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—NOTES—

UNIQUENESS THEOREM FOR A MULTI-MODE SURFACE
WAVE DIFFRACTION PROBLEM*

By R. C. MORGAN (New York University and St. John's University)

Abstract. Uniqueness is demonstrated for the solution to the reduced wave equation
subject to a mixed boundary value condition that excites two surface wave modes. The
configuration is taken as a right-angled wedge and the edge condition assumed has the
form

1

au 0(m), 0<h<}i for r— 0.

oz’

It is conjectured that the same procedure may be used to prove uniqueness for the
corresponding N-mode problem under the edge condition

>

i=0

>

i=0

o

| = O 'N-D/A*+My - 0 < h <2, as r—0.

In this paper, we prove a uniqueness theorem for a mixed boundary value problem
that occurs in the phenomenological theory of multi-mode surface wave diffraction (see
Morgan, Karp, and Karal [1]). The method is essentially an extension of that employed
to the single-mode case in Morgan and Karp [2] and the formulation is a modification of
Stoker and Peter’s work [3] on plane incidence for the Sommerfeld problem. We prove the
following:

TueoreM 1. Let u(z, y) have continuous second order derivatives in the wedge-shaped
region D defined by the inequalities 0 < r = (z* + 3°)"/%, 0 < 0 = arc tan y/z < 3n/2
(see Fig. 1). Let u be a solution of the following boundary value problem:

1.1 u(z, y) satisfies the reduced wave equation 9°u/dz* + 9°u/dy” + K*u = 0, in D.
Here K 1is real.

1.2.9u/dy = O fory = 0,z > 0 while (3/dx — \,)(3/0x — N\)u =0fory < 0,z =0,
where N\, and \, are positive and distinct.

1.3. u and its derivatives satisfy the following conditions in D:

(a) Z Z

i=0 i=0

<M for r>R,,

a l %

where M 1s independent of r and 6 and Ro 18 some positive constant.
2 [y

d'u 1

(b) :E: axi

=0(;;:;) as r—0 with 0<h<34%.
i=0
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1.4 u can be written as u(xy y) = uincidenl + ure!lutcd + Usadiated ’ ’I.Uhere

2 <0

> Anexp [0z + K+ N)), ) 2

ul’nc. = mel y ’
0, y>0,

2 z2<0

> B, exp [+N\.z — i(K* + \2)?y], P 0’

un”‘ — *m-l y b
0, y>0,

and B, , B, are constants representing reflection coefficients.
1.5 Upoq. = U — Uine. — Ureyz. Obeys the radiation condition

lim r’”(——"“‘;;‘- - 'LKud) —0

uniformly in 6,0 < 8 < 37/2 and vanishes al infinity.

Then, u(x, y) ts unique.

Proof. As mentioned before, we extend the method of [2] to this case. Hence, we allow
two solutions:

(1.1 U™ = Upo, F iy F U, n=1,2
where
S z <0
> B exp [+N\a — i(K® + o)y, Zo
1.2 U, =" y="5
07 y > 0.

These functions are taken to have possibly different reflection coefficients and possibly
different but radiating diffracted fields. Next we form the difference function

(1.3) ¢ =u? —u®

which is essentially a solution of the previously posed boundary value problem without
an incident field. Lastly, we introduce the auxiliary function

(1.4) v(z, y) = (0/0x — N)(3/9x — M) (z, y)
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which is then a solution of the reduced wave equation satisfying homogeneous boundary
conditions and obeys pseudo-radiation conditions.! Furthermore, by the postulated edge
behavior of u(z, ), it is easy to see that

(1.5) v=01/"*" as r—0 with 0<h <2
Thus on expanding v in the form
(1.6) o(r, 6) = D C,(r) cos 2n;- 1 0
n=0
where
3x/2
a.7m C.r) = C,.f v(r, 6) cosznT_F1 6 dé, n=20,1,2 ...,
]
it follows that
1.8) o(r, 0) = DHUY(Kr) cos /3 + D,H® (Kr) cos 6.
The remainder of the proof consists in inverting v to obtain ¢(z, y) in the form
Wo, ) = | v¥>0,
2 . <0
2. BY — BY) exp [z — (K 4+ \)' %y, ’
m=1 y < 0)
2 ©
(1.9) + > a.et f e‘““{DoH AKE + )" cosg
m=1 z

+ DH[KE + v*)'’] cos 0} dt

where a,, = (—1)"/(As — \,). Then on applying the continuity conditions
[u] = u(z, O+) — u(z, 07) =0,
ou u - du o
[ay]—ay(xyo) ay(x’o)_o’ x<0)
we obtain a homogeneous system of equations for the four unknowns D, , D, , B — B{®,

(1.10)

1This effectively means that

3x/2
lim f (v /or — iKy) cos [(2n + 1)/3]6 8 = 0
r=—o v

n =0,1,2, --- or equivalently this implies that (1.7) following obeys the Sommerfeld radiation con-
dition required of %rag.

The demonstration of this radiation condition is accomplished by first dividing the range of in-
tegration into three parts [0, # — 1/r], [x — 1/r, # + 1/r], and [x + 1/r, (3/2)x]). Then we estimate
each of the resulting integrals separately. On the first and third intervals, the conditions set forth in
Morgan [4] are satisfied, thus

B8
lim f P (au/or — iKa) cos [(2n + 1)/3]0 d8 = 0

r—0

where [a, 8] = [0, # — 1/r] or [x + 1/r, (3/2)x]. Lastly, the integral over [x — 1/r, # 4+ 1/r] is small
by virtue of the smallness of the range and condition I.3a.




604 R. C. MORGAN [Vol. XXVI, No. 4

and B{" — B . However, the only solution to this system is the trivial one. Hence ¢ is
identically zero and u(x, y) is unique.

Final comment. Uniqueness for the analogous problem having a source incident
field(uine. = mHP[K(x — 70)° + (¥ — 90)°1'®) may be formulated and proven in the
same manner as above. In fact, this was done for a plane structure under the Nth order
boundary condition, [[¥_, (8/8y + A.)u = 0 on y = 0, see Morgan [5]. Furthermore,
it is conjectured that the solution to the right-angled wedge under an N'th order condition
will be unique if we require

Y. |6%ulr, 6)

Z ox

1=0

= O(r—[(21v—l)/3+hl)’ 0< h< %’ asr — 0.
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