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LOW FREQUENCY ACOUSTIC OSCILLATIONS*

BY

R. C. MacCAMY
Carnegie Institute of Technology

1. Introduction. This paper concerns interior and exterior Dirichlet and Neumann
problems in the plane for the equation

Au+ Ku =0, (E),

where k is a positive constant. This is the equation governing small time periodic
acoustic vibrations. The problem is to determine the behavior of solutions as k tends to
zero. In the acoustic problem this corresponds to low frequency oscillations.t It is of
particular interest to study the relation to the limiting problems, k£ = 0, in which case (E)
becomes Laplace’s equation. Many of the resulting problems can be solved explicitly
using conformal mapping. Results in three dimensions can also be obtained but are not as
interesting. We therefore confine ourselves to the plane.

Let © be a region in the plane bounded by a twice differentiable curve v. Let Q, the
closure of Q@ and @, the complement of @, . Let p denote the point (z, y), and f(p) a
function defined on . Suppose that

10 = 10k,

the series converging uniformly on v for 0 < k < K with the f, continuous.** We write
d(p; f; k) and n(p; f; k) for the solutions of (E) in @ which satisfy

dp; f; k) = f®) peC, (1.1
n,;f; k) = f(p), v exteriornormal, peC. (1.2)

d is uniquely determined for 0 < k* < k2, k2 the first eigenvalue, 7 is uniquely determined
for 0 < k* <k?. We write D(p; f; k) and N (p; f; k) for the solutions of (E) in @, satisfying
conditions (1.1) and (1.2). Uniqueness of D and N is guaranteed if we impose the radia-
tion condition,

D, N ~c(0)r ™ exp (ikr) as r— o, (1.3)

where * = 2* + y” and § = arctan y/z.

Consider the limit problems obtained by setting & = 0 while keeping conditions
(1.1) and (1.2), with f(p) = fo(p). The interior Dirichlet problem has a unique solution
d(p; fo ; 0). The interior Neumann problem has no solution unless

afe) = @)™ f fodS = 0. (1.4)

*Received July 22, 1964. This work was supported by the Air Force Office of Scientific Research.

tMore precisely the wave length of the acoustic waves is long compared to an obstacle dimension.

**The restriction to even powers of k is made to simplify the formulas. The general case can be
obtained by obvious modifications.
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If (1.4) is satisfied then solutions N (p; f, ; 0) exist but are only determined to within con-
stants. The exterior Dirichlet and Neumann problems have unique solutions D(p; f, ; 0) if
condition (1.3) is replaced by,

D bounded as r — =, (1.5)
N —alogr=0(1) as r— o, (1.6)
We summarize the results here.
TueoreEM 1. There exists a K such that for 0 < k < K,
(1) d;f; k) = E_;’dm(p;f)kz’”, do(@; f) = d(p; fo; 0)
(1) nlp;f; k) — 2ma/AK* = D n.(p; H*™, A = area of @,

m=0

where no(p ; ) = n(p; fo ;0) for a certain choice of n(p; fo; 0). The series converge uniformly
in Q.

TueoreM 2. There exists a K such that for 0 < k < K

) NG B = 3 3 Nolo; DR log ' + 3 N.(o; DV

with
No@;f) = e,  Nip;f) = pa+ N(p; f;0),

where u 1s a constant which is independent of f.

5> Rutws Dk log 7} /{55 5 8003 PG tog 1y

i=0 t=j i=0 1=j

©

(i) D@;f;k) = {
with Roo = Rlo = Soo = Slo = 0 and

lim D(p; f; k) = D(; fo ; 0).

k—0
The series converge uniformly, after the singular terms are deleted, in any compact subset of Q.

2. Interior problems. Let u and f be continuous functions on 2, and y respectively
We set

”u” = ma'xmnelu(p)l’ Hf” = ma'xm'ylf(p)l'

We shall use the integral operators,

E@p;u) = —(2n)7" f fu(q) log R dq, R = distance froxﬁ ptog
6@; ) = —Cn™ [ 10 5 o0, 9 45,

N@;f) = —@n)™ f 1, ¢) ds, .
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Here g(p, q) and n(p, q) represent respectively Green’s and Neumann’s functions for
Laplace’s equation in Q; n(p; ¢) is normalized by the condition

g—:’ — or/L, L = length of 7. @.1)

If u is Holder continuous in @ then E satisfies
AE = u(p). 2.2)
If { is continuous on v then G and N represent harmonic functions in @ which satisfy
Go;f) =@, pev, (2.3)
Noin =@ - ([ 1@ as )L, per. (2.4

v
We shall need also the estimates,

NEll < Killull,  llGl] < KLIfll, [IN]] < KSlIfl]- (2.5)

We prove Theorem 1 by an explicit construction of d and n. We begin with d. Define
functions 4,(p) and h,(p) recursively by the formulas

%) = d®;fo ;0), ho(p) = 0,
@) = —E@; bn-s + ki), Rha(p) = Gp, fu — 8a).
We set
da(@; f) = 8.(0) + hu(D),
and have
Ad,, = —d,-, in Q, d.(p; ) = fa(p) on v.

Thus the series on the right side of () is formally a solution and it remains only to check
the convergence. It can be verified that if the f,, are Hélder continuous of a common
order 7 the h,, will be also and so will the §,, in Q.. If we apply the estimates (2.5) we
find, '

[18u] < Ka(J|nall + |lhm-s]]) < Ki(|[8m-ill + Ko |[fn-all + Ko [[6m-1]])
S M |[guarll + N [lfmall,  m 21
It can be verified by induction that

burs SN 3 M (] + M (1]

Since the series for f converges for 0 < k < K, we have ||f;|| < RK~' and hence
dmir < NR(M + K™)™ 4+ M™ [[5,]].
We also have
b < Ko([[fmll + [[8a]])-

It follows that the series (Z) converges uniformly for sufficiently small k. The derived
series for the Laplacian is essentially the same and thus converges too. This completes
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the proof of part (z) of Theorem 1. The functions 7, (p; f) are also defined recursively.
Set

n_, =27ra/A, Ny = 8m+hm+cmy

where

d34,,
m+l E(p;nm) h = N(p’ fm EY )

o= =47 {= [ fwas+ [[ ot n) dn)

Then by (2.2) and (2.4)

_ Oy _ 30n 4 Ohm _ ;o po (__6_6_)
Anm+l_nm1 Bv_6v+6v_f’" L y fm 6u dS~

Observe that

7 '"ds—fj As, dg = ff m_,dq_Ac,,_.+ff (bues + ha) dg = [ 1 d8,

hence dn,,/ov = f, .
It follows again that (%) is a formal solution, and essentially the same argument as
before shows that the series converge.

3. Exterior problems. Exterior problems are most easily handled by integral equa-
tions. We begin with some results for Laplace’s equation. Throughout this section p and ¢
denote points (z, y) and (%, 1) and R the distance between them. Consider the operators

Ap; o) = (2m)” f o() log R dS, ,

Bupi o) = 0™ [ ol 5~ log R4S,

For any function ¢ which is continuous on v these represent harmonic functions in @
and in Q, . They satisfy the relations

lim ("’f) = Fo@)/2 + @) [ ol ;- log R dS, = SI0), .
=0 L » 4.1

lim (B)* = %o(p))/2 + (2n)" f, o(q) 5‘3— log R dS, = T (o)

P—Do

for p, £ v. The + and — signs indicate limits from @, and @ respectively. They satisfy
the relations

A, — Blogr = 007, g =(2n" f cdS as r— o,
v 4.2)
= O(T_l) as r— o,
The use of the operators 4, and B, for exterior problems is standard. We seek to
express N (p; fo ; 0) in the form

N®; fo;0) = A(p; 00).
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o, must then satisfy the integral equation
8(o0) = fo on 1. (4.3)

It is easy to prove, using the uniqueness theorems and (4.1) that the homogeneous
equation corresponding to (4.3) has no nontrivial solutions. Thus S can be inverted
in the form

(S7'(Fo) = folp) + f 1) S(p, ¢) dS, . (4.4)

‘We note the relation
go= @) [ cyas =0 [frds = a. 4.5)
4

The Dirichlet problem is more complicated. We try
D(p; fo ;0) = Bo(p; fo)-
Then o, must satisfy the equation
TXoo) = fo on «. (4.6)

The difficulty is that the homogeneous equation has solutions. Indeed By(p; 1) is iden-
tically zero in @, . It follows from (4.1) that 1 is a solution of the homogeneous equation
corresponding to (4.5). It is easy to see that constants are the only solutions. We must
investigate the adjoint homogeneous equation. This is

S_(o) =0 on 7. “.7

Let ¢ be a solution of (4.7) and consider 4,(p, o). Equation (4.7) implies that A4,(p, o)
is a constant m in Q. Consider then A,(p, o) in ©, . The simple layer potential is continuous
across v hence we have 4,(p, 0)* = m. We map @, onto the exterior of the unit circle
in the w-plane with infinity mapping into infinity. Then Ao(p, o) is carried into a harmonic
function A(w) in |w| > 1 which is equal to m on |w| = 1. Moreover (4.2) shows that

Aw) = Blog [w| + O(lw|™) as w— .
The only function of this kind is 8 log |w|. Hence m = 0 and
Ao, 0) = B4.D),
where A,(p) is the inverse of log |w| under the mapping. We conclude from (4.1) that

o) = 3 = p(Z2)"
Note that
;= [, Y dS = 0.

We now apply Fredholm theory. The equation
TXo) = h (4.8
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can be inverted only if

L g dS =0 (4.9)
If (4.8) is satisfied the general solution of (4.8) can be written as

o) = h(p) + f KT, @ dS. + m = (TO'®) + m, (4.10)

where m is a constant.
We determine D(p; f, ; 0) as follows. Determine M, by the relation

M, = (f1 fov dS)/r.

We can then form the expression
o = (T (fo — M)
and By(p, 0, ) = fo — M, on v. Hence
D(p; fo ;0) = Bo(p, o) + M, .

We return now to equation (E). The analysis proceeds in the same way except that
the logarithm must be replaced by the fundamental solution of (E) satisfying (1.3),
that is,

G, q) = —(@/2)H;" (kR)
where H{" is the Hankel function of the first kind. We have the development

G, q = logR + logk + G, + {i (G.(kR)" log k + Hn(R)kz”}, (4.11)

n=1

where the G,’s are constants and the series converges uniformly on compact subsets-
We write f(p, q) ~ L(k) for functions which have series developments like those in
brackets on the right side of (4.11).

Setting

4@ o) = @™ [ oG, 9 dS, ,

¥

B@; o) = @n f o(q)a%a(p, g ds, .

we have

A, o) = fllogk + GO + Aolp, 9) + [ o(@atp, 9) a5, ,
v (4.12)
B(p. o) = Bopi o) + [ o(@b(p, 9 a5,

where 8isasin (4.2) and a, b ~ L(k), A and B satisfy (4.1) with G replacing the logarithm.
We denote the corresponding boundary operators by S, and T, .



1965] LOW FREQUENCY ACOUSTIC OSCILLATIONS 253

We seek to express N(p; f; k) in the form A (p, o). This yields the integral equation
8.(0) = f
for 0. Equation (4.12) shows that this may be written in the form
8% + [ o(@ew, 9 dS, = 10) = 3 1",
¥ n=

where e ~ L(k). We invert this equation using (4.3) and interchange the order of integra-
tion to obtain

o@ + [ o@mp, 9 dS. = > (SR,

where m ~ L(k). This equation can be solved by successive approximations. One finds

o@) = 3 D ok Elog B, aw® = (897G = o0 .

n=0 m=n

We substitute this series into 4 (p; ¢) to obtain N(p; f; k). Thus,

KNG 8 = 35 3 Nak®(k log B + 3 Nok™

n=1 n=n—1 n=1

where

No=[owds=[wds=[ 1,45, N.=6 [ fdS+Noif 0.
v o k4 Y

This proves (z) of Theorem 2.
We determine D(p; f; k) by a more involved procedure. By (4.1) and (4.11) we have,

T.0) = T%6) + [ o@ktp, 9 dS.. (4.13)
where k(p, q) ~ L(k). We set
1@ = [ [ vo[ woro, 9 as)as, | /([ v as.).
Consider the equation

Tc) = — f o(Qk(p, ) dS, + 1@) — M + J(o), (4.14)

M= (f7f¢ds)/<ﬁ¢ds).

Suppose this equation has a solution o. Then since the right side is orthogonal to ¢ we
could invert T as in (4.8) and infer that ¢ also satisfies the equation

where

o(p) = f o(QK(p, g dS, + (T)7'( — M) + m, (4.15)
where K ~ L(k).
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We proceed as follows. Equation (4.15) can be solved, by successive approximations,
for any choice of f and m. We let ¢* be the solution when f is set equal to zero and m equals
one. ¢° will be the solution if m = 0. We let u; = B(p, ¢'). Then by construction

ul(p) = J(°'x)v uz(P) =f—-—M+ J(az) on 7.
We assert that J(e;) 5 0 for k > 0 and sufficiently small. Indeed, if it were zero, u, would

vanish identically in 2, . Hence
a_u_) - (Qi)_ _
(61/ T\ = 0.

If we require that k* be less than the first non-zero eigenvalue for vanishing derivative,
u, would have to vanish in , and hence by (4.1) ¢' would be zero, a contradiction.
It follows that

D(p; f; B) = w®) + (M — J(@)u(p)/J (o). (4.16)
The solution of (4.14) by successive approximations yields as before
d@) = 2 2 ohk"(kloghk)", (@=1,2)

#=0 m=n (4.17)
0'(1)0 = 10'30 = (TTJ)-](fo - Mo) = 01,

where it is to be recalled that o, = (T2)7'(fo — M, ). We substitute these series in
J(¢) and B(p, ¢) and obtain,

J(o®) = 2 D bnk"(klog k)",  bj = bjo = 0,
n=0 m=n
w; = 2, D, ank"(klog k)", @ = Bup, a).

©
3

m= =n

We have also

M=> Mk",

m=0

where M, has the same meaning as before.

We need some more detailed information concerning the various coefficients. Let v
be described by z = z(S) and ¥y = y(S). Then for p = (@(S)y(8)) ¢ = (z(o), y(s))
we have from (4.11)

%f—f = 5?,: og B — 2G,[(x(8) — z(a))y'(0) — W(S) — y(a))z'(o)1k" log k + o(k* log k).
It follows that

[ ¢k, 9 as. = {Gnr"’ [ @@ — vz do + oa)}k’ log k

= 2G,w ' Ak® log k + o(k® log k), J (o) = 2G,w Ak’ log k + o(k’ log k). (4.18)

Now ¢, must be a solution of (4.14) with f = M = 0. If we substitute the series (4.17)
and use the estimates (4.18), we infer that TS (¢') = o(k® log k), so that T?(s},) = 0
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or o}, = 7, a constant. We have pointed out earlier that,
f log R dS, = 0.

Hence we deduce that
w(p) = 2n)~" f {(1 + 7%* log k)(% log B — 2G,[(z — z(0))y (o)

— (¥ — y(&)z (0))k* log k)} do + o(k® log k) = 2Gx*Ak® log k + o(k® log k).

Thus we have shown that
bl = an , (4.19)
and

lim w,(p)/J(ay) = 1.

We now substitute our various estimates into equation (4.16). We have

D@; ;) = 3 3 ak"(k log K" + {2 M — 33 0k log k)"}

»=0 m=n n=0 m=n
'{E 2 ank" ' (k log k)""’} / { > BLAm Ik log k)"“}
n=0 m=n n=0 m=n
= { 2 2 Rk log k)"‘} / { > 2 S8k (k log Ic)f"‘},

i=0 i=j i=0 $=j

Ma

Whel‘e Roo = RIO = Soo = SIO = 0 a.nd
Ru/8Su = lkim D; f; k) = ago + M, — bgo = By(p, o) + M, = D(p; f, ; 0).
—0
This concludes the proof of Theorem 2.

Remark. Suppose © is the unit circle and 7 and v are polar coordinates. Then the
problems we have discussed can be solved explicitly. When f = 1 we have

d(p; 1; k) = Jo(kr)/Jo(k); n(p; 1; k) = —Jo(kr)/hJ(K),
D(p; 1; k) = Hg"(kr)/Hg"(k); N(p; 1; k) = —Hg" (kr)/EH;" (K),

where the J are regular Bessel functions and the H Hankel functions. These examples
illustrate that the logarithmic terms are really present in the solutions of the exterior
problems.



