similar statement can be made for two-dimensional
problems: if that is the case, the present solution can be taken to apply regardless of the
behavior of the liquid.

The solution presented here is restricted to short times after the start of melting; it
allows for arbitrary heating conditions prior to that time, but is restricted to heat inputs
which vary smoothly in the neighborhood of the time of melt initiation. An analytic
solution valid for somewhat longer values of the time could be obtained by the technique
here employed, but for longer times yet the present technique would probably be more
conveniently employed in conjunction with a numerical analysis.

The starting solution, such as the one developed here, is interesting because it can
provide some basic insight into the early stages of the solidification or melting process.
It is however useful also in other respects: it has been conveniently employed as a start
of a numerical solution (e.g. [6]), or as a start of an approximate analytical solution (e.g.
[12]) or as a check on the accuracy of approximate solutions (e.g. [13]). Furthermore, it
is hoped that the work presented here will eventually lead to a more accurate though
macroscopic study of the process of nucleation and of the early growth and morphology of
dendrites and cellular clusters. The work which has been done in this area® has considered
two-dimensional heat conduction under several simplifying assumptions; significant
among these was the assumption of the shape of the growth, while the determination of
such a shape is one of the principal aims of the present approach. A further discussion
of this aspect of the problem will be found in the last section of the paper.

The problem under consideration is formulated in Sec. 2. Its solution is formally
carried out in Sec. 3, where it is shown that all the conditions of the problem are satisfied
on the basis of certain assumptions, a uniqueness theorem insuring that the only solution
has thus been found. The actual solution is then obtained in Sec. 4; the results are sum-
marized in Sec. 5 and discussed in Sec. 6.

3For a further discussion see [7]; this and [8] contain comprehensive bibliographies.
4[14] —[17], for example; [4] may be consulted for an exhaustive bibliography.
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2. Formulation of the problem. Consider the half space z > 0, initially solid, to be
heated on the boundary z = 0 by a heat input Q(z, t), giving rise to a temperature
T(z, 2, t). Assume that at a time ¢ = ¢, , the temperature reaches for the first time the
melting temperature 7', of the material, and that it does so at a point on the boundary®
which may be taken without loss of generality as the origin; thus

T@©,0, tn) = To. 1)

The determination of the temperature for ¢ < ¢, is a straightforward problem in the
theory of heat conduction and need not concern us here; it will be found useful to recall,
however, that it can be written in terms of @ and of the initial temperature T;(z, 2) at
t = t, as [18], [19]:

1600 =5 [ [ 0, n eIl sl 22l =y, 4

- o exp [— (@ — .)°/4x(t — t)]
+ fo f T, 2) drx(t — 1)

[exp [—(z — Z1)2/4"(t — t)] + exp [—( + 21)2/4"(“' — t)]] dzx, dz, . )

The heat input Q(z, ¢) continues to be applied after ¢, , and the body continues to
melt, so that, for any ¢ > .., the solid will occupy a region smaller than the original half
space and will in fact be bounded by the curve (Fig. 1a):

<
_ {s(x, t), lz] < o(t) 3
0, le > zo(t)
where the unknown quantities s and z, satisfy the condition
8(zo , 8) = 0, To(tm) = 0 (3a)

and where it has been assumed (as will be done for simplicity in the remainder of this
paper) that the problem is symmetrical about z = 0. The liquid, which would occupy

(o) REPRESENTATION OF THE (b) REPRESENTATION OF THE EXTENDED
PROBLEM PROBLEM

| opplied on #=9
Fic. 1

§The time ¢ is the time of start of melting, criteria for which are given in [5], [9].
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the region 0 < z < s(z, t), |z| < z,(t), is assumed here to be instantaneously removed
upon formation.

The mathematical formulation of the problem after the start of melting consists of
the Fourier heat conduction equation:

k(3°T/0x* + 8°T/d2%) = aT/at, 4)
the initial condition:
T ="T(z2t,) at t =1t 4)
and the moving-boundary conditions:*
T(x s, ) =1, lz] < 2o(t), ©)
—k -— = Q(z, t) for |z| > z(f) on z =0, (7a)

2
—Ic[l + (g) :| %—Z = Q(x, t) — pl%i for |z] < z(f) on z = s(z, ?), (7b)
as well as conditions (3a). Note that the right-hand side of Eq. (5) is a known function,
obtained from the premelting solution. The conductivity k, the diffusivity «, the density
p, and the latent heat ! are taken to be constants.

It can be shown that the solution to the above boundary-value problem is unique.
Indeed, it was proved in [20] that not more than one solution exists if Q(x, t) and its
integral over the moving portion of the boundary are prescribed; that proof is readily
extended to the case in which (as in the present problem) @ and the total heat input over
the entire boundary are prescribed.

3. Formulation in terms of the embedding technique. To obtain a solution to the
problem formulated in the preceding section, we extend mathematically the temperature
s0 as to be defined in the entire half space z > 0, and to satisfy throughout that region
Eq. (4) and, at ¢ = ¢, , Eq. (5). The boundary condition on z = 0 is already prescribed
by Eq. (7a) for the region |z| > z, , while for |z| < z, it may be arbitrarily prescribed,
since the boundary is there fictitious. It is convenient to introduce a fictitious heat
input @’(z, t) to be applied over this fictitious portion of the boundary, and to express
the boundary condition as

—k(@T/92) = Q*(x, ) + Q'(x, 1) ¢ > tm, |2] < 20(t) ®

where Q*(z, t) is the analytic continuation of the premelting heat input @. A representa-
tion of the extended problem is shown in Fig. 1b.
The extended temperature can now be immediately expressed by means of Eq. (2) as

T(x: Z, t) = T*(x: %, t) + T/(x) z, t); (9)
where
zo (1) _ 2 " r
T,z 1) = £ f f mr) ’ eXp[ (= 2?:3(t-t zf;/(‘l t =)l deydr (9a)

$A derivation of the heat flux interface condition (7b) can be found in [5]; it assumes that the re-
sultant of the heat flux vector is in the z-direction.
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and therefore (since @' has been applied only in |z| < z,)
aT'/0z =0 on z=0,|c| > z,. (9b)

Note that the temperature T automatically satisfies Eq. (7a), in view of (9b), and because
the temperature T* is that caused by the heat input @* which is here taken to be equal to
Q for |x| > z, . T* is therefore the analytic continuation of the premelting temperature
given by Eq. (2) and can thus be expressed in terms of the temperature and its derivatives

at t,, as
* *
d5) o7
+ y m m

T* y
T—,,.(X’Z’y)=1 ay + 91 3’ + e
o) o) } o)
MY/ 6Z6J+ +2vf5‘732'+”q+”'
-
PR B G R C I
torlaxt Tyt T A axTen T
A I I ()
alexs tVaxa T T Eaxrez Tt (10

where all derivatives of T* must be evaluated at X = Z = y = 0. The dimensionless
variables

== t)/tn X =2/20tn)'”? Z = 2/2(xtw)"” (11a)

have been used; with the further dimensionless notation’

KT (7 )" Vi L\
50 = gy e =) mT -G ()

the temperature (9) assumes the form
T T*
Tm (X) Z; y) - Tm (X) Z’ ?/)

ve-Z’/u. ‘/‘Xo(ﬂ‘t':) Q (Xl , ?/ )

172
o 207 Jox,w-v) Qo

exp [—(X — 1)2/?/1] dX, dy, . (12)

Equation (12) gives the temperature throughout the body after melting in terms of
the three unknown functions £(X, y), @' (X, y) and X,(y). These unknowns will be found
from the interface conditions (6) and (7b), as well as another condition to be discussed
later (i.e. Eq. (39)].

Equations (6) and (7b), when put in dimensionless form, become respectively

"The reference heat input @, has the following physical meaning: if a constant heat input of magni-
tude Qo is applied uniformly along z on the free surface of a half space, then the relation between the
melting time ¢, and Qo is that given by the third of Egs. (11b).
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v —§/ys Xe(v—v1)
o [ XLy =9 gn 1 (x — Xy dX, dy, =1 = I~ (X, &, ),

[} 27r1/2y1 Xo(y—y1) Q
4z
1 ot _m v e—E’/v; Xo(y=v1) Q:QQ_L?/ _ yl)
s [1 + ( ) ] oz Ej; l/z?/f —Xo(y—v1) Qo
cexp [~ (X — X.)"/yi] dX, du,] - AT 2% vy asb)

for |X| < Xo(y), on Z = (X, y).
These two integro-differential equations will now be solved under the assumption that

X t
CED _ 3 ar X, 1X] < X, (14)
Substitution of this expression into (12) gives the temperature as
T T+ v 4iF, e
oz =+ 3 [ e a5
Tm 7 m =0 7f ?/1

where

I(X, X, ,y) = L{X, Xoy — 1), ui] (15b)

Xo(y—v1)
= [T Xien [-(X - X)Y/nl ax,
Expression (15a) gives the temperature at all points of the body.
(a) Consideration of the Interface Condition T = T,, , Egs. (6) or (13a). Expand the
function I ,;y in (15a) in powers of X, only even powers appearing because of symmetry,
and use the result to rewrite Eq. (13a) as

X" 4F(y yn) —£2/u1 6 I(z;) _ T*
g(m)v E o 2%y, ¢ axs =t & sy, (6)

where the functions I,;, and their even derivatives can be expressed as

"1 —i4 X
[_5)?(‘32"—)],' S= T ( J:‘}z) (17)
where
X i X
J,,<§?§> = 4 7r]/2D,-+1_,-+1 erf (y:/z)
i+1 iti—n 2(i+i—n—k)+1
_ _ | (2 4 2j — 2n + D! <X> xerrun
';1 (1 6i+i,n—l)7n(z) ; () (22 + 2] _ ()n _ 2k + 1)” 1/2 €
(17a)
and
R (2 4+ 2j — 2n + 3N
Di+l.i+! - 4 ";'Yn( ) (21 + 2] —_ «)n + 3)2i+i—n+l (l7b)
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and where
(_ l)n—l4i—n+l(2i)!

Y0 = GO @ < 20 + )1 (18)
are the coefficients appearing in the even Hermite polynomials [21]
i+1
H,(z) = 2 vu(8)2®" ™", (18a)
n=1
Note that J;; contains no error function term when j < ¢ since D;; = 0 for these cases,

demonstration of which is given in Appendix B.
Equation (17a) has been derived with the aid of successive integrations by parts of
the integrals

aZQI(-Z—L)-] _ on(v—!“) ng[ 62:.7 e‘{p —[(X _ X )2/y ]] dX i j > 0
AX* Jx-o ~Xew-s» - LOXT T l - Y T

_, [Xewmw XH Xl_ —X12/1,
Y1 1 Mg y1/2 e dX,

I

=Xo(v—v1) 1
i+1 . . 1/2
i | @42 —2n 4+ 3! (&)
=Mh ;l 'Yn('L)[zui-nu(Qi T2 —2n + 3) erf y:/z 19)

o S @it 2 — 2+ D! @Q”*qumi
a awm)ggw%+2r—%—2k+DMM” ’

1/2

where 4 = X,/y;

Primary interest is centered here on developing a starting solution, for which only the
lowest-order terms on the right-hand side of Eq. (16), expanded by means of (10), need
be kept. If this is done, and if coeflicients of like powers of X on both sides of the equation
are matched, the following infinite set of simultaneous integral equations for the functions
F; is obtained:

3 ! M_— yl) —f’/un[azil(_z_ﬁ:l
i=20 . 27r1/2y1 € Ey <l dy,
[ - *
(1)
T
_ATE‘ ’ =0
= o0 ,  y<1l (20
{Bw(zﬁ)]
T, o
f'ar‘km’ =12

The first three of these equations are given explicitly in Appendix A.

It is now necessary to reduce the left-hand side of this equation to an expression valid
for small values of y. It is shown in [9], [6], [23] that, for ¥ << 1, the exponential ¢~¢'/**
may be replaced by unity, provided that

lim &8 _ @1)
v—0

and that

[l = Fiy — y)/F;)| <1 for y, —0. (22)
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It will be assumed here, and verified a posterior:, that (21) holds. Thus, using (17), the
first of Eqs. (20), i.e. for i = 0, becomes®
T*
a(Tm)

—y L y <1, 23
Y0y Jooo’ Y (23)

> 47,y — y) y;'-WJ,,,.(%a) dy, =
1

o, 1/2
i=0 Yo ~T

Clearly the left-hand side will be of the correct form (i.e. proportional to y) if

Fi(y) = A;/y"™"7 and Xo(y) = Ay'” (24)
where A; and A are constants, since it then reduces to
e 41' 1 Y i—1/2 1 _ Y 1/2
v 257 A [ (1 - Y) J”’(A( Y ) )dY @5)
where
Y =u/y. (26)

Assumption (24) will represent a solution of the problem only if the constants A,
can be adjusted so as to satisfy all of Egs. (20), for short times, while the constant A
will be chosen later so as to satisfy the required conditions of continuity. The function &
will be found by use of the heat-input boundary condition (13b). All equations of the
problem are then satisfied, and the uniqueness theorem insures that this is indeed the
solution.

Consider first Eqs. (20). Substitution of (24) into (20) and use of transformation (26)
shows, in a manner analogous to that just employed for ¢ = 0, that only integrals of the
type (25) arise, proportional however to 3°, y ™', 4%, --- for< = 1,2, 3, - - - . The first of
these powers is the same as that required by the right-hand side of Eq. (20), while the
others are smaller; hence the right-hand sides for ¢ = 0, 1 must be taken from (20), while
for ¢ > 2 they must be set equal to zero. The constants A, are therefore obtained from the
infinite set of linear algebraic equations

DL = (=D'C,  i=1,2,3, - @7)
where
sk Tk
()| G)}
Vo= . Vo= — Ml 27
g Y .00 > 0} ¢ ax* 0,0,0 >0 ( 7a)
C,‘ = 0, ’L > 2
and where
_]:i—l 1 )/i—i—l/2 1 _ Y 1/2
Ly = 57 I, a = J..»-l.i-1<r1<——)}—> )dY- (28)

This completes the formal consideration of the first interface boundary condition,
and we proceed to an examination of the second interface condition. It is clear, however,

8Recall that Xo = Xo(y — 31).
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that solution of Eqs. (27) presents a difficult problem because of the complicated depend-
ence of the coeflicients I;; on the parameter A. The solution of these equations, alternate
expressions for I;; , and the determination of A are discussed in Sec. 4.

(b) Consideration of the Heat-Balance Interface Condition, Egs. (7b) or (13b). We
now turn to the heat-input boundary condition, Eq. (13b); with the aid of (14) and (15b),
and expansion of the functions I,;, , it can be rewritten as

2 8t QX,y) _ 1 9t \*
maJ(X v = Qo *w'”[l_‘_( >]

|

L.,<.T_*)
T,,, _ E XQ; /v” © i ) e /’“[ Zil(z_il]
o = T [ B e G- e

Substitution of (17) and (24) results in the following integrals whose evaluation to first-
order terms is shown in [23], under condition (21), to be

i—i—3/2 . 1/2
e[ S o e () o = veare A 60
1

i=0

Thus Eq. (29) finally becomes

29 QX, ) — QXX,0 &=, X¥
m ay ( ) Q, .z-;) 4'4.,, yi-—l/2 y y <1 (81)
Note that
’ ) 21
VX9 _ g, X (32)
QO =0 y

With the condition £(X, 0) = 0, Eq. (31) can be integrated to obtain £(X, y). If
Q(X y) — Q*X, 0)

luf? Y Qo (33)
as assumed here, the melt depth is
(00 = —m i = (349)
or
HX,y) = — 2y il f A, 4207 ><§f )2“ ?) (34b)

Equation (34b) gives the form of the melting interface, in terms of the coefficient 4,
which appears both explicitly and implicitly in the coefficients 4.(4); the latter are as-
sumed to have been found from Egs. (27) in the manner discussed in the following section.
This completes the formal consideration of the heat-balance interface condition; it
only remains to establish the equation for the determination of the parameter A, which
will now be examined.
It will first be proved that the condition

EXo,y) =0 (35)
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is already identically satisfied. Indeed the temperatures T[X 5 , £(X5 , ¥), yl, T[X% , 0, ]
and T[X5 , 8(X5 , ¥), y] are all equal to T, : the first because it was set equal to T, in
Eq. (16); the second because it happens that the expression obtained by setting z = 0
in Eq. (15a) is identical with that of Eq. (23), resulting from (16) after use of the short
time approximation (21) and since I; is a continuous function of X; the third for con-
tinuity® of temperature across X = X, at Z = £(X7, y). The last temperature listed is,
however, also given by

7, — @Dy ), (36)

hence Eq. (35) holds. In other words, it has now been proved that Egs. (27) and (35)
cannot be independent; it will be indeed verified in the next section that this is the case
(cf. Eq. 46). In other words, condition (35) which can be rewritten as

S5 AT =0 (37)

will also result from Eqs. (27)
The temperature T[X7 , 0, y] is, however, also equal to T',, by the same reasoning
used in conjunction with T[X% , 0, y]; hence, it is necessary that
T (- _ T xs _ 90X,y
2 (XO ) 0) Z/) - 9z (XO ] 0) y) - k (38)
Substituting into Eq. (7b), and omitting the term (ds/dz)? in accordance with the de-
velopment of Eq. (30), we obtain the desired equation for the determination of X,(y) as

% _ - Y .
ay at X = X,(y). (39)
This of course implies that
Q'Xo(), yl =0 (392)
and can be written explicitly from Eq. (31) or (34) as
347 4,4%0 = 0. (40)

i=1
The determination of the constants 4; and A must now be effected from Eqgs. (27)

and (40); this is done in Sec. 4.
Note that the total derivative of £[X,(y), y] with respect to y is zero or

9f | 0t dX, _ -
6y+ 3X oy 0 at X = X,(y). (41)
With (39), this implies that
0/0X =0 at X = X,(y). (41a)

The quantity dQ’/dX is not necessarily zero at X = X,(y).
4. Solution. In order to complete the solution of the problem, it is now necessary
to determine the constants 4; and A from Eqgs. (27) and (40). Once these constants are

*Continuity in the interior of the body is assured in the solution by use of the Duhamel formula (9a)
because of the lack of internal heat sources; even a discontinuous surface heat input will not result in
interior temperature discontinuities [22].
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TABLE I
Coefficients I;; fori,7 = 1,2, ..., 5
h 3 1 2 3 4 >

2 8. ,,5503 7,28,5.19
st |5 7‘[" aye | 9 lma%s18as 1505 4242007750~ |-2guom 21 57,2000 103

1 é‘“ i 2)) (P-—)e £1a)) 18:(A2)+(m5-6a5+ 751(A);(M7-10A5+25A5 +105A+105I(A)+(7A .17,
o) E1(a%)] | Da)eh ria?)) 1M5-35A5+—-§A)e E1(A%)]
A ln- uuTE-[Aa,eI(A)- 4Bl -A%46as 720n+%[ -2+ 1007454 | -130k0ns 2047 @ 5-7--.\3

2
2 | a2 E1(a%))

(a3-2)eV%E1(a2)]

61(A)+(A”-2824

3A )eAzu (A2 )]

4SI(A )+(287-647+1547-
%A)e‘zst(aa )

+105A+105L(A )+(A9-hA7
2
12332100 )* g (47))

3 .4 -3 .48 -1 1 2% ,3 Slk.k ,5
7k 7 7N al I
316 -1, 10 38l 10 512 3., 30 1228.8 ,5,,_.50
v Aaag) | BT | A 7202 e Yu)
48 -3, 4 -1 20 h 68 20 70 072 , 3.,.20 210 5
s [0 | FRAIGE D IRacd R | FR OB G2 00,582

known, the melted thickness £ is obtained from Eq. (34b), X, from Eq. (24), @' from Eqgs.
(14) and (24), and the temperature from Eq. (15a).

Two equivalent procedures for the evaluation of these constants will be outlined:
the first consists in obtaining a numerical solution of Eqs. (27) and (40) directly, while
the second requires first a reduction to a more convenient set of equations and variables.
Before proceeding, it should be noted that the coefficients I;; can be written as:

fori =1,2and j = 1 see the entries in Table I
fori=1landj#1
1l'l/2[1‘
_(=D'ej - 3)(21 i) L Y 1 S (=DM = 3!
Q¥ 471 [ — 4] = 5z + (1= &) 2 e~ — 1
{ 1 k-3 k~m—3 A2namD)
F_l_azk)mz-:o(l mk2)§(k_7n__n_2)'

1 k—m—n—4 1
'__k—m—n—2+(1_63""""") § k—m—n—l—3:|}

(_1)i+1 i—-2 _ j—~m-3 (2]~ _ 3)'! A—Z(n+m+2)
T LU ) X G s - G —m = B
| 2 A= b & . ]
|2 = 9m — 21— 5 i) L T —w—1-3
. (—1)'(2j — ) S (1@ — N k—A’—1
+ e Ez(A2)[ — g+ (b)) DaEne S T AT

(42a)
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B}

fori =2andj # 1

L 1 — D25 — P! [ 4.
4’A2,2y — 2 ( ) (.7 A2),( 3.7 3) [1[‘3/2 _ 4I(A)]

+ —I-eA’Ei(Az)[A'I —i+1- (1 — s )( _ 1)(2. PNT t (_l)ch—z(k—z) ]
2 J 23){J ) — o) P 2k—2(2j ok F DI

(= 1)(21 )N i1 =3 9 4 -2(m+ D

m=0
(1 — 8 A2 im 1 ] P (=DM = &)
t o e oG —m = = i —m—n_3lT? ETE = 2% T D
k—4 A—2(m+l) k—m—5 E—m—3 ]}
',nz.;(k—m—3)(k—m—3)![l+“ — S X o a o)) 42
fori >3
7‘_1/21“ < . Z — 3)' A—zm
FT—TETFE = ';1 (_1) (1 - c+1 1 ,,)a,.(’L) mz:; _ m)' m!

.(i—n)H(i—?)+(i+i—n—2)H(1—i) (2’i + 2j — 9 — 3)” (z + m—-—n — k)!
212 + 2§ — 2n — 2k — 3!

=
—HG -3 D"f{“_wi-”:(_:3)%_"_” kG —3 —(;)1!)2:;;‘(2_213)!—1%;2 —k — 3)!
[%1;(1?—%___3_) 5 E H](J_—kk_—mm_—22):|

o [H“ SR = iy

T o L ==l

where I(A) is defined in Eq. (44) and where
an(i) = (_l)"_l4l_‘7n(i - l)y
27+ 2j —2n — DN

Dii="zsl( 1) 21+1 "_(()’L+2]_9n_‘1)'
6;; = {1’ oo (43)
0, 1 # g,
HG) = {0, 1 <0,
1, 12> 0,

@n— I =135 2n — 1)

where v,(7) was defined in Eq. (18).
These expressions are derived from (28) by successive integrations by parts in [23].
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Explicit expressions for the coefficients in the first five columns and rows are shown in
Table I. It may be verified that these coefficients enjoy the following properties:

1. The coefficients of the first two rows are expressible in terms of polynomials in A
(with positive powers except for I,,), of the tabulated functions ¢’ and Ei (4°%), and of

the integral
1 _ Y 1/2
A v erf (A( Y ) > ®

1 =T - [ ar = [T wetan (Y

4 4

which represents a bounded monotone decreasing function of A (see Fig. 2). Expressions
for the coefficients I,; and I,; valid for large values of A are collected in Table II and
discussed further in Sec. 5.

2. The coefficients in the rows beyond the second (¢ > 3) are polynomials with posi-
tive and negative powers of A.

3. Note that I,; # I;; .

(a) First method of solution. The solution of Egs. (27) can be formally represented as

4; = —CI5(4) + C.I%(4) 45)

where I3}, I} are elements of the matrix [I,;]7*, inverse to [I;;]. The coefficients I;; were
calculated for several values of A, and the inverse coefficients I~} were then obtained by
numerical inversion of the matrix. In this work, matrix sizes from 3 X 3 to 9 X 9 were
employed. The resulting values of 4; , in terms of C; and C, from Eq. (45), were then
substituted into Eq. (40), which could be directly solved for (C,/C,) for each particular

value of A. Plots of A against (C,/C.) are shown in Fig. 3; two curves are given, using

U

®

I(A) \ 4L1r”‘~ 1.39208

\

4 \

o

N

F16. 2. Representation of I(4) = [ e~ tan™! (u/A4)du.
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TABLE 1I
Asymptotic expressions for coeffictents I fort =1,2,7 =1,2, ..., 5
3
i 1 2 3 4 5
L1k 2,22 16 6k A

‘ﬁ"ﬁ(;';{b‘h ) g-ﬁ(x-;y T ]—(—-hA)+l50n —i('—-fl\ +184 ) -29L0x

1 6 k4 6 __1 1437 16 1152 3200
p tens) 7. G ot ) ( Af .) 4:7;( Y )¢...)

2,732 b6 20

7. A T prATe %%A-hsn 7‘—‘”‘— -104 )4720n %(%5-95‘\21‘&)-15@0“
2 H _8i 22 1_0_& 128 2, 1024,108 220,

; 4ees) 5‘\54-...) Ty 3t o) 7'—( 3 ) v atre ot )

either these variables or their reciprocals, so as to indicate clearly the behaviors near
A =0C/C;, =0andnear A = C,/C, = ».

Once the relationship between A and (C,/C,) is established, the values (4,/C,) can
be calculated from Eqs. (45). The solution is now complete.

Plots of (4,/C,) and (4,/C,) against (C,/C,) are shown in Fig. 4. It is of interest to
note that the coefficients 4 ; decrease rapidly with increasing ¢ (Fig. 5) and do not change

5
4 /,/
2 /
< 4
A
2
1
DY P S S S S p—
OT OT
axz. Xm2my=0
~
6 =
5 P
//
4
L /
A 3 %
2 //
V4
o -
0 - -2 =3 5 -6 -7

Ox’/Oy ]

Fia. 3. Variation of A and 1/A4 with ratios of initial temperature derivatives.
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TABLE III
Coefficients A :/C; resulting from increasing matrix sizes; A = 10,7 = 1,2, 3
Matrix size Al/Cl Az/Cl (As/Cl) X 108

3 —1.27737 .002129 .266

4 —1.27697 .001915 .160

5 —1.27680 .001824 137

6 —1.27670 .001773 127 ol T

7 —1.27664 .001741 121 C, = —(——)

8 —1.27659 .001718 117 WN\Tm/

9 —1.27656 .001702 115 Z=0
y=0

radically with increasing size of matrix (Table III). Such numerical indications of con-

vergence hold throughout the work presented here (e.g. Fig. 6 or Eq. (56)). A further

check is provided by comparisons with the expressions valid for large values of A, de-
veloped in Sec. 5. In that section, some approximate results are also given.

(b) Second method of solution. Inspection of Table I reveals that the coefficients

shown in the third row are
I _ 3(_1!‘)A2i—5_'
v o

These are proportional to successive terms of the series in Eq. (37); hence, the equation

-1¢*

(46)

Y
=
\
\
\

-10®

A
//

1
L

U
H
»
L

2 3 4 5 6 7 8 9
i
F16. 6. Valuesof K;forz = 1,2, ---, 9.
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corresponding to ¢ = 3 is identical with (37) and thus, as was to be shown, Eqgs. (27) and
(35) are not independent.

It can now further be noticed that the first term listed in Table I for I,; is equal to
(—2I,;), while the first term of I; is (1215;). Also, the ratio of the second term of I;; to
the second term of I,; is (—4) for all j. If it is assumed that similar relationships hold for
all values of ¢ > 3 and j, then linear combinations of the equations for ¢ > 3 can be written
so that each coefficient has only one term, namely the last term of each polynomial.
Furthermore, coefficients pertaining to neighboring values of j in each of the resulting
equations are proportional to powers of 4 differing by 2. It follows that Eqs. (27) for
z > 3 can be reduced to

©

D ILB; =0, i=23,4,5, - (47)

i=1
where the new variables
B,‘ = A2(i—l)Ai (48)
have been introduced. '
It is important to note that the coefficients I/; are independent of A. Thus a solution

of Eqs. (47) will give B, for ¢ > 3 as a linear combination of B, and B, . However, Eq.
(40) becomes, in terms of the new variables,

> 4B, =0 (49)
i=1

and therefore, by combining (49) and (47), one can determine all B; coefficients for 7 > 2
in terms of B, , namely
B; = K.B,. (50)
Clearly K, = 1and A, = B, . This calculation was performed by the procedure just out-
lined and, alternatively, by calculating the values of K, (which again are independent of
A) from the equation
K.- - Az(i—l)A;/Al (51)
on the basis of the coefficients A; obtained by the first method of solution for several
values of A. Since it was found that, in this latter calculation, the coefficients K; were
indeed independent of the particular value of A used, it was concluded that the previous

conjecture concerning the behavior of the I.; coefficients was correct. Values of K; are
given in Fig. 6. The coefficients 4 ; are obtainable immediately from this information since

A,' = K.‘Al/Az(i-l). (52)

There now remains to obtain the values of A, and 4 : these must be obtained from the
equations corresponding to ¢ = 1, 2 in Eqgs. (27). These can now be written as

Al E KiIli(A) = "'Cl ’ Al E KiI2i(A) = +C,. (53)
i=1 i=1

Thus the relation between A and (C./C,) is

Cs Doi KiIL(A)
~2 _ _ i=1 T}iZ2i\41) 4
¢~ X K LA 64

which has already been plotted in Fig. 3. Similarly
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A, 1

Rl — v —— 55

¢y =1 Ki1,;(4) ( )
which leads to the plot of Fig. 4.

5. Summary of results and approximations; behavior for large A. The starting
solution of the problem formulated in Sec. 2 may now be summarized as follows. The
thickness of melted material is given by Eqgs. (34b), (52) and Fig. 5, or

o2 = 4! X ]2(;-1)

t=1

ool ) + ()
3 A [1 1.600(X0 + a3y ) + ol
5 v onfl) oo+ -]
+ .033(X0) +ow0(5) +olE) + |

Of course, £ = 0 for |X| > X,(y), where the extent of the melted material along the surface
is given by

(56)

I

Xo(y) = Ay*~ (67)
A plot of the melted thickness is shown in Fig. 7. The parameters A and 4, are given

X / Xo ()
4 K

[

N

€(x,y)

SDpy32 /
Efald 5

/

[

8 /

S

Fig. 7. Meltl depth shape.

e

respectively in Figs. 3 and 4.
The fictitious heat input @’ is given by Eq. (32), or

Q'(X, ¥) m 0§ 1/2 o io1 [ X ]2(‘_”
QLY MmOy 1y = 4, 47K,
Qs 2 oy Ko 0) = A" 2, X,

(58)

- s ) - sl o)
= Ay [1 .533<X0 1aa(3-) — 078(%

_ & 8 ()_(_)lo (&)12 ]
.004(X0> — .044 x,) ~ .039 x) —

A plot of this equation is shown in Fig. 8.




19691 TWO-DIMENSIONAL HEAT CONDUCTION PROBLEMS 241
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4

o
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X/ %o (¥)
Fi1a. 8. Fictitious heat-input shape.

Some approximations to the above exact results can be obtained from the following
considerations of the behavior for large values of A. Table II gives the coefficients of the
first two (¢ = 1, 2) of Eqgs. (27), obtained by means of asymptotic expansions of the
transcendental functions appearing there. Comparison of the terms in Table IT with
those of Eqgs. (27) for ¢ > 3, given in Table I, shows that all the coefficients of negative
odd powers of A vanish, so that the first two equations of (27) become, from Eqs. (42):

2, (—1)'277%@2j — 3)(2j — YN K, A" = —C,/4,,
=1 (59)
w2 (=12 — D@ — YN KA = C,/4,,
i=2
which are valid only for A >> 1. If the coefficients K; previously found are employed, these

two equations can be solved simultaneously for the two unknowns A and (4,/C,) as
funetions of (C,/C,). Thus

_ _ QL)I/Z l < Kﬁ)\/__‘@ (&)3/2
or, approximately, keeping one term only,
| = _ C_'l_)l/2 . \/_ __(aT*/a?/)o.o.o
4= 4( K:t) =N @re/ax,,. (60a)

It may be verified that the latter expression actually fits the curve of Fig. 3 quite well
for all values of 4'°, provided that K, is guessed to be (—2).

The corresponding expressions for (4,/C,) is then obtained by substitution into the
first of (59) as

b t(o-2) o)

10The authors are indebted to the reviewer of this paper for pointing out to them the validity of the
last of approximations (60a) for the parameter A and of (62) for the shape of the melt line.
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or, with (60a) and independently of the value of K, ,

It may be noticed that this equation fits well the curve of Fig. 4 in the range plotted
there; for larger values of C,/C, , larger errors arise.
It may furthermore be noticed by inspection of Fig. 7 that the equation

rypa =@ 6

is a good approximation to the shape of the melt line.
6. Discussion of the solution. The following remarks may be made concerning the
solution presented in the preceding section:

1. The solution depends, when put in dimensionless form, upon two dimensionless
parameters, namely C; = 3(7/T,)/dy and C, = —3°(T/T,)/dX?, both evaluated at
X=Z=y=0.

2. Equation (56) indicates the remarkable fact that, for very short times after the
start of melting, the shape of the melt depth is independent of the physical parameters of
the problem. The magnitude of the melt depth of course does depend on these parameters;
however, as Fig. 4 and Eq. (61a) show, it is insensitive to variations in C, and is roughly
proportional to C| .

3. Equation (60) and Fig. 3 show that, as C; — 0, 4 — « and therefore X, — .
This means that only the first term of the expansion in Eq. (56) is then significant for
any finite value of X; hence in this case the solution reduces (with Eq. (61a)) to

H0) = 5o o v ©3)

in exact agreement with the known starting solution to the analogous one-dimensional
problem [9].

4. It is interesting to note that melting progresses much faster, for short times at
least, along the surface of the body than into the interior. Indeed the distance traveled
by the melt depth along the surface is initially proportional to (¢ — ¢,,)'/%, while the pene-
tration into the body is proportional to (¢t — ¢,)**. This implies that two-dimensional
effects have a tendency to decrease with time. To obtain an experimental verification of
the present results, a much more refined time scale would have to be used than in the
corresponding one-dimensional problem. A meaningful experiment would have to be
designed so that the ratio (C,/C,) is large so as to emphasize the two-dimensional effect;
at the same time C, should be adequately large to produce significant melting in a
reasonable time.

5. The solution presented here has been restricted to the case in which Eqgs. (21) and
(33) hold; it reduces, as has been noted above, to the one-dimensional solution appropriate
to these conditions, which, in particular gives ¢ « 3** as in Eq. (63). It may be conjec-
tured that the behavior will also be similar, in the two-dimensional and one-dimensional
cases, if the above restrictions are removed. If that is the case, then a finite jump in the
applied heat input should lead to ¢ « y, while an infinite jump (corresponding to a sudden
finite jump in surface temperature) should lead to ¢ « y'/°.

6. It was mentioned in the Introduction that it was hoped that the present type of
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analysis would point the way to possible applications to the study of dendritic growth.
Examination of published shapes of dendritic clusters ([14], [16], [17]) shows that much
flatter growths are observed than would be expected from Fig. 7. Indeed, from some ap-
proximate calculations in [16], it is expected that the average height of the growth would
occur at about X/X, & 0.9 rather than at X/X, & 0.6 as in Fig. 7. That such a dis-
crepancy should occur is not surprising, since the present solution does not really dupli-
cate the conditions of dendritic formation. It is known ([14], for example) that dendrites
only form in the presence of supercooling which would imply (according to the conjecture
under item 5 above) that £ « y'/. It may be pointed out, however, that a more “pointed”’
shape than that often assumed [14] would lead to more accurate comparisons with ex-
perimental data on velocity of growth propagation, and that the parabolic shape assumed
in [15] for dendritic growth is not too dissimilar from that of Fig. 7.

Appendix A
Ezxplicit form of Egs. (20) fori = 1,2, 3:

—E’/zn XO
f Fy(y — yl) 2 5 erf (yl/i) dy,
—§/y 2 X —~Xo%/y,
+ f F\ly — y)e B ‘/Z[erf <J131) - 1|_1/2 1/02 Yo/ del

Yy 3 X 1 X; X 01/
+ 4[ Foly — y)et’ 3/2[2 ef( 132) e (2 ys/z - 3?%) e ]dy, + -

T*
3(7)

Y 9y o.o.0

+ ...

—E’/v-

- 2[ Fo(y — ?/1) 1/2 2 X Totlus dy,

e 1 X 2 (X3 Xo\ —xu2/4
+ 4./; Fi(y — yi)e t/“[y_“e f( 132) - ;l—/z (’z;% + 7(:)6’ Xort I:I dy,

y . .
+ 16 f Fz(y - yl)e_f’/yl[3y1/2 erf (?(7)5) . 7_r_127§ ( % + 3X0 + Xyg)e_x.:/h] dyl
+ e

*
kel
T Tl ex®
—E’/ux

f Foly — 1) © 5 (3 -2 X")Xo T dy,
1

—E’/n Xa X -
1/2[F(J'“y1) (—_2 )XO/‘d?/
1 U yl

+ .-

0,0,0

—£3/u
+ 32 f Foly — y) & m [6y"’ erf (fx/z)

3
_ 2 (2 Xo Xyo + 4X + 6X) on/!n] dyl + ...

/2
™ 1
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Appendix B

Reduction'* of the expression D;; for j < 1:
Expressions (18) and (43) render D;,; in the form

(=D =2 R (=1*2j + 2k — D!

D;; = 2i+i-3 AT ] — —
2 G —k—D'2j+ 2k — 1)k — DI E! (B1)
—1)¥ (2 — 2)! & -1 - i -
] —)mm (K™ + bk’ + B 4 oo + b))
where &k = 7 — n and
(2k)! = 282k — D! kL. (B2)
The definition of the quantity
(=12 — 2! & (=D2j + 2k — DI 2*
! Ar = — —T
D) gt 2 = )2+ 2 — DEk — Dkl BY
is such that
= D},(1). (B4)
It will now be shown that
_ ! i—=1 .
D) = LRSS o e — (B5)
m=0

so that only positive powers of (1 — z) appear for j < ¢ and thus D{;(1) =
Hence D;; = 0 for j < . On the other hand if j = 7, only the term form = j — 1 will
be different from 0 at x = 1 and then

D,'.' = 41_‘(21. - 2)! (B6)
where a, will be shown from the last of Eqs. (B13) to be
a, = (=1)"72771 /(@ = jL. (B7)

There remains to prove (B5), or, in other words, that a., exist.
Fori > j = 1, clearly

2% -2 Z6G—k—D)k7" (B8)
1)'(2z — 2)! i
— (22’ )2§ 1 1)‘) (1 _ x) l.
For larger values of j < ¢, we proceed as follows. Using the binomial expansion
. i—m—1 - - !
B = T
e (B9)
_ Q=D —m — DY+ D) - (k—m—l—l)
= GG—k—DE! (Ic+1)

1The authors are indebted to Sara R. Boley for the proofs comprising the whole of Appendix B.
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where k = r + m, the following linear combination of functions is formed:

(=D - 2 R

Di(x) = Z a;-n2"(1 — x)iﬁm—l

22:‘+i—-3
n=o (B10)
_ _(—l)i(2i -1 & (—1)*z* .. )
= 22i+i~3 ;(1'_ k — l)lk'P(z’j’ k; ay , 02, * - )ai—l)
where b, ;—, is the coefficient of the sth power of &k in the polynomial
Ek—-—1Dk—-2)---k—j7j+n+1) (B11)

so that
P(i;j’k) ay , Q3 , 7ai—-1)

i—1 i—s
=GE—-D0ae;+ 2k 2 (=)"C—j+n—Dlab,,,. (BI2)
s=1 n=1
Equating coefficients of like powers of z in (B3) and (B10), we obtain a system of equa-
tions from which we get a, , namely

(i - 1)! a,~

b; (B13)

(=) —j4+n—D0ab, ;o =b.,, for 1<s<j—1.
n=1

Clearly this system is triangular; further, the main-diagonal coefficients are not 0 and
therefore a solution exists. In particular for j = ¢, @, = (—1)*7'2°"" and hence

D, =472 —2)! for j=1 and D;; =0 for j <1 (B14)
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