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A CLASS OF PROBLEMS ON LONGITUDINAL VIBRATIONS*
BY

vAclav vodicka
Plzen, Czechoslovakia

1. Introduction. Consider a bar of length I and constant area q formed of n parts
with lengths lk , densities pk and Young's moduli Ek (k = 1, 2, • • • , n). Denoting by
uk{x, t) the displacement in longitudinal vibrations at the point x of the fcth part and
at any time t, the general form of the Laplace transform

Uk(x, p) = p \ e~viuk{x, t) dt; k — 1, 2, • • • , n
Jo

of ut(x, t) is

25 _i_ r 25 _i_ w <~ „ — . I MiUk(x, p) = Ak cosh — + Bk sinh — + Wk(x, p), ak = J— ; k - 1, 2, • • • , n. (1)
ak ak \ pk

There exists a vast class of eases, important from the technical and phyiuil points
of view, where

, p) = Wk^{sk , p), W'k(sk , p) = ekW'k+1(sk , p);

= = k = l>2> "• >n - 1-

All problems of this group may be treated in the following manner.
2. General theory. The subsidiary equations corresponding to the well-known

conditions at the sections separating adjacent parts of the rod are (primes denote the
^-derivatives):

Uk(sk , p) = Uk+1(sk , p), U'k(sk , p) = ekU'k+1{sk , p); k = 1, 2, • • • , n — 1. (3)

Substituting from (1) and using (2) we have

Ak cosh — + Bk sinh — = Ak+1 cosh + Bk+1 sinh
Clk &k &k +1 &k + l

Ak sinh — + Bk cosh — = hk(Ak+1 sinh + Bk+1 cosh (3.1)
Clk &k \ ttk +1 dk + l/

_ Ot+iPt+i . 1,2, •••,»- 1,
dkPk

*Reeeived April 16, 1956; revised manuscript received July 26, 1956.
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or, in the matrix form,

Ak+1

Bki. i
= Mk(p)

Ak

Bk
k = 1, 2, • • • , n — 1

Mk{V) =

cosh ^ cosh Ht. _ 1 sinh 2^ sinh ,
ttfc dk + 1 file Q>ie dk +1

sinh ^ cosh  ^ cosh sinh
®Jfe + l flfc fli + 1

— cosh — sinh sinh ^ cosh ,
flfc die +1 Aljb fljt flfc+i

— sinh — sinh + r" cosh ^ cosh
ak dh + 1 fill Clk Ok + i

k = 1, 2, ••• ,n - 1. (4)
It follows from this that

•^t+i

Bk+i
= Q-c(p)

B,
; A =» 1, 2, •••,»- 1,

Qt(p) = Mk(p)Mk^(p) ••• M2{p)Mx(p)] fc = 1, 2, • • • , n — 1. (4.1)
Writing

Q*(p) = II 1k"\v) ll> M, " = 1, 2; A; = 1, 2, • • • , n — 1 (5)
we obtain from (4.1)

Ak+1 = + qi")(p)B1 , Bk+l = q[2l\p)A1 + qi")(p)Bl ;

k = 1, 2, • • • , n — 1
and the expressions (1) become

£/i(z, p) = Aj cosh — + sinh ^ + Wi{x, p) (6.1)
Cti flj

Uk+i(x, p) = ["g*n>(p) cosh + qk2"(p) sinh -^-1 A,
L flt+i a*+iJ

+ f ?"2>(p) cosh "P" + gf2'(p) sinh -^-1 B, + Wk^{x, p);
L ak +1 ak + lJ

k = 1, 2, ••• ,ra - 1. (6.2)

Transforming the conditions at the ends of the bar leads to the equations

«ot/i(0, p) + PoU[{0, p) = 7o , ^

a»*7„(Z, P) + /3„^(i, p) = yn ,

where a0, Po , ••• , /3„ , 7» depend usually on p.
By means of (6.1), (6.2) relations (7) yield a system of two equations for the un-
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knowns Ai , Bi . Solving it and substituting the resultant values Ax , B1 into (6.1) and
(6.2) leads to the following complicated expressions:

Ui(x, p) = -[• (Ai cosh — + A2 sinh + Wi{x, p) (8.1)
A \ d\ CL\/

Uk+1{x, p) = j {aJqln)(p) cosh -2^- + q(2l)(p) sinh -^-1
& \ L +1 Uk + lJ

+ aJqk2\p) cosh -25- + ql22)(p) sinh ̂ "1} + JF*+iOb, p);
L O'k+i O'k+iJ)

k = 1, 2, ••• ,n - 1 (8.2)

A, = ["(a„ cosh — + — ft, sinh ^)g«_l(p) + («„ sinh ^LV a» a» «»/ \ «»

+ J A. cosh ̂)?n-i(p)l [7. - 00^.(0, p) - ftJT.'(0, p)]
dn (*n/ J

- I My, - oJT.d, p) - PJVW, p)]

[(*«*£

+ — ft, sinh ̂ Vn-!(p) + («„ sinh ~
an aJ \ an

+ £ 0. cosh ̂??ii<p)"L - *0^(0, p) - /30FKO, p)]
tl„ an/ J

A = [a0q'"\(p) - ^ 0og("J(p)l(a» cosh ̂  ^ /3„sinh
L ®i -J \ a„ un/

A3 = «o[T» - aJP.d, p) - AJ^Z, p)]

+ ["«0g(»-l(p) - "T" A>ff»-i(p)l(a. sinh ̂  ft, cosh (8.3)
L un an an/

The formulae (8.1) to (8.3) determine the Laplace transforms of the functions
nk (x, t) which are to be found by the methods of operational calculus. The most difficult
part of the problem lies in finding an explicit form of the matrix (4.1).

3. An interesting class of problems. We now proceed to treating problems
characterised by the equations hk = 1 (fc = 1, 2, ■ • • , n — 1), or, by (1) and (3.1),

Ekpk = const; k = 1, 2, • • • , n. (9)

In this case it is possible to calculate the matrix (4.1) and our former results (8.1) to
(8.3) become simpler. Physically the simplification arises from the fact that there is
no reflection at the joints of the different parts.

Using the notation

(Tic — Sytf V Tk <7k t k 1| 2, • • • , Tl 1
\ak ak+1/ k =* i

(10)
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we easily obtain,from (4) and (4.1)

cosh p<rk , sinh p<rk
Mk(p) =

Q2(p) =

sinh p<rk , cosh pak

cosh pr2 , sinh pr2

sinh pr2 , cosh pr2

k = 1, 2, • • ■ , n — 1

However,

M,+1(p)
cosh pry , sinh pr,

sinh pry , cosh pr,

so that (4.1) yields the closed forms
cosh prk , sinh prkQAp) =
sinh prk , cosh prk

(ID

cosh pr,+i , sinh pr,+1

sinh pr„+1 , cosh pr,+1

k = 1, 2, ••• ,n - 1 (12)

of the fundamental matrices Qk{p).
Equations (8.3) then give

A, = |jx„sinh p{^ + ^ cosh p(~- + Tn_,^J[70 - a0^i(0, p)

- PoW&O, p)} - f- My, - anwn(l, V) - PnWW, p)}
ax

A2 = a0[7„ - anWn(l, p) - P„W!,{1, p)] - |~ctn Cosh p(~ + t„_i)

+ ^ /3„ sinh p(-p + - a0F,(0, p) - jSoWi'(0, p)]
Cln / -J

* = (""■ " ir. "A) sMl '(a, + T"') + - 1?) COsh (13>

and the formulas (8.1), (8.2) become

U^x, p) = | |[7o - aoFXO, p) - PoWKO, p)][a„sinhpQ- + rn_, - |)

+ £ ft, cosh p(/ + rB_, - 5-)I + [7„ - «„TF„(Z, p) - ftj^tf, p)]
an \un Wj/j

• (a0 sinh — — — /30 cosh —)} + T^i(x, p), (14.1)
\ CKi (Xi Cti / J

M®,P) = t{[7o - «oTfi(0,p) - /3oTfl'(0,p)]U„sinhp(- - —

+ T„_! — TjJ) + /?„ cosh p(- - h r„_! — Tt) + [7„ — a„Wn(l, p)
/ \(Zn Uk +1 /_

- ftJJW, p)]|ao sinh pf Ti + — 2- ft, cosh p(r4 + }
L \ tZfc+i/ cii \ tt)fc+i/ J J

+ Wk+1{x, p); & = 1, 2, • • • , » — 1. (14.2)
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It is easy to verify that the expressions (13) to (14.2) satisfy in fact the boundary con-
ditions (7).

Formulae (14.1), (14.2) represent the Laplace transforms of uk{x, t) and from this
we obtain in each concrete case the completed solution by the methods of operational
calculus. Several examples are given in the following section.

4. Special problems. We illustrate the preceding theoretical considerations by
typical examples generalising the results given occasionally in the literature [1]. In order
to have reasonable expressions we assume (9) to be valid.

All the calculations needed in each case proceed by five stages. First, one applies
the Laplace transformation to the fundamental equations governing the problem and
to the initial conditions. This yields the general form of Uk{x, p), as indicated in (1), and
especially also the expressions Wk{x, p).

When the relations (2) hold, we write down the subsidiary equations corresponding
to the boundary conditions at x = 0, x = I and obtain the Values aa, (30, y0, an , ftn , yn .
The third and fourth steps consist in calculating the expression A by (13) and the
Laplace transforms Uk(x, p) according to (14.1), (14.2). Finally, we deduce the wanted
solution ut(x, t) by the methods of operational calculus.

4.1. Vibrations of a bar under its own weight. The upper end x = 0 is fixed,
the lower x = I supported so that the displacement is zero at all points. At t = 0 the end
x = I is released.

Putting s0 = 0 fundamental eqiiMtimis of the problem with belonging initial conditions
are

wz=ald? + g' s*-i <*<«*> *>°; * = i,2, •■•,» (15.1)

Uk(x, 0) = 0, dUk(*' 0) = 0, st_! < X < 8k ; k = 1, 2, • • • , n. (15.2)
at

Solving the corresponding subsidiary equations with respect to Uk(x, p) and comparing
with (]) gives

Wk(x, P) = 5; k = 1,2, (15.3)

Thus, the relations (2) hold.
The boundary conditions at x = 0 and x = I are

and this leads to

We therefore have

and (13) gives

71,(0, t) = 0, l) = 0; (> 0 (16.1)

[7,(0, p) = 0, U'n(l, p) = 0.

«o = Pn = 1, 00 = To = an = 7„ = 0 (16.2)

A = — cosh p(— + t„_(16.3)
dn \&n '
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It then follows from (14.1), (14.2) that

cosh + r„_, - —)
j \On ajn--):u,{x, P) = 4

cosh

Uk+i(x, p) = ^2
cosb ^ ~ +T- ~ '■)

"(a, +cosh
; k = 1, 2, ••• ,n - 1 (17.1)

and from this we find (with the aid of a table of Laplace transforms or by contour
integration) the complete solution in the form

« - f 0, + - ir)
- i¥ (i + t ^ cos(2n + +~ *)

* / n-0 (2n +1) ( I \

2t +
(2n ± Pit!

2(^ +

+ T*)(^ + T-' (J:+ '-■)

00 f "H" (2?l -|- l)7r[— -f" Tn_i ~~ Tic I /Q I »
. y1 (-1) oos  q*+* / ro« (2n + 1)t* .

k = 1, 2, ••• ,» - 1. (17.2)

■cos ■
2{

4.2. Bar with a mass at the end. The end x — 0 is fixed, a mass m is attached to
the other end x = I. The bar is initially stretched by the axial force qS and at t = 0
its end x = I is released.

The fundamental equations

Jf = > «»-» <*<**, <>0; A = l,2,".|n (18.1)

with

/ r\\   ri( \ 1 Ik | -1 \ dUkjX) 0)   /-v > ^
V,k{Xy 0) "1" jj, J ) Uj Sk — 1 ^ ^ J

A: = 1, 2, ••• ,« (18.2)
and with the boundary conditions
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Mi(0, 0=0

m = -qEn dUf' l) , Un{l, 0) = S ± Jf- , dU"(\' 0) =0; t > 0 (18.3)
ul OX * —1 K Ov

give, as in the preceding case

Wt(x, p) = s(z^ + ^E^)> «o = 1, 00 = To =■ o,

&n 1) fin
qEn y.-s±k-

(19)

mp2 ' ~ f=[ E„
Thus, Ave find without difficulty

A = sinh pi— + rn_,) + -^2- cosh pi— + r„_i)
r\a„ / mpa„ r\an / (20)mpan

and formulae (14.1), (14.2) yield

„ „ sinh ^
TJ (x ~y\ —  5! 

E' " *[* 8iBh "(a. + '">) + S «osh p(J: +

£/»„(*, = s( i: ^ (21.1)

,s sinh iy- +  
m

The solution is

sinh p(^ + r._,) + & cosh p(^ + r._,)]

A; = 1,2, ••• ,n — 1.

»-S ('-S I)+¥(i+'-•)'
\sec 5p . d\ 8pt

+ Tn-l ~ + l"n-la.

/ A CM \ 1 Ik Sfc (LnTlc I ^ (1 Q<n ^k + l\ I

2giS / Z . V  sec 8P 
-t ^.-.,[(i+r..,)g+(i+,-)-(S),+{:]

tin + -£-) . ,
■sin— 9±±lL cos ——— ; k = 1, 2, • • ■ , n - 1. (21.2)

— + t„_i — + r„_ i
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The <5p(p = 1, 2, • • •) are the positive roots of

8 tan 5 = (— + r^) (21.3)\a„ / ma„

4.3. Collision of two rods. Two equal rods of the kind treated above move longi-
tudinally in opposite directions with equal speeds v and collide at t — 0, at the origin
x = 0. By symmetry we consider only the rod 0 < x < I and so long as the rods are in
contact we have the equations

W = al^d?' «*-> <*<«*> <>0; *-1,2, ••■,» (22.1)
with the initial conditions

Uk{x, 0) = 0, _„f Si i < x < . fc = 1, 2, ••• ,n (22.2)

and with
Mi(0, t) = 0, dUf' l) = 0, t > 0. (22.3)

OX

From this we obtain, as before

Wk(x, p) = —^ (k = 1,2, •••',»); a0 — Pn = 1, ;3o = To = «„ = yn = 0 (23.1)

VA = — cosh !a. 41 +'-')• (23-2)
and formulae (14.1), (14.2) become

UAx, v) = ~l

Uk+1(x,p) = -~ 1 -

cosh p(-^ + t„_, -
\an d\/

cosh p(~ +

cosh P\— + rn_! - Tt — —
\Qn &k* l'

cosh p(^~ + t„_ ! ̂

k = 1, 2, ••• ,n - 1. (24.1)
Hence, the solution is

•«- + '«)• t cos(2r+1);(;-+T-;-°').in*u- ;-(2r+,) £+-.)

Mt + 1(x, 0 = -5 ("^ + T„_,)
7T /

^ (_1)r+1 (2r + 1)t(- + rn_, - r» - —) (2f> + 1)x/ _
'S(*+i)2C0S

k = 1, 2, ••• ,n - 1. (24.2)
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5. Final remarks. For n = 1 the formulae for Ui(x, t) in (17.2), (21.2) and (24.2)
change into the well-known elementary results given in the literature [1].

Our preceding deductions may serve as a kind of guide in treating other problems
on vibrations of composite continua. A special example has been discussed in detail in
the author's paper given in the literature [2]. The method of matrix analysis can be used
also in treating other important questions of engineering such as torsional oscillations
[3], conduction of heat [4, 5], etc.
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