209

QUARTERLY OF APPLIED MATHEMATICS

Vol. XX OCTOBER, 1962 No. 3

BOUNDARY CONTRACTION METHOD FOR NUMERICAL SOLUTION
OF PARTIAL DIFFERENTIAL EQUATIONS: CONVERGENCE
AND BOUNDARY CONDITIONS*

BY
TSE-SUN CHOW The Boeing Company, Renton, Wash.
AND
HAROLD WILLIS MILNES General Motors Corporation, Warren, Mich.**

1. Introduction. In previous papers by Milnes and Potts [1, 2] and Chow anl
Milnes [3] a method for numerical solution of partial differential equations has been
introduced and applied specifically to the Dirichlet problem for the unit circle. In a later
paper [4], Chow and Milnes applied the boundary contraction technique to the solution
of the Laplace’s differential equation with boundary conditions of the Neumann and
mixed type. In addition, the Dirichlet problem was solved by developing a stable star
from the difference approximation to the Laplace’s equation without utilizing the analytic
solution of the Laplace equation as given by the Poisson’s integral. The boundary
contraction technique as based on the difference approximation to partial differential
equations was further applied by Chow and Milnes to a class of partial differential
-equations of the hyperbolic-parabolic type [5]. There the stability of the difference star
was proved by examining the magnitude of the eigenvalues of the solution of the difference
equation and an error bound due to truncation is also given.

The purpose of this paper is to give a theoretical discussion of the boundary con-
traction method as applied to a general partial differential equation which includes the
Laplace’s differential equation and the bi-harmonic equation as special cases. It is
divided into two parts.

In Part I we discuss the problem of convergence of the boundary contraction method
as the mesh size tends to zero. The divided difference equations which approximate the
given differential equations are first solved analytically (Sections 2 and 3), and the
solution is examined in the limit as the mesh size tends to zero (Section 4). It is proved
that in the limit the approximate solution of the difference equations approaches the
Fourier series expansion solution of the given partial differential equations.

In Part IT we investigate, with special reference to the boundary contraction method,
the manner in which the attached boundary conditions may be prescribed, so that the
problem is properly posed; that is to say, the conditions are such that they imply the
existence of a unique and bounded solution for the problem. It is made apparent (Section
5) that the boundary conditions may not be prescribed in a haphazard fashion but must
satisfy very definite relations among themselves. These relationships are developed
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(Sections 6 and 7), and are presented in full detail with the principal conclusions pre-
sented in section 8. It is shown that in order to achieve a stable star the boundary condi-
tions must be prescribed in the right manner so that the problem is neither over-deter-
mined nor under-determined.

Part I. Convergence

2. Difference approximations. We consider the following linear partial differential
equation of order p and homogeneous in r:
[ a

Gap 0w _
e e T 0. @1

where the coefficient a.s are real and independent of the radius r and the polar angle 6.
The region of interest is a circle with center at » = 0, and since (2.1) is homogeneous in r,
there is no loss of generality by restricting this region to the unit circle r = 1. Let the
values of u(r, ), together with its normal derivatives

du ou o
ar ' o’ o

be properly specified on the boundary of the circle » = 1; it is required to find the unique
and bounded solution u(r, 6) for r < 1.

Before we replace Eq. (2.1) by finite difference approximations and solve the difference
equation by the method of boundary contraction, it is convenient to introduce a polar
grid system consisting of a series of concentric circles Co, C; , C;, -+ and N equally
spaced radial lines, so that the angle between each two consecutive radial lines is 27/N.
The concentric circles are not equally spaced, so that if the respective radii are
To,T1,T2, -+ We have

Tiv1 = pTi, =0,1,2,--), (2.2)

where p is a constant and 7, = 1. The values of u(r, 6) at r = r; , § = 8, , will be de-
noted, for simplicity, by u(¢, j), with the second index reduced modulo ¥, and increasing
in the counterclockwise sense, Fig. 1. Furthermore, let

A=DA =9 - A=p") =X F A+ 8 A"+ -+ saa,

¢7¢=1+2+3+-..+(a_l)=a(¢12—1),

(2.3)
yu(m, n) = u(m,n + 1),
Au(m, h) = u(m,n) + sou(m — 1,0) + -+ + sa,2u(m — a,n). ‘
Replacing the derivatives in (2.1) by divided difference approximations, we have
a" y ~ =~
o o O DN
(=) (=) — B! 8 ( . B) (2.44)
= 5 Aap(l — YUl +a—B,j — 5
S =1 =) L=t 2
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if 8 is even, and

1 (=)*(=)e — B)!
P AP o1 — )1 — ) - (1 — p7F)

T T L= ICY

ifBisodd, ? =0,1,2, --- ;4 =0,1,2, --- , (N — 1)). Then, substitution of (2.4)
into (2.1) yields

33 o ®ylin—g i B ISP - e it 4 | G
‘ggAapAa_p(l tl/){u(z+a B, 2>,u(z+a B, j 5 )}—O, (2.5)

where the first or second member in the parenthesis is to be taken depending on whether
8 is even or odd, and

(=) = B)! aus
A, = Cas | 2.6
T = (A = ) - (1 — 0 AP =0

Now, if 8 is even,

At~ WP+ = 5,5 £)

= A.,p{[u<z'+a - 8,i- g) +8«-ﬁ-lu(i+°‘ —A-Li= g)

+ -+ sa-p.a-pu(i,j - g):l - (f)[u(z +ta—8,j— g + 1)

+8a—ﬂ_1u<i+a—ﬂ— lr]_g+1)+ +s“-p'°-ﬁu(i’j—g+l):|+ o
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+ (G [+ @ = 8,9) + sacpuli +a = 8~ 1,)
2
T I (4 [ (PR |

+ sa_,,lu(z‘ ta—B—1,j+ g) + ot Sa-ﬁ-a-ﬂ“<"’ i+ g)]}

— a1 =)ol )]

-[{u<z+a—-ﬁ,]—g),u(z+a—B,j—g+1>,~,

12
u(i+a—ﬂ7j):"° }u(z+a_3>]+6)}*

2
. e . B . e . B )
+ Sapafult +a— B 1,7 2,uz+az 8 1,5 2+1 N

u(i+a—B—l,j),---,u(i+a—ﬁ—l,j+g>}*+--'

. ' i
+sa—ﬁm—6{u<i)j_g> ,u(?/,]—'g"i' 1) y ,u(i,j), ,u(z,]+g)} :| ,

(i=0y1:27"';j=07172)""(N_1))’ (2'7)

where {-, .- , *+ }* denotes a column vector. Furthermore, if we define

,,,={u(m, -—g—),u(m, —g+l>, ey,

w(m, N), u(m, 1), -- - u<m b 1)}* (2.8A)

when p is even and

U - {u<m _m) u(m _p_-_1> L

u(m, N), u(m, 1), --- u(m, —B%§>}* (2.8B)

when p is odd, we can rewrite (2.7) as
Aup Aup(l — zﬁ)’u(i +a—-8,j— Q)

2
= Aaa[O,--- ’0,1,_(‘13>’ e, (=) g} e ’(?)’0’ 0] (2.9)
2

'[U,'.,.a_,g + SQ—ﬂ'|Ui+a—ﬂ—] + et + sa—ﬁ.a—ﬂUi])
(Z =0,1,2,--- ).7 =0,1,2,--- )(N - 1)),
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where the row vector [0, --- 0, 1, — (8/1), ---, (8/8), 0, - --.] is such that there are
j+ 3@ — B)orj+ i(p — B8 — 1) zero elements preceding the element 1, depending on
whether p is even or odd. If 8 is odd, we similarly obtain the following expression:

Aup Aup(1 — 1//)314(1: +a—8,j— é%)

= Aap[O, e ,0,1, _<f) , ,(_)B(g),o, 0]

'[Ui+a—ﬁ + sa—ﬂ,lUi+a—ﬁ-l + -+ sa-—ﬂ.a—ﬁUi];
) (i=0:1y2)"';j=011)2:"°)(N_1))y (2'10)
where the row vector

I:(), ,0,1,~_(f), ’(_)ﬂ(g),(), 0]

is such that thereare j + (p — 8 — 1)/20r j + (p — B8)/2 zero elements preceding the
element 1 depending on whether p is even or odd.

With the results (2.9) and (2.10) it is possible to write the difference approximation
to Eq. (2.1) as follows

> iAaBI:O, ,0,1,—(‘13),... ,(_)ﬂ(g> 0, ...O:I

a=0 B=0
’[Ui+a—B + sa—ﬂ.lUi+a—ﬂ—l + et + sa-ﬁ,a—ﬂUi] = 0)
(¢=0,1,2,---;5=0,1,2,--- ,(N — 1)), (2.11)

where the row vector

[0, .- ,0,1, —(’f) L e ’(_)a(g)’o, O]

is such that the number of zero elements preceding the element 1 will vary with j, p
and g as already described. Let j range over its possible set of values in (2.9) and (2.10),
i.e., let us apply the difference equation to each successive nodal point in order on a
circle, then we arrive at (N — 1) additional equations similar to (2.11). Due to the cyclic
property of the second index j of u(z, j), these equations can be compactly written in the
following matrix form:

’2 iA.,pCp(O, ’0,1,_<‘13) P ,(_)ﬁ(g) ,0, - ,())

a=0 f=0

’[Una—ﬂ + sa—ﬂ.IUi+a—ﬁ—l + -+ sa—ﬂ,a—BUi] =0, (2-12)

C,;(O, -..,0,1, _(f), ,(_)ﬁ(g)’(), ,0)

isan N X N circulant matrix of which the elements of the first row are

0, - ,0’1,_(?'),... ’(_)ﬂ(g>,0,... ,0

where
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with 1(p — B8) or 3(p — B8 — 1) zeros preceding 1, according as p is even or odd when
Biseven,and 3(p — B + 1) or 1(p — B) zeros preceding 1, according as p is even or odd

when 3 is odd. A
05(0, eee,0,1, _<l13> , e ,(_)ﬁ(g) ,0, --- ,0)

- 0.1 _(’13) (_)F(g). 0 ?.

e o . .
. . .

(=}

QO eceeccoe
. .
L] .
.

~~

|

~
=
D™

 N— O .

O
&

= . . e o (2.13)

ce O b oo

(=]

oot () v (B 0 -0

3. Solution of the difference equations. We now attempt to obtain the general
solution of the approximate difference equations in matrix form (2.12), without recourse
to boundary conditions. Since the stability of computation will depend on the bounded-
ness of the solution as r — 0, the question of how to specify the boundary conditions
properly in order to ensure a bounded solution will be left for further consideration in

Part II of this paper.
Let us try a solution of the following form assuming U, # 0:

U; = X‘UO ) (i = O; 1,2, "'): (31)

where X isan N X N circulant. Substitution of (3.1) into Equation (2.12) results in the
following expression:

)> iA,,c,,(o, e, 0,1, _(ﬁ) . ,(_)s(ﬂ) 0, - ,0)
a=0 8=0 1 B
X 8 pn X b e 80papX U = 0. (3.2)

Now consider the following complete ortho-normal set of vectors xo , %1, *** , Xwv—1
in N dimensional space:

X = N-Uz{l) w‘:'wzi’ tt w(N_l“}*’ (@ = 0,1,2,:--, (N — 1))7 (33)

w = exp (27:;—‘) ,  e=(=D" 3.4
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and resolve U, with respect to this basis:
N-1
Uo = Eo MoiXi - (3-5)
=

Substitution of (3.5) into (3.2) gives

» a N-1 .
> > A,ﬂuo,'Cp(O, .-+ 0,1, _(ﬁ> e, (_)ﬂ(ﬁ> ,0, - ’())
a=0 f=0 j=0 1 B8
.[Xl'+tl—ﬂ _I_ sa—ﬂ,lX'.*a-ﬂ-l + . + sa—ﬁ,a—ﬂX‘]x,’ = 0. (3.6)

It is known that an N X N circulant matrix C(a, , @, , -+ , ay-1) has N eigenvectors
given by (3.3) which are independent of the elements of the matrix. The corresponding
eigenvalues are, [6]:

N-1
>‘i = Z akwik; (.7 = O; 1: 2: ) (N - 1))’ (3‘7)1

k=0

We denote the N eigenvalues of X by & , & , -+ , Ex-1 corresponding to
Xos X1, , xn-1. Following the details of the circulant

Cﬁ((), ,0,1,_(f), ,(_)ﬁ(g),o, ,0)

already given in Section 2, we have if 8 is even

C,(O, .- ,0,1, _(‘19) I ,(_)ﬁ(g) ,0, - ,0)2@-

=o' ®P%1 — &), when p iseven,

= wi(v—ﬁ-l)ﬂ(l — w:’)ﬂxi When P iSOdd,
3.8

and if 8 is odd

'CB<07 70: 1) '—(?) y "t (_)ﬂ(g) :.O; e :O)Ki

= o' ®P*V%] — o), when p iseven,
=o' "1 — )%, when p isodd. (3.9
Using these results, we reduce the matrix equation (3.6) to an algebraic equation in ¢;

when p is even

[

» N-1 .
z-‘:) ',z_;, ~§ Aapﬂoj(wi(’_p)/z, @ (v—ﬂ+l)/2)(1 — w:)ﬂ
’(f;'x_p + sa—ﬂ.lg:?_ﬂ_l + -+ Sa-p,a—h)xi = 0, (3.10)
and it follows immediately from (3.10) by making use of (2.3) that

i: i Aol P72, P — GV — DE = p) oo & — 0% =0,

a=0 B=0

(.7 =0,12,--- )(N - 1), (3'11)
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where the first or second member in the parenthesis is to be taken according as 3 is
even or odd. Clearly this expression is also true for odd p. This equation is of p-th degree
in ¢; : let the p roots be

Ei1, 62, 1 b, (j=0’172)"'7(N_1))' (3.12)

Corresponding to the p eigenvalues we have p circulants

Xy, Xy 00, X, (3.13)
such that
X = Qdiag o b1x, *+ ,Ev0 0@, (kK =1,2,---,p), 3.14)
and
11 1 1]
1 o o W'
Q=N1T§ 1 o o cee QPN (3.15)

The general solution of the difference equations in matrix form (2.12) can therefore
be expressed as

U, =X +&Xi+ - +8X,)0,, (¢=0,1,2,--4), (3.16)

where &, , & , --- , §, are circulants involving arbitrary constants which are to be
determined by given boundary data:

8], = C(e“ y€r2 y ", e;,,N_l), (’C = 1,.2, ey, p) (3.17)
If we put 7 = 0 in (3.16) we have
&+ &+ - +6, =1, (3.18)

I being the identity matrix. Thus we see &, , & , - -+ , &, are not entirely independent,
the number of arbitrary constants being N(p — 1). On the other hand, since U, is arbi-
trary, the combined number of arbitrary constants in the solution as given by (3.16) is Np.

Since circulant matrices commute in multiplication, it is easy to see that the solution
given by Equation (3.16) satisfies Equation (2.12); moreover, it involves Np arbitrary
constants, so it is the general solution.

4. Comparison with Fourier series expansion solution. At this point it is appropriate
to investigate the solution found in the previous paragraph as given by (3.16) in more
detail; in particular, it is a matter of interest to examine how the solution of the difference
equation passes over to the analytic solution of the differential equation in the limit as
the mesh size tends to zero.

We first resolve U, with respect to the basis x, , 1, *** , xy-1 as given by (3.5).
‘The coefficients of the expansion can be found by taking the inner produect, thus

Ko; = (UO ) 2_Ci)’ (41)
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where %; is the complex conjugate of x,(j = 0, 1,2, - -+, (N — 1)). Substituting Equa-
tion (3.5) into Equation (3.16), we get

N-1
U, = X poi(&:Xi + &X5 + -+ + 8,X0x;
i=0

N-1
= 'Zo soiAin€in + Niskiz + -+ + Nikixi (¢=0,1,2,--), (4.2)
where \;; is an eigenvalue of &, (j = 0,1,2, --- , (N — 1)). If the components of the

vector U; are u,o, u;y, **+ , U;,n—1 , then the (s + 1)th component of the above equation
is

N-1
Uiy = N_l/2 Z;) #01'(7\:'151"1 + )\izf;'z + -+ )‘ipE;ﬂ)w“’

¢#=0,1,2,---;8=0,1,2, --- , (N = 1)). (4.3
If N is odd, then,

(N=1)/2 N-1 i X .
Uis = N_V2( 2) + . (A;m)uo;()\néh T+ Nk + o0 NpE)e”

=N —1/2Hoo()\o1$31 + )\ozfgz + -+ )\0,53,,)

(N=1)/2

+ N7 Z /‘Oi()\ilf::l + )\izf;:2 + -+ )‘ip‘sjp)w.i
i=1
(N=1)/2 ; » d e
+ N 3 pow-iQweiiafi—ia F Avoiofiv-iz + oo Aviobv-ie
i=1

(G=0,1,2,-35=0,1,2,--- , (N = 1). (4.4
Since w = exp (2x¢/N), it follows, if we write 6, = 2wxs/N,
Uiy = 001531 + 002232 + -+ cOpE(.;p

(N=1)/2

+ Z (Cns;:l + 0:‘25;2 + -+ Cipf;:p) exp (j6,1)

oy
t X @rabiesa F v+ Cn-1.ofN-1.) €XP (—j0,0),  (4.5)
where
civ = N7%(Uo , %)Nin »
ev-in = N7V(Uo , Kn-i)Aw-i ok
= N"*(U, , % w-ie, (G=1,2,---,3(N—=1;k=1,2,---,p). (4.6

Due to the circulant nature of the real matrices & , &, +--, &,, wehave Az = Ay_; .4 .
Thus if U, is real, then

Cit = Cn—j,k » (J=1;2:";%(N""1);k=1;2,;P) (4'7)
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If N is even, an expression similar to (4.5) exists. Now in Equation (4.5), take only the
first n harmonies such that n < 3(N — 1):

Uiy = Coxfél + Cozfgz + -+ Co»fgp
+ Zl (Cuf;:l + ci2£;:2 + -+ civ‘s;p) exp (56,9

+ Zl (CN—i.lg;;l—i.l + cN—i.ZE;;I—i.Z + -+ cN—i.pgl‘;l—i.p) exp (—3j6,)

+ R, (4.8)
so that
(N-1)72 A X .
R, = Z (ciiéir F Ciskie + -+ + cintly) exp (j6,0)
i=n+l
(N-1)/2 X . X
+ .Zl (CN—i.lg;V-i.l + cN-i.zE;V—i.z + o+ CN—i.pﬁr-i.p) exp (_jas")° (4-9)

With ¢;; , ¢x-;.: given by (4.6) we can write

Cix = '>\_' Z Uo; €XP ( 221‘)‘ (4.10)

Using Abel’s transformation [7] we rewrite (4.10) as

N-2 k
Cix = Aoy {Z [Mox — uo.kn] Z exp ( 21rjl‘) + E Uo,n-1 €XP ( 2”h)}
N &= N

Z_: Uor — uo.k«n] _leip (];X_I;Z[ri(gﬂ;:/%/m ) (.7 #= 0).

after making use of the fact that > -3 exp (—2xjl¢/N) = 0. Thus

27 N ( 21rjk1.)
N2 exp (21!'](./N) —1 E o [uo,k-u - uo,,] exp \ — N . (4'11)

k=0
If we define
N
ug = o (%0141 — %otl, (4.12)
(1) = 21r)\,~k

ik = Nlexp @rje/N) — 1] ° (4.13)

we then have

f,l‘) = (1) 27l'.ll.

en = e us? exp (=7 ) , (4.14)

which is similar to (4.10). Repeating the process » times gives

(») N-1 . '
Cip = >‘ E 5 e ( _WA%) , (4.15)

=0
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where

n _ 2r g
8 = i =l 1)

and u; corresponds to the forward difference approximation to the »th derivative of
u(1, 6) with respect to 6 for § = 2xl/N. Now as N approaches infinity it follows from
(4.16) that A}y’ approaches A;./7"¢” and u$;’ will approach d"u(r, 6)/36” forr = 1, 6 =
2xl/N. Assuming the boundedness of d"u(r, 6)/98” we obtain the following inequality:

[j =0,1,2, -
k=1,2,3 -,

lc;klgl—xf"—lmax

j'

9"
,u(r: 0)' . )

(4.17)
a0 p]

Next we show that | Az |, G =0,1,2, --- ;k = 1,2,3, -+-, p) remain bounded as
N — « and p — 1. From Equation (4.3)

N-1
Uiy = N7 -Eo I-‘o:'o\ilg;:l + )‘i2£;:2 + -+ AipE;v)w,i:
i=
Z=0,1,2,--- ;8=0,1,2,--- , (N — 1)). (4.18)

Withs = 0,1,2, ---, (N — 1) we multiply the resulting equations taken in order by
L™ e, oo o ™" (m=0.1,2,---, (N — 1)) and add. This results

N-1
E uuw—m =N UZMOm()\mlf:nl + )\mzs:nz + - 4+ >\mp£:np),

=0

(m=0,1,2,--- ,(N = 1)). (4.19)
And if we replace ¢ in (4.19) by 0, 7, 2, -+ , (p — 1)¢ we obtain the following matrix
equation, remembering that

N-1
tom = (Uo , Xm) = N7V Z Uoud ",

8=0

—N_l —-ms —‘
Z Uosw
_ I - 8=0
1 1 1 cee 1 A1 N-1
—ms
E:»l» f:nz E:n(i ot E:np A2 1 ; *
24 24 2 . 2 =~ 1 | N4 ) (420)
Eml £m2 $m3 Emp )\ma Z\: uo,w_m’ Z uzi,sw_m‘
8=0 s=0
-1)3 —-1)14 (p—1)3 (p—1)1
¢ ::1'1)‘ r(np2 e 1: ' fecs Em’p ._ _kmp_
N-1
Z Upetyi @
L s=0 -

(m=0,1,2,--- :(N - 1).
If at the ¢-th step the radius of the circle is contracted to & then by putting
En=p", (4.21)
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we have £, = p'"'* = 67", If we keep 6 fixed and let p — 1 and N — =, Equation (4.20)
becomes

1 1 1 e 1 At

6":»1 Bfmt 6?ma e 6“'””: )\mz

621’m; 627-“ 52"” v . 62r,..p Ama
_;(D-l)fmx ;(D—l)‘fmz ’B(D—l)"ms . .6(17—[)7".,;_ _xmn-‘

[ a2x
f u(l, p)e” ™ do
1]

2%
fo u(8, p)e”"* do
1

= i 2x , (m=0,1,2,---). (4.22)
fo u(l,w)e“"“"d«:f0 u(d®, ple”*"* do

2x
[ w@, pe do
LJO _

NOW T ) Tmz, *** , Tmp are all different since by our assumption £,; , £nz, *** , Tm, are
all different, so that the matrix on the left-hand side of (4.22) is non-singular and
A1y Am2z, ©°° » Amp are bounded.

The boundedness of A;; in the limit ensures c;, to be bounded, from (4.17). We have
already seen that ¢, = p*""* = §"’* which is bounded. Therefore, as given by (4.9)
R, is of the order of Z?_,,,, ,j"as N > o and p — 1, and can be made arbitrarily small
by increasing n provided » = 2.

Now refer to (4.8) and consider the first » harmonics of u,, , i.e.,

ul*l = Uiy — Rn

= 001231 + 002232 + -+ Co;;fgp

+ Z (cilg;:l + ciskis + -0 + C,-,,E::,,)e””
im1

+ E (en-ibn-in + Cn—jobn-i2 + -+ + CN_i_,,Ef;v_i_,,)e—io". (4.23)
i=1

We recall ¢, , £, -- -, £, are the p roots of the equation (3.11). If we substitute 4.4
as given by Equation (2.6) into (3.11) we get

B (=) "ausla = B)! [lew” 1<w“mi
az-(:J % Pl — @ —p) - (1= ph <wl/2’ Aﬂ) ! <wl/2' AO) @
'(fi - 1)(& - p) e (Ey - pa—ﬁ—l) = 0, (.7 = Oy 1; 2y tee )n)’ (424)

in/2

after cancelling out the factor w’®*, where the first or the second member in the bracket
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is to be taken according as 8 is even or odd. Since w = exp (2r¢/N) and A8 = 2x/N
it follows by decreasing A# indefinitely,

_i\#
lim (‘1:,—,-270’&) = lim (—-L)"(N sin ) (—jv°, Gj=0,1,2,--- ,n). (4.25)

N-oo N-ow
Also, since limy_. »”* = 1, Equation (4.24) is reduced to the following equation as
N > o
Sy (=) (=i ausla — B)! «cp1
i 1 7 i = 0)
a0 B=0 p"* (1 — p)(1 — p) -+ (1 — 'ﬂ)( Wo = o) = 7)
(j=0y1).2) te 7n)' (426)

We now shrink the mesh size radially by letting p — 1. As before, putting
£ = P”, (j=0)1:2’ 7n)7 (427)
we have:

lim 1 & —-DE —» - (g,. — peEY
-1 p’* % (1 — p)(1 — p) (1= "

- lim fiT £ T Tl
= lim =) lim = - lim g
_nTn—1 1—(@=8-1
-1 =2 —(a@—B)
t(ri =1 - (ri—a+8+1)
= . 4.28
(5 — B! “29

Combining Equations (4.26) and (4.28) we find in the limit as N — « and then in the
limit as p — 1, 7; satisfies the following equation:

i za: aaﬁTi(Ti - 1) e (Ti —a+ B8+ 1)(.7‘)ﬂ = O; (.7 = Or 1, 21 tee )n)' (429)

a=0 f=0
We write 7_; in place of ry_; as N — o (similarly &, ., C_; ;for &x_; . , Cx—,.:) and
~ find in like manner as N — « and p — 1 7_; satisfies the equation:

pz i aaﬂT—i(T—i - 1) e (T-i —a+ g+ 1)(_1‘)ﬂ = O; (] = 0) 17 2’ e yn)' (430)

oy S =4
Clearly from (4.29) and (4.30) .

Tik = Toik, G=1,2,---;k=1,2,---,p), (4.31)
and since £, = o',

(i =%i4, (G=1,2,---;k=1,2,---,p). (4.32)

We put £, = p"'*, p° = §, & being kept fixed and recall u;, is the (s + 1)th component
of U;i.e., u(?,—p/2 + s) oru(i, — (p + 1)/2 + s) depending on p.is even or odd according
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(2.8). In the limit as N — « both u(z, — p/2 + s) and u(z, —(p + 1)/2 + s) approach
u(8, 0,) then Equation (4.23) becomes

u*(aloa) =€ 0+ Cp 0"+ -0 + Cop g

+ 2 (en & 4 Cia " + - ¢, 877) exp (j6.0)

i=1.

F 2 lein 8 e 87T e ey, 870) exp (—j6). (4.33)
i=1
Now in the given differential equation (2.1), if we seek a solution in the form r°/ exp (j6t)

or r'! exp (—3jf.) we must have, by substituting them into the differential equation,

3 S tpries = 1) (o —at+BHDG =0, (=012 ), (439

a=0 f=0

3 S auelel = 1) (o —at B+ I(—) =0, (G=0,1,2 ). (435

a~0 B=0

Comparing (4.29) with (4.34) and (4.30) with (4.35) we find
Ti = 05, T-; = 0}, (G=0,1,2,--4), (4.36)

and Equation (4.36) indeed expresses the fact that the first » harmonics obtained by
the boundary contraction method converge in the limit to the first n harmonics of the
Fourier series expansion.

Part II Boundary Conditions

5. Computation - stability. It has already been demonstrated that the general
solution of the difference equation (2.11) as given by (3.16) involves Np arbitrary con-
stants. These constants must be determined by the boundary conditions associated with
the differential equation in such a way that a unique and bounded solution is defined in
the region under consideration. In the following paragraphs it will be shown that this
condition imposes a restraint upon the type of boundary conditions that may be specified.

From (3.13), we see X, , X,, : -+, X, are diagonalized under the unitary transforma-
‘tion Q. Let the eigenvalues of the, circulants & , & , --- , & be denoted by
\ii=01,2 -+ (N —);k=1,2 ---, p) then the circulant property of these
matrices assures us:

& = Q diag (xo)‘ y Alk y Ty )\N—l.k)Q-' (5.1)

Substitution of (3.14) and (5.1) into (3.16) gives:

P

U, = ) {&Qdiag (¢ , &k, -+ , E-1.0Q} Uo

k=1
=Q ,,Z diag Costls , Mt 5 -+ 5 Avrsbos 0QUo . (5.2)

It follows, therefore, that in order that the computation be stable, the solution as given
by (5.2) should be bounded interior to the unit circle, i.e.,
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i =0,1,2,--- ,(N — 1
Ifik]élx ! 0 ’ ( )

k = 1;2:3)”' P

(5.3)

Some differential equations, when approximated by certain difference schemes, do
yield eigenvalues satisfying (5.3), [5]. However, this is in general not true, and to ensure
computational stability it is necessary to adjust the arbitrary matrices &, , &, -+ &,
so that for those £;,’s which are larger than unity in absolute value, the corresponding
A;i's are zero. This reduces the arbitrariness of the matrices &, , & , --- , &, and since
they are determined by the given boundary conditions, this in turn restricts the arbi-
trariness of the boundary conditions. We proceed to deduce the conditions that the
boundary data have to satisfy so that the solution will be bounded within the unit circle
and computation will be stable as » — 0.

Referring back to (4.20) we put ¢ = 1 and obtain

1 1 1 o1 A
Eml £m2 £m3 0 Emv )‘m2

2 2 2 2
£ml 57»2 £m3 e Emp Ams
p—1 p—1 p—1 p—1
LSm1 m2 m3 ct mp _| —)‘mp__
.

N-1
Z uo‘w—mc

8=0

N-1

E U "
1 8=0

= N1 N-oL
E Uosd Z Up0™ "

=0 s=0

’ (m=0,1,2,.-- ,(N — 1). (5.9

N-1
—ms
Z Up—1,,00

L.s=0 -

Equation (5.4) expresses analytically the fact that eigenvalues of &, , &, .-+ §, i.e.,
A(m =0,1,2, c-- , (N —1);k =1,2,3, -+, p) are determined by the boundary
data on p consecutive circles: Uy, U, , U, : -+, U,_, . To ensure the solution to remain
bounded in the region considered so that computation will be stable, we must discard
those £,.:'s for which the absolute values are larger than unity. Suppose that we arrange
bm(m =0,1,2, --- , (N = 1);k=1,2,3, --+, p) according to magnitude such that

|5m1|§1’ |£m|§1,°",|$m.|.§1
and
IEm.an I >1, lgm.q-.+2 I >1,.-, I‘Emv I > 1: (m = 0) 1,2, a(N_ 1)); (55)
then, we must discard £,.cm+1 5 Emvames s *** » Emp DY pPuUtting

Amntl = Amoguts = *°° = Ay = 0. (5.6)
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This results

1
Eml

p—1
LSm1

In the matrix equation (5.7) Api , Az, * - *
¢ equations for N,; , Apz , -
P — @n equations. This is possible if &, , £z, - -

1
fmz

p—1
m2

1
£m3

SR PR

p—1

m3

N-1
Z U

TSE-SUN CHOW AND HAROLD WILLIS MILNES

1
£m¢ m

2
qum

p—1
mam.

1

8=0

[[N-1
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Ans
Am’z
Am3

|

z‘: Yoo~ ™

8=0

N-1
—ms
Uy s
8=0

N-1 ’ (m O; 1:2: D) (N - l)) (57)

i uzaw—mc

8=0

N-1

LZ Uy 'sw—ma

3=0

, Amen €an be eliminated by solving the first
, Amsn and substituting the result into the remaining
s &me, are all different. Assuming this

to be true, we obtain the eliminant as follows:

[Ceam
ml

am+1
ml

am+2
ml

p—1
LSml

o N—

or

am
m2

am+1

m2

am+2

m2

p—1
m2

8=0

N—

8=0

8=0

N-1
E uo'w—ms

1
Uy ,w_

1
Uz ,w_

N-1
—ms
LZ uam—l.aw
8=0

v, 0,'W,, = W, ,

am
m3

am+1
m3

am+2
m3

p—1
m3

ms

ms

-1

w11 1 1 1

:::1 Eml EmZ £m3 qum

won. || & Enz Eme £mam

p—1 am—1 am=—1 am—1 am—1

mam _1LSml1 m2 m3 mam

N-1 ]

Z uqmaw—ma

8=0

N-1

E uam+l.aw_ma

8=0

N-1 ) (m = O; 1: 2; Tty (N - 1)) (58)
Z uq,,.+2.a""_ma

8=0

N-1 ’ .

Z up_l‘aw—ma
L s=0 -

(m=0y1:2y"' y(N_l»r (59)

where the symbols have the obvious meaning.
6. Evaluation of ®.'. To find &' we consider the following expression in 7:
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azm (77 - fm)(ﬂ _ EmZ) M (77 - Em,i—l)(n _ Ern.i+1) c ( E"'Qm) E —

i=1 (Emi - Eml)(fmi - £m2) e (Emi - gm,i—l)(Emi - Em.i+l) (Eml qum) ™
(¢=01,2,-+,¢.—1;m=0,1,2,--- ,N — 1). (6.1)

Equation (6.1) is clearly satisfied by g, different values of 9 : &, , £,5 , *** , &Eme, Dut it

is at most of the degree ¢,, — 1 in #; hence it must be an identity. Let

(= &) = Em2) - (0 = Enic)(0 — Emivn) - (0 — Emaa)
= 0" L™ b T o F biianr (6.2)
(Emi - Eml)(smi - Em?) Tt (Emi - sm.i—l)(‘smi - Em.i+l) o (Emi - qum)
= H, (Emi - Em()' (6'3)

e=1

Then by substituting (6.2) and (6.3) into (6.1), and comparing the coefficients of
7, 1’ 0% -+, 1°""", we obtain

Zm — m' Gm—ls:’ll p— 6‘0 ,
T I G — 800
< m, qm—2£mi —
J Z e = b, (6.4)
H Eni — £nd)
qzm E:n: . i=071’27"')qm—17
ialﬁl(gmi_sme) m=0’1’2"."N—1
L €e=1
where 8, , 8, , - - - are the Kronecker deltas. From the relation (6.4) we conclude
1 1 1 1|
Eml £m2 Em3 qum
SN PR Eman
am—1 am—1 am—1 am—1
LEm1 m2 m3 mam
’_ tml.qm—l tm].q,.—2 tml.qm—3 .. — l ]
H, (Eml - Eme) H, (gml - Eme) H, (gml - Eme) H/ (Eml - Eme)
tm'.’.qm—l tm?,q..—2 tm2.qm—3 P 1
II, ( m2 T Eme) II, ( m2 Eme) Hl ( m2 Eme) H, ( m2 T Eme)
— m3 am—1 ; tm3.0m—2 5 tm3.qm—3 == 1
II" Guo = 800 II' s = 80 IT' s — &) I s — &m0 |’
tmq».qm—l tmam.am—2 _ tmam.am—ii R 1
H, (qu». - Eme) H, (qum - frm) Hl (Emam - Emt) II, (quu - Eme)J
(m = 0;1y2; >(qm— 1)) (65)
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7. Evaluation of ¥, ®.'. It remains to evaluate the product ¥,®;'. To this end we
consider the following expression:

F(n)
= qi (= &) — &ma) --- (9 — £ s )0 — Emjud) ~-- (0 — fm,.) f" _ ni
i=1 (fmi - fml)(gmi - Emz) e (Emi - Em.i-—l)(smi - Em.i+l) e (Emf - gﬁldu) ™ !

1=gn,gm+ 1, ,p—1 .
m=0,1,2 -+ ,N—1

(7.1)

Clearly F(¢m) = F(fms) = - -+ = F(£ne,.) = 0 and since F(n) is of degree equal to or
higher than g¢,, in 1, it is divisible by the factor

(1 — En)( — Em2) (0 — Emem)
="+ L™ F L™+ o+ b, say.  (7.2)

We can therefore write

OZ" (’7 - Eml)(n - fmz) e ("7 - £m.i—l)("7 - fm.iu) te ("I - qu...) E" =g
i=1 (Emi - fml)(ﬁmi - fmz) e (fmi - fm.i—l)(fmi - fm.in) s (fmi - fmq...) ™

+ ("’q. + tmlnq”_l + tm277«m_2 + tct + tmq.n)(c:‘mo + cimln.

$—am = m m y "y -1
Foematt + ot Cmiegan™®), [P It LTl g
m=0,1,2--,N—1

and by using (7.2) and (7.3),

am am—1 am=2 -3
+ bnin?™ " bwia™ T o bmian g :
E L g am 21 ! Emi =7 (C.'m,"—q,, + 1)

" | § G )
e
+ 27 EmiCim,imam T+ Cim.iam—1)
+ 7 (bnsCim,imam T+ bnCim.i-am-1 F Cim,izan-2)
F 7 (msCim.imcm T EmCimicam—1 T tmiCim,icam—2 T Cim.izam-3)
+ .-
 1%(bnanCins + lmaneiCims + L am-iCino)
+ 1(fmenCimt + Em.am-1Cimo)
+ nenCimo - (7.4)

Comparing the coefficients of 7°, 7, #°, -+, 2°" " on both sides of (7.4) we obtain the
following expressions: :

i=1

,,,, qm-afm m em—1Cim0 + tm'.cmll(q,,. + 1)7
i=1 m
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am

; -I_Itngz::—-ssmé,;— = tm,c.—Zcimo + tm.a-—lcimlI(qm + l) + tmqmcisz(Qm + 2))

am

Emf
= lmiCim m .'m:I m 1 b mam -'m.q..—lI m = 1 )
,2.1: H G — Em. tmiCimo + tmaCimI(gm + 1) + + lnanC (2¢ )

1=qn,qm+1,---,p—1 (7.5)

m=20,1,2--- , N —1
where
I(z) =1, 1=z,

It
L
~
A
8

(7.6)

Similarly, by equating coefficients of 4°, n°™*, °™%, - - - , "™ we obtain the following set of
equations:

c;,.,;_,,,.-l-1=0, P—léigq-n,
bniCim,i-am + Cimi-an-1 = 0, p—12¢2¢qnt+1,
bm2Cim,i—am + bmiCim,i—am—1 + Cim,i—-qam—-2 = 0, p—12 1= qm + 2,

tmq..cim.i—q.. + tm.q.—lcim.i—qu—l + e

v
o,

+ lmiCim,i-2am+1 T Cim,i-20m = 0, p—1 = 2¢m ,

(7.7
Thus, for ¢ = ¢, , only the first equation is valid; for ¢ = ¢,, + 1, the first two equations
are valid, etc.
From Equations (6.5) with (7.5) we obtain

tm0n60mmo ) tfn.qu-lcammo )
tmcuccnﬂ.mo ’ tm.cn—lca...ﬂ.mo + tmanca-ﬁl.ml ’

-1 tmaucam+2.m0 ) tm‘au—lca,'n+2.m0 + tmamcam-f‘l.ml ’
v,.d, =

....................

....................

“lmamCp—1.mo0 tmamcv—l.mo + tmaucv—l.ml )
........................................

¢
tm.q.-ch..mo )
¢

m.a,.—ch..+l.m0 + t""qﬂl‘lcq.+l.ml R R

....................................................

ta.q--zcg—l.mo + tm.q.-lcy-l.ml + tnq..cp—l.mB y STt
) t.ch.mo ) tulcqnmo
) t-.ch.n.-o + tmacq..-ﬁ-l.ml 1} tmlcq-+l.'m0 + tmch--l-l.ml

’ t-sc¢-+2.-0 + t-aca.u.-n + tnlc¢-+2.-2 ’ tmlca..-l-z.no + tm2c¢.+2.nl + tnsc¢.+2.-2

........................................................................
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B Cammo 0 e 0 ‘1
Com+1,m0 Cam+1.ml 0 -+-ceeen 0
= | Cgm+2.m0 Com+2,m Com+2,mz 0O 0
0
LCp-1,m0  Cp—1,m1  Cp_imz *"""" Cop—1.m.p~am—1-
tﬂlﬂn tm.ﬂm-l tm.a...—2 """"" tms Lz tm ]
0 tﬂldm tm.qm-l """"" tm4 tm3 tmz
. 0 bpam  rreeeens tms L tma (7.8)
0 : . :
L QO cecececceneennns 0 bnp—am-1  tmip—am

On the other hand, by assigning 7 = ¢,

, qm+ 1, ¢n+ 2, ---, p — 1 in Equation

(7.7) we can write the resulting equations in the following matrix form:

Commo [0 0
Com+1,m0  Com+1,m1 0 “““ 0
cqm+2.m(') cau+2.ml cqm+2..m2 0 0
ch—),mo cp_l'ml ............ cp—l,m.p—q,,.—l_
o1 Q «vvrerii e 0]
tmr 1 0 .
Ls L 1 :
tm3 tm2 tml E
—tm.p—am—l tm.p—a.—z tm.P—Om—3 tml l-
M—1 | PP (f
0 -1 z
3 E O .
L Q:-cceveeens 0 _1_ (79)
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It follows from Equations (7.8) and (7.9) by eliminating the matrix involving c¢’s that

1 0 covrrrri i 0 -1
b 1 0 :
v,8;0 = (o) b :
tma tm2 tml :
: . . 0
—tm.v—an—l tm.p—an—2 tm.v—qm-a tml l—

_’tmqn Brpqmet St o te st bas Bns L 1
(,) g et eeeaeeann bos bos bno

: =m0, (710
I\ 1 b oeand

with obvious meanings of Q,,, and Q,,. .
8. Conclusions. Substitution of Equation (7.10) into Equation (5.9) gives the
following result:

—9;;lewml = Wm2 )

2 Wo + 2..W,., = 07
J-e

0’1)2) et )(N_ 1))’

[le b Qm2]|:Wml
Wm2

ie.,

oW, =0, (m =

(8.1)

where ©,, is a (p — ¢.) X p matrix formed by the first p — ¢, rows of the p X p

circulant: C(tmem 5 tmoam—1 5 *

* ytme s tm, 1,0 ---0).

tmq.. tm.q,..—l ......... tm2 tml 1
(,) bugn st orenes 2P T
Q. = -
I P (1 I bos

[ S 0
10 :
0

b bm 14, (8.2)
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and

N-1 N

Z uo'w—ma

8=0

N-1
Z ul.w—ma

8=0
W,,, = | N-1 (8-3)
Z ug,o)_"”

8=0

N-1
z u,,_l,,w-"" .
| &4 _
Equation (8.1) is the bounded part of the solution of the difference equations which
approximate Equation (2.1); it expresses analytically the fact that if the solution u(r, )
is bounded in the unit circle, the values of u(r, 6) on any p consecutive circles
CoyCoiryCasa, o+, Caspy have to satisfy the relations expressed by (8.1). The total
number of these relations is (p — q) + (@ — @) + - + (P — qn-1) =
Np— (g0 + ¢1 + --- + gw-1). Therefore, if the solution is to remain bounded and
computation to be stable as r — 0, the given data on the circles C, ,C,,Cz, --- , Cpy
have to satisfy these relations. Since there are Np points Co , C, ,C3, +-- , C,_; , the
boundary data cannot be specified at will: in fact, only ¢o + ¢ + ¢z + **+ + qv-1
points can be assigned arbitrary values.
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