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ON CURVED SHOCK WAVES IN THREE-DIMENSIONAL GAS FLOWS*

BY
R. P. KANWAL**
Indiana University

Introduction. In this paper we discuss the problem of shock waves in three-
dimensional steady rotational flows of an ideal gas with viscosity and heat conduction
neglected and subject to no extraneous force. If a shock wave arises, e.g., as the result
of the presence of an obstacle in the field of the flow, it will be assumed that this divides
the flow under consideration into a region 1 and a region 2. We suppose region 1 to be
traversed by the gas before contact with the shock surface and region 2 to be that into
which gas enters after passing through the shock surface. It is assumed that this surface
is given by a continuous and differentiable function of coordinates and that it has a
continuous and differentiable unit normal which we suppose directed from region 1 to
region 2. Furthermore, we assume the required differentiability conditions to be satisfied
by the velocity components u; , the density p, pressure p and entropy S in each region
1 and 2 so that it is possible to express the surface covariant derivatives of these quantities
along either side of the shock surface.

If the flow in front of the shock is known then the flow behind the shock is determined
by the well-known Rankine-Hugoniot relations. The main object of this paper is to
obtain formulas for the determination of the gradients of velocity components, pressure,
density and entropy behind the shock surface when the flow in front is known. These
formulas have been obtained for plane flows by Thomas [1]. In his analysis Thomas
assumed that v, the ratio of specific heats, is constant throughout the flow. Truesdell [2]
has extended these results to fluids obeying an arbitrary equation of state. The same can
be done for the three-dimensional gas flows also, although we have carried out the calcu-
lations for the case when v is constant. Truesdell has further put Thomas’s results in
more compact form by introducing certain dimensionless variables which have been
found useful in the following discussion also.

The required derivatives are obtained by differentiating the Rankine-Hugoniot
relations along the shock surface. Gauss-Weingarten formulas and various other results
of the geometry of surfaces concerning the principal normal curvatures are found useful
in the analysis. The complete analysis has been given only for the case of uniform flow
upstream of the shock. As anticipated, the flow behind the shock wave is found in general
to be rotational. The explicit determination of the vorticity components is carried out.
This leads to the formulation of a theorem regarding the characterization of surfaces
behind which the flow remains irrotational. It is found that the plane, the right circular
cone, the cylinder and the developable helicoid are the only such surfaces. Furthermore,
it is found that the component of vorticity along the normal to the shock surface vanishes
at every point of the surface—a property shared by the contact discontinuities which
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are surfaces across which the normal component of the velocity is continuous while the
tangential components are discontinuous.
Formal methods of tensor analysis have been used throughout the following discussion.
1. Equations of motion. We consider the differential relations governing the steady
flow of a perfect gas devoid of viscosity and heat conduction and subject to no extraneous
force, namely (3, 4],

P« + puju;,; =0, (equations of motion), (1)
p.u; + pu;; =0, (equation of continuity), 2)

in which p, p and u; denote the pressure, density and velocity components respectively.
We assume the motion referred to a system of rectangular coordinates z°; then the comma
in the above equations and in the following, represents partial differentiation. It is to
be understood in the above and in the following discussion, unless the contrary is stated,
that an index which ocecurs twice in a term is to be summed over the admissable values
of the index. Since there is no distinction between covariant and contravariant indices
within a rectangular system, we may write any index as a subscript or a superscript
without modifying the value of the term in which the index occurs.
In addition there is the equation of state, viz. [3, 4],

p = exp (8/Je)p”, 3)

where S is the entropy, J the mechanical equivalent of heat and 4 is the ratio of two
specific heats ¢, and ¢, assumed constant. The entropy remains constant on a streamline
but varies from streamline to streamline i.e., S;u; = 0. By differentiating (3) and using
the Eqs. (1) and (2) we obtain

Ui, UU; — C’Ug_k = 0, (4)

where ¢* = vp/p, is the adiabatic speed of sound.

2. The Rankine-Hugoniot relations. Decnote by u,; , p, and p, the velocity com-
ponents, density and pressure on the side of the wave bordering region 1 and correspond-
ingly by u,; , p. and p, the values of these quantities on the side of the wave bordering
region 2. Put

Ui = Uk, Usn = UpiE',

so that u,, and u,, are the normal components of the velocity on sides 1 and 2 of the
wave surface, respectively. Then the Rankine-Hugoniot relations for the stationary
wave under consideration can be written as

_ 2(plufn - j!ﬂl)&
bl = Do, ? ®
] = 2o op) ©®
[o] = 2P|(P1u?n — Py . @

2yp, + (v — Dpuuia

Here the bracket [ ] denotes the difference of the values on the two sides of the shock
surface of the quantity enclosed, e.g., [u;] = uy; — %, .
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3. Coordinate system on the shock surface. In the following analysis it has been
found convenient and advantageous to have the lines of curvature as the Gaussian
coordinate curves on the shock surface. Denote these coordinates by %', . Then the
lines of curvature are y' = constant and y* = constant and the parametric equations
of the surface are given by

z' = x‘(yl; yz)’ 1= 1,2,3. (8)

Asis customary we shall use Latin letters for the indices referring to the space variables
and Greek letters for the indices referring to the surface variables. Thus the Latin
indices will assume values 1, 2 and 3, and Greek indices the values 1 and 2.

The unit surface tangent vectors to the coordinate curves are [5a] 8%g,, and §5¢,.
respectively where

Jap = 1/(aaﬁ)v2;
and a,s are the components of the first fundamental form of the surface
oz’ oz’

Qop = —
ey eyt

C)
while &8 is the Kronecker delta. The corresponding space components of the unit tangent
vectors are zig,, and zjg,, respectively, where we have put

i axi
xa = .
Y-

(10)

Then z! are the components of a contravariant space vector and a covariant surface
vector. We shall call these quantities the components of projection tensor [6]. We have
already assumed that the normal vector to the shock surface is directed from region 1
to region 2. We further choose the orientation of the surface normal and Gaussian
coordinates in such a way that z} , z! and £ have the same orientation as the z'-, z’-
and z’-axis.

Now consider the velocity field u; and let {; denote the part of the velocity field
which is normal to the surface and let v; denote that part of u; which lies in the tangent
plane of the surface. Evidently we have

u; =v; + & .
By multiplying both sides of this relation by z; we obtain [6]
Thu; = v, , (11)

where we have put zv; = v, . We say that the tensor z; projects u; onto the tangent
plane to the surface, v,g.. (@ not summed) being the tangential component of the
velocity along the y* curve.
Following Truesdell [2] we introduce the dimensionless variables:
2(plufn _ ypl) . Valaa

Ta = )

T 2yp + (v — Do’ Utn

(12)
— vagaa p = y_l_v_l M = u'hu
Xa Usgn ) Alln ¢ ) 2n C, )
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where a is not summed, § is the shock strength and 7, are the components of the obliquity
of the shock. With these abbreviations the shock relations can be written as

_ - Bulnst'
[p] = L 14
- 1 + B pluln ) ( )
[p] = bp1 . (15)
Multiplying both sides of (13) by £; and z; we easily deduce
— uln = pluln
uzn - 1 + 6 P2 ’ (16)
and
vza = vla . (17)

4. Differentiation of the shock relations. Differentiating the relations (5) to (7) with
respect to y' and 3 we get relations along the shock surface of the form

ui.ix; = uli.ixa,; + A, = AL, (18)
p.ix: = pl.ixa’; + B, = B: ) (19)
P.ix: = pl.,-x.i +C, =C%, (20)

where for simplicity we have omitted the subscript 2 on the quantities appearing in
the left members of these equations. The explicit formulas for the quantities 4;. , B,
and C, are readily obtained by differentiating the right members of the equations (5)
to (7), respectively, with the help of the Gauss-Weingarten formulas of differential
geometry (see Sec. 6). We see that these quantities are expressible in terms of the known
parameters of the flow in the region 1 and their partial derivatives along the shock
surface, the projection tensor z , the surface normal ¢ and the two principal curvatures.
Following Thomas [1], any quantity which can be so expressed will be said, in the follow-
ing, to have an allowable determination.

5. Derivation of the partial derivatives behind the shock surface. Consider the
Egs. (1), (2), (4), (18), (19), and (20). From this set of six relations we can determine
the partial derivatives of the velocity components u; , the density p and the pressure p
immediately behind the shock surface. For this purpose we first eliminate the derivatives
p.: to obtain the following equations, which we represent as two sets of equations for
convenience of reference, namely

p.ita = C%, (21)
p.u; + pur: = 0, (22)
and
Ui ita = At , (23)
pU; ;Equ; = —B% (29)

pPU; UU; — ’Ypuk'k = O. (25)
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Now from (23) to (25) we can obtain u; ; and then from (21) and (22) p,; can be found;
after this the Eqs. (1) yield the values of the derivatives p ; . To effect the above deter-
mination we define a matrix || C; || such that

C"u = Aia ’ C.’a = uo‘/un ’ . (26)

where \,, denote the space components of the unit tangent vector to the curve y* and
are given, as remarked above, in terms of the projection tensor by

Na = Aé = Zigaa, nOsummation on a.

The determinant of the matrix || C;; || is easily seen to be unity. Hence we can define the
quantities D;, by

DuCy; = 8 ; D,Ci = 6 . 1))

The second relation (27) follows from the first relation and conversely. Since we shall
have to use the explicit form of the matrix || D;; |, it can be easily seen to be given by

0\2&3 - )\guz) ()‘?uz - xf'u:s) £
Uy, Un !
D,, D, D, , . .
1 —
D D, Dy - \auy - Naug)  (\ug - A & |l (28)
! Dis D D, ()\;11'2 - )‘:ul) ()\I2ul - )\:’Uﬁ)
" ” &

Now define the quantities B;; by
Bi; = u;,nC1iCaj . (29)
Then from (23), (24), (25) and (29) we have

) B:gaa
Baﬁ = xaA?ﬂgaagﬂﬂ ) Bd.’! = - ou ]
" (30)
A:‘kaui aa U L
B;. = u,,g ) By, = ]:4:2: ’

where «, 8 are not summed.
Furthermore, by multiplying both sides of (29) by D,,D;, and using the relation
(27) we readily obtain

Up,m = BiiDt‘lDim . (31)

Now the first eight elements of the matrix || B;; || have an allowable determination
as can be readily seen. However, By, is given in terms of the u, ; it therefore remains to
determine the quantity Bs; . But this can easily be done by contracting the indices !
and m in (31), viz.,

U,k = Bs’iDikDik )
which, by the help of the matrix (28), gives the value
Urx = B, (1 + Xf) + Bzz(l + Xg) + 2Buyxix: — 2Bunx1 — 2B axs + B, ,
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where x’s are defined by (12) and for brevity we have introduced
B(.',') = %(B;,‘ + Bi:‘)'
Thus we arrive at the value of B;,

- B”(l + X?) + Bzz(] + Xg) + 2B(|?)X|X2 = 2Buaxi — 2B(23)X2
M —1 !

Bss 32)
which furnishes an allowable determination of B;; . Hence the relations (31), in which
B, is given by (32), provide an allowable determination of the gradients of velocity
components behind the shock wave.

To effect the determination of the gradient of density behind the shock surface we
observe that the set of equations (22) and (23) can be written in the form

p.iCii = d:,
where
d=g.CY, d=g.C%,
dy = —pu /U, = —pBssMi/u, .
Hence we have
p.; =d; Dy; , (33)
as the allowable determinatioh of the quantities p,; . Finally from (1) the derivatives
p.; behind the shock surface can be determined by the equations
P = —puli,; = —puBisDjs . 39

6. Calculation of the invariants d; and B,;. It is possible to give an explicit formu-
lation of the invariants d; and B;; under the assumption that the flow in front of the
shock is uniform, i.e., the velocity, pressure, and density are constant in region 1. To
effect this formulation we need some results of the differential geometry which are briefly
stated below [5a].

We have already noted the expressions for the first fundamental form of the surface,
the projection tensor and the space components of the unit tangent vectors to the
coordinate curves. They are

i i oz’
Aag = Talp , Lo = P
9y

Na = gaa¥s,  anotsummed,

respectively. In addition we nced the expression for the normal curvatures in the direc-
tions of the coordinate curves (which are the lines of curvatures and hence these curva-
tures are the principal normal curvatures). They are

k, = bu/an ; k, = bzz/azz , (35)
where b, are the components of the second fundamental form of the surface, i.e.;
bap = %fweiikx::px:x: . (36)

In the above relation ¢”’ are the components of the surface permutation tensor with
the properties
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=& = 0; e’ = 1/(“)1/2; = "'1/(‘1)”27

where @ is the det || a.s ||, while e;;, are the components of the permutation tensor
of the space with the properties

(1) e;ix = 0 if any two of the indices ¢, j and k are equal,
(ii) €123 = €33 = €313 = +1,
(iii) €132 = €3 = €33 = —1,

and z ., denotes the surface covariant differentiation of z; . As we have taken the lines
of curvature as the coordinate curves on the shock surface we have

a4, = b, = 0. (37)

Moreover if a°” denote the components of the tensor conjugate to a.s , namely,

we obtain

' =ap/a, a*=d'=0, a® =a,/a. (38)

In this notation the space components of the unit normal vector to the surface are
given by the relation

f = Lo wing (39)
The well-known Weingarten formulas give
Efa = —awba‘rx; ) (40)

where ; denotes, as before, the surface covariant differentiation. Keeping these results
and the assumption of uniform flow in front of the shock in mind, we get

{ <
uln;a = ulif:a = _uliaypba‘vxﬁ = vﬁayﬂba‘y H (41)

where we have used the relations (11) and (17). Expanding this result and making use
of the expressions in (35) and (38) we obtain

U = —Viky ;  Uige = — U5k . (42)
Similarly, the relation (40) yields
Eh= —kal; £ = —ko. 43)
Now for the uniform flow
A¥, = 4A,,, B*=B,, Cct=0C..

Hence we can readily find [7].

A, = {2(P1ufn - 'Ypl)&}

—(v + Dpitsa (44)

P1lin P1l1n

= _{% + -—[?;l (—ka:c:ul,‘ + E‘vaka)};
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in which there is no summation on o. From (14), (30), and (44) we obtain

B, = Az, = IP] ky-u
a, plulu

B,; = B;, = 0,

Bj; = su.k, .

Also from (6) and (42) we get
Ba — -4plulnvaka

vy+1 °’
yielding
B
. = B
and
B,, = _Bygn _
PUn

zfx}'

11

= 6unkl ’

no summation on «,

- 4Q1191k1

y+ 1’

422202192
vy+1'’

where the relation (16) viz., p,u,, = p.U., has been used.

Furthermore, from (44) we obtain

Aia Qi" = —{Ba

plul,+1+ 5

(oo

in which there is no summation on «. From this we get

B., = AuuiQn
31

62
T ”‘g“k< Fit1TF a)’

Au; 4 8
B, = Liligor = vzgzzkz(m + )

and

Un

146/

Lastly from the formula (32) we get the value of B;; as

2 8 s 2
83={6uu(1 +XI)~(’Y+1+1+ 6>Xl} 1

+{au(1+ ’)—( 8 , & )}k
n X2, 7_'_1 l+6’“ 2 .

The matrix || B;; || is thereby completely determined.
Correspondingly the d; are given by the expressions

2 k
d, = Clgu R {('Y

(v + Du,
- - 2Q22”2k2
d; ngzz (o + Du, {(
ds = _PBaaM:.

Un

— Dp— v+ Dp},

— Dp— (v + Dpi},

{Vol. XVI, No. 4

(45)

(46)

“47)

(48)

(49)

(50)

(51)
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From the relations (45) to (50) and the relations (51) the invariant character of
B.; and d; can be easily seen.

7. Variation of velocity, density and pressure along the shock surface. The rate of
change with respect to the arc length along the lines of curvature of the velocity com-
ponents u; is given by the following formula

Us,iTigaa = BinDi;DmiZigea ,  anotsummed.

When expanded this becomes

us‘,i)\{ = B,D,; , u.-_;)\; = Bi:D; . (52)
Similarly the rate of change of density and pressure is given by
p.i)\r: = da ’

and
p.e)\; = _punBi-'%Dii)‘; y
which, when expanded, becomes

P..)\: = —pu,Bis , P.i)\; = —pu,By; . ‘ (53)

From (52) we readily find
qq’,)\I = uiui';)\l‘: = B31 , (54)
qq,:\2 = uu; N\ = By, ,

where ¢> = u,u, . Thus when the flow in the region 1 is uniform the expressions for these

quantities are known from the results of Sec. 6. These results moreover give the physical

meaning of the invarianis B;; and d; . For example, B;, and B, are the rates of change

of half the square of the velocity magnitude along the lines of curvature as shown in (54).
Furthermore from (53) we get

PP = quzBiaBksDnDu

(55)
= qu:{Bfa + Bga + (-Bla)(l - stXz + Bsa)z}-
Thus p,; = 0 only if B;; = B,; = By = 0. But from (46), (47), and (12) we get
_ .47'1’“1» i, _ 47’2’“1;.’02.
.Bla - ¥y + 1 1) B23 - ¥ + 1 (56)

Thus we find that Truesdell’s [2] theorem in plane flows is carried over to spatial gas
flows, viz., when a uniform flow of a fluid crosses a shock, the pressure gradient cannot
vanish at any point on the rear side of the shock if the shock is curved and oblique.

8. Determination of the derivatives of entropy behind the shock. The value of
the entropy S as given by the relation (3) is

S = Je, log (2—)
p7
Thus

1+ &p, + Bp.uf..}
S] = Je, | { , 57
[S] ¢, log ol + 57 (57)
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where we have used the shock relations (6) and (7).
In the case of uniform flow in front of the shock we derive, by differentiating both
sides of (57), the result

‘ 1 + 3p + doiui,
s..,={J,1 (( )} - E., 58
o o 18 pl(l + 8 T+ ra ( )

where E, can readily be evaluated with the help of the relations (15), (20) and (42).
We also know that

S,;u.' = 0,

which states that entropy is constant along the streamlines. This result and the relations
(58) can be put in a compact form with the help of the matrix (26), as

8.iCi; =¥, (59)
where
fi=E, fi=E, f=0. (60)
Inverting the relation (59) with the help of the relation (27) we obtain
S.; = f:Dy; . (61)

9. Curvature of the streamlines behind the shock. The curvature K of a streamline
in the flow under consideration is given by [8],

2
Kp; = —(P‘—; + £ uk.k)\i);

where \; and u; are the components of the unit tangent vector and pnnclpa.l normal
vector to the streamlines. Hence ’ ot

1 i 3 .
.
When we make use of the results (32) and (55) we get the value of K* as

K2 = Z"{ + By + (=Bisx1 — Basxa + B33)2 - m}.

In this work we have confined ourselves to the evaluation of the first derivatives of
the parameters of the flow behind the shock, while to determine the torsion of the stream-
lines we require as well the second derivatives [8] which have not yet been calculated.
10. The expression for the vorticity vector behind the shock. The components of
vorticity behind the wave are given by .

w' =¢ uk i = e Bszqu = (— kxvlgu)\z + kzvzgzz)\l) (62)

1 + )
Now for w' to be zero it is necessary as well as sufficient that either §°/(1 + &) or
(—kﬂ)lgu)\; + kzvzgzz)\;)

vanish. In the latter case coefficients of both A\{ and Aj must vanish because A} and X}
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are perpendicular to each other. Thus in order that the flow be irrotational behind the
shock surface at least one of the following conditions must be satisfied

(1) 6 = 0, no shock wave;

(i1) k, and k, are zero, i.e., the shock surface is a planc;

(iii) v, and v, are zero, i.e., the obliquity is zero which again leads to a plane;
@iv) kk=0=uv,;

(v) k,=0=v,.

As (iv) and (v) lead to the same result, we will discuss, for the sake of definiteness, the
case (v), viz., k, = 0 = », . k, = 0 implies that the shock surface is a developable surface
and as such its generators and their orthogonal trajectories form its two congruences
of lines of curvature [5a]; while v, = 0 implies that the orthogonal trajectories to its
generators are plane curves lying in the planes which are normal to the direction of the
given uniform flow in front of the shock wave.

Now with the exception of cylinders and cones every developable surface is the
tangent surface of some curve [5b] and the orthogonal trajectorics of the tangent surface
of a curve are the involute of the curve [5¢]. But the necessary and sufficient condition
that the involutes of a twisted curve be planc curves is that the curve be a cylindrical
helix [5d]. Moreover, the planes of the involutes of a cylindrical helix are normal to the
generators of the cylinder on which the helix lies [5e]. Therefore, if we take the helix
to lie on the cylinder whose generators arc in the direction of the flow then the tangent
surface of this helix, developable helicoid, satisfies the condition (v). As far as a cone
and a cylinder are concerned it can be easily seen that the right circular cone with its
axis parallel to the direction of the uniform flow and any cylinder with generators parallel
to the direction of the uniform flow satisfy the conditions (v). We thus get the theorem:
the only shock surfaces behind which the flow remains irrotational are, a plane, a right
ctrcular cone, a cylinder and a developable helicoid. Among these shocks the conical shocks
have been extensively studied [9]. In the casc of cylindrical shock surface whose generators
are parallel to the direction of the uniform flow it is obvious that there is no discontinuity
in the flow because flow is merely tangential to the surface. ‘

Another result follows if we multiply both sides of the Fq. (62) by £; getting w's; = 0.
Hence, when a uniform flow breaks across a shock, the component of vorticity along
the normal to the shock wave vanishes at every point of the surface. It is interesting
to note that this property is also shared by contact discontinuities, i.e., vortex sheets,
which are singular surfaces across which the tangential component of the velocity
changes abruptly while the normal component of velocity is continuous and the expres-
sion for vorticity components on the sheets is given by [10]

) iik

w =e€ i[uklr

[w] being the jump in velocity across the vortex-sheet. The component of vorticity
normal to the three-dimensional pseudo-stationary and unsteady shock fronts has also
been found to vanish [11, 12].
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Note added in proof: The author has recently extended these results to unsteady shocks
in fluids obeying an arbitrary equation of state [12].
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