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1. Introduction. The determination of the asymptotic forms of the solutions to
homogeneous, linear, second-order, ordinary differential equations with a large param-
eter has been the subject of numerous recent investigations, most of which are based on
the method of R. E. Langer [1]. The emphasis on the homogeneous equation is justified,
since the complementary solutions, used in the standard formula obtained by variation
of parameters, readily give a particular solution of the nonhomogeneous equation. When
the complementary solutions are known only to some level of approximation, careful
use of the standard formula will often yield a particular solution to the same level
of approximation. However, a more simple particular solution, to the same level of
approximation, may exist. In [2], such a particular solution, obtained by intuitive
argument, for the equation with a “transition point” is utilized. In [3] the solution of [2]
is shown rigorously to be the leading term of an asymptotic series representation of the
particular solution. Another approach, given in [4], to the equation considered in [2] and
[3] is based on a power series expansion of the non-homogeneous term; the main dis-
advantage is that a simple uniformly valid solution cannot be obtained.

In this investigation, an asymptotic particular solution is obtained for the non-
homogeneous form of the equation treated in [1], which gives the result of [2] as a
special case. This asymptotic particular solution has the same simplicity of form as
the asymptotic complementary solutions obtained in [1]. The proof follows the line of
reasoning used in [5] for the homogeneous equation with a transition point.

The equation considered is

Tt @) L+ (2" 0@ + r@ly = (@) 0@ (L)

on the interval 0 < 2 < L. The real constants are restricted to the valuesy > ¢ u >
—1 + ¢ where ¢ is an arbitrary, small, positive constant, independent of k, which may
be taken as fixed throughout the discussion. The number %, to be considered as the
large parameter, has a restricted argument ¢ < arg k < 7 — e The coefficients are
continuous and single-valued in the interval 0 < z < L and have the behavior**

@) =14 0@, P@ = —%+00);

*Received May 5, 1964; revised manuscript received November 9, 1964.
**In this note, the notation f(z; k) = O(¢(z; k)) indicates that, for 0 <z < L — ¢ |f(z; k)| < Cle(z;
k)| where C is a constant independent of the parameter k.
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9@ = 1+ 0@), ¢@ = 0@, ¢'@®) =0W); r@ =~ +0()

For definiteness, » will have restricted argument — 7/2 < arg v < w/2. The function
¢(z) has no zeros in the interval.

Numerous other equations may be transformed into the form (1.1). Of particular
interest is the equation

'’ +‘i’u’ _|_ [(k,yx'r—lq)2 + m] = (k,yxv-lq)zx'r(u—l)+(1—¢)/2g
where

B

p=5+0@, §=-3+00, 7=3+0@),

in which the constants « and/or 8 may be zero. This is identical to (1.1) with

(a—1)/2 l—a

y=z u, p=p+ z

L 1—atan, = (59) -

r=7-4

The equation with a simple ‘“transition point,” considered in [2-5], is obtained by setting
a=8=0andy = 3/2.

The nonhomogeneous term ¢g(x) may be complex-valued and has the behavior
g(x) = 1+ 0(z%), ¢’(x) = O(z), but has no zeros in the interval. It is intuitively evident
that a particular solution of (1.1) should have the behaviorfore <z < L — eas |k| & «

y(@) ~ 27 Vg(2) (1.2)

An asymptotic form of the particular solution will be sought which has this simple
behavior (1.2) but which, in addition, is valid uniformly in the interval 0 < z < L — e
2. Complementary solutions. The asymptotic solution of the homogeneous equa-
tion, (1.1) with g = 0, is discussed in [1]. Since the discussion in the next section of the
particular solution is an extension, an argument similar to that used in [5] for ob-
taining the complementary solution will be briefly given.
Bessel’s equation

ero) + 2 e + (1 - Z)ew = 0 @1)
with the transformation
e, = W(@)/¢(), (2.2)
where
N=@ = by [ () dt = ke[ + 0@)), 2.3)
Y@ _ N N
2% =Pty W
that is,

- ) e[ 4 6]
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becomes the equation

LIW] = W(z) + pW'(z) + [(kyz""'¢)* + r — QIW(2) = 0, (2.5)
in which
Q@) =r + 2 [N (x)] + tl/‘;x) n 'l/;/(x) 0q1).
The equation L{U(z)] = R(z) has the solution
-//(x)r
U@ = We) + [ 6o, 0 5 ROy at, 2.6)
where
N =2@), 7=
GO, 1) = ZILOHED() = JHS O],
Therefore (1.1) with ¢ = 0, which may be written in the form L{y(z)] = — Q(z)y(z),
is equivalent to the Volterra integral equation
_ _ [ ¥(2)r
v = Wa) — [ 60, 5575 au a @7
Consider the case W(z) = y(z)J,(\). If the solution of (1.1) is written as
¥:(2) = ¥@)J.Nf @), (2.8)
then (2.7) immediately yields
z —-1+2/ 2(y=1)/v
fa) = 1 — [ ERDLA0r [Q(’)f(fj)z ]T' dt. 2.6)
Hence

f@] <1+ [f@)|macds s 1f@) = 1] < f@) |maxds

where “max” denotes the maximum in the interval 0 < z < L — ¢ and

QN V7 { f* GO\, DI, (D) } |

)’ I,
(@) lmax < 1+ [f(2) lmaxs

61 dT

In particular

so that (if §, < 1)
(@) lmax < (1 — 8)7" .
Thus,
[f(z) — 1] < &/(1 — &) (29

The number 8§, can be computed for a specific problem; of more interest is its be-
havior with respect to k. It is easily seen that

2(y-1/7
A

— -2/
N o&™™™).
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Furthermore, for Re v > ¢, 0 < |7] < [A],arg7 = arg\,and e < arg\ < 7 — ¢,

the following inequality holds

’G(A, NI . _C
O | T 14
Fory > 2,
A 1‘_H2/7 f -1+2/y —242/ —
[ < [ rrrat + [ e = 522
Thus,
2
_r
%y — ) for v > 2,
fx el < dlog (1 4+ M) for 4 = 2
01+|T|T—Og( or v =2,

—1+2/y
AT for e<~vy <2,

- 142/
from which follows the result
& = Oy,
where
[k|*” for v > 2,
k, = 3|k|/log |k| for v = 2,
k| for e<y <2

(2.10)

(2.11)

The estimate also holds for Re » = 0. With Eqgs. (2.8), (2.9), and (2.10), it follows that one

solution of (1.1) with ¢ = 0 is of the form
%@ = $@J,WN[1 + 0K

Similarly the second solution of (1.1) is found to be

%:(2) = Y@H,"W[1 + O]
For the derivative, it may be shown that

K@ = L [¥@T, ML + 06,

However,

V@0 | {C [l for v > 2,
C k™" for ¥y < 2.

(2.12)

(2.13)

Hence the derivative of ¢ makes a contribution that is of higher order than that of the

derivative of J,(A\), and so
yi(@) = Y@N@JIN[1 + 0FH],

with the similar second solution

W) = vEN@ L HOO + 005

(2.14)

(2.15)
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3. Particular solution. For g(z) # 0, the integral Eq. (2.7) becomes

v@ = [ 6o, XD g a - [ 60,0 K0T et D)

The lower limit for the integrals containing J,(r) will be chosen as z = 0, while the lower
limit for the integrals containing H{" (r) will be chosen asx = L — ¢, where ¢, is a fixed
constant in the range 0 < ¢ < e.

Integration by parts of the nonhomogeneous term of (3.1), denoted by I, gives

_ 7_"_" 2:1 n»—=1 & M=) L
- 2 ‘p(x)']r(x){()\) \l/(il?) MIex) H: )(T) dr

S0 ([ e 2] (L) ] ah-Ty@EP ). G2

But, since all functions are uniformly continuous on the interval L — e < 2 < L — ¢,

andforRe» > 0,u> — 1+ e

A r
(1) B . o142/
7\/;'.@ ].:.;m H, (T)T dT T dT < {C(lem.x)-lnl" for € S v _<. 2'
x p—
[ BO@ar c for v <2,
with a similar estimate for the integral containing J,(7). Hence Eq. (3.2) is of the form
= V@[ + 0@ ™7 °™) + 0(k33)], (3.3
where
2/
kys = {|k| for v 2> 2, (3.4)
k| for e<y <2,
x‘l p—1
v@ = () awr..0, 55
with

. A A
Fuu® = 27,0 f CHO@ dr — HOO) fo J ()" dr

= S,,',()\) —_ 2n-lr(l-‘ —; + 1) r (M +;’ + l)e(u—r+l)ti/2J'()‘)

= 8,,0) — 2;.—11,(# —; + 1) r (ﬂ- +; + l)eu~,>,.~/2 cos (u ; Vw)Hf”()\),

Su» and 8,,, being Lommel’s functions discussed in [6].
The function F,,,(\) is bounded at A = O for p > — 1 4+ eand » > 0, and has the
behavior

F..\) ~ N7



198 C. R. STEELE [Vol. XXIII, No. 3

as |\| = « while e < arg A < 7 — e. Hence the nonhomogeneous term of (3.1) given by
(3.3) has the desired behavior (1.2) of a particular solution. Furthermore the constants of
integration in (3.1), leading to those of (3.6), were chosen so that (3.3) would be bounded
atz = 0.

Therefore, the particular solution of (1.1), denoted by ys;, will be sought in the form

ys(x) = V(z)h(2). (3.7)
Two numbers are defined:
I
62 = -_V- - 1 max !

@=mexﬁ%ﬁbMMWmem)

The form (3.7) when substituted into (3.1) yields the result
lhl S 1 + 62 + Ihlmnx83
from which follows (for §; < 1) that

max

144

< .
ilane < 125

We also have the result
lh - ll S 62 + Ihlmsxali )
which, with the result for |A|m.. , gives

h—1| < ‘slj' fs 3.8)
The behavior of 8, follows immediately from (3.3). If ¢, is chosen to be
a =¢— [k|™ log [k],
which will be positive for sufficiently large |k| , one obtains
3, = 0(k7)). (3.9)

For §; one obtains

)

2-2/
)\ Y

G\, )t Fy(n) dr|.

A
83 S W ) lQImax ' (>\/)2 max x f Fv“"(x)
)\ g min
But
x2—2/7 _
o = 06
and

fx IGO\ rierr LuD drl < {CN-M/Y for e<y <L
Fer®) C for 1 <.
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Hence
5 = {O(Ikl') for e<y<1,
O(|k[*”) for 1<,
or, conservatively for y < 2,
8 = O(k33). (3.10)

From the results (3.7)-(3.16), it is seen that the particular solution of (1.1), which is
bounded at £ = 0 and has the behavior (1.2), is indeed

Ys(@) = 2" Vg@NTF,, W[ + O0(k3)]- (38.11)
By similar reasoning the derivative may be shown to be
Y@ = V@)1 + O(k33)].

However, for p 5 1, a simplification may be obtained

V@) = & 1@ Py L+ w@nil,
where
ad -
- N = NTHR,,L, (V]
’ ¥ (p=1) d)\ B
w@ = 6= Dy E—D 1w - — B
iz (" P g(2)] "

But, since

@] = [0@")] < C k[ N7,
and

C
)| < TF P

for |\| > 0and ¢ < arg A < 7 — ¢, it follows that
-2/
(@) = {0("“' ) for v 21,
O(k|™» for e<y<1.
Hence, the derivative of the particular solution has the form, for u # 1,

x2—ﬂ»
1 —u

W@ = = @7 g(@)] L FLO + 0G5))] (3.12)

Since
NTFLN~L =g
as [\| = o while ¢ < arg A\ < 7 — ¢, the derivative approaches the value
U@ ~ L 7))

in the interval e < 2 < L — eas |k] > =.
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4. Application. Similar to the complementary solutions (2.12)-(2.15), the particular
solution (3.11) and its derivative (3.12) are in the form of a product of an easily computed
function of z and a function of the transformation variable A. Furthermore, certain
results of boundary value problems of applied interest, as in [7], may also be obtained
in the product form. For example, consider the general (asymptotic) solution of (1.1)

y@ = AYJ,(\) + BYH'(N) + [27 P g@IN T, (). CRY

If it is prescribed that y(L — ¢) be bounded (so A = 0) and that y(z,) = 0, then y'(z,)
is given by

d
—— HM(\o)
y' (o) = d—’:}%’z [xZ(“'”g(xo)],:— d)}{ilw N Fa(o) + NTUF l.-(ko):,

1+ vi(@o)v(Ao)], (4.2)

where A, = A(z,), and where

d 1
N BT @)

n@) = — —L ) = :
T @I — W) N ALy
~ HPMWFL,ON)
But
2 C
vl(x) = O(x)v lv‘l()‘)l S 1 + IAI
and hence
0,(@)v(\) = O(ky3). (4.3)

The Bessel and Lommel’s functions required for the solution (4.1) are generally
untabulated, although their behavior has been thoroughly examined [6]. However,
for the case arg N = 3w/4, which occurs in various applied problems, the real and im-
aginary parts of J,(\), H®\), N'™*F,,,(\), and N°7*F’ ,(\) are tabulated in [7] for
p=0,1,2andv =0,0.1,--- ,1.0for |A\| = 1,2, ---, 10.

5. Conclusion. The solution (4.1) and such results as (4.2) have a simplicity of form
which yields considerable insight into the behavior of the exact solution of (1.1). Al-
though from a computational standpoint, it may seem that the use of the solution (4.1)
offers little advantage over a direct numerical integration of (1.1) since the evaluation
of the Bessel and Lommel’s functions needed in (4.1) require, in general, an almost
equal numerical effort. However, an evaluation of the Bessel and Lommel’s functions
for a set of values of the parameters ), », and u provides the approximate solution for a
class of equations (1.1); in contrast the direct numerical integration must be repeated
for every change in the coefficients p, g, r, and g. Furthermore, difficulties are encountered
with direct numerical integration in the neighborhood of z = 0 and when |k| becomes
very large. On the other hand, the asymptotic solution becomes invalid for small values
of |k|; the determination of the minimum allowable |k| for a prescribed accuracy requires
the tedious numerical chore of evaluating 6, , 8. , and &, . Therefore the asymptotic
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and the numerical integration methods, with their respective advantages and dis-
advantages, offer complementary, not directly competing, means of evaluating solutions
of differential equations.

W N

b =R
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