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THE SPECTRUM OF FREQUENCY-MODULATED WAVES
AFTER RECEPTION IN RANDOM NOISE-I*

BY
DAVID MIDDLETON
Cruft Laboratory, Harvard University

Part I: Introduction and Discussion

The reception of radio, radar, and television signals is always accomplished in the
presence of noise, which exclusive of outside sources—either man-made or natural—
arises because of the random motion of electrons in the various circuit elements of the
receiver, principally in the stages preceding the detecting devices. The noise is ac-
cordingly assumed to be of the fluctuation type; impulse noise is not considered in this
paper. Knowledge of the spectral distribution and the power output following demodu-
lation of a frequency-modulated carrier in such noise is essential to any critical theory
of receiver behavior. Accordingly, the principal purpose of the present work is to in-
vestigate the spectral aspects of the problem. One of the chief reasons for our interest
in the spectrum lies in the fact that the signal-to-noise ratio at the output as a function
of the ratio at the input depends markedly on the spectral distribution, in the so-called
case of broad-band FM (where the maximum change in carrier frequency may be several
times the highest modulating components). The dependence in the instance of narrow-
band FM (for which the maximum deviation in the carrier frequency is comparable with
or less than the highest significant audio modulating frequency) is not nearly so critical.

Previous investigations, of which the work of Carson and Fry,"' Crosby,” Blachman,®
and Rice' are particularly to be noted here,** have dealt chiefly with the strong-carrier
case, in which the noise is largely suppressed and appears linearly with the signal in

*Received May 27, 1948. The research reported in this document was made possible through support
extended Cruft Laboratory, Harvard University, jointly by the Navy Department (Office of Naval
Research) and the Signal Corps, U. S. Army, under contract N5SORI-76, T.O.I. The author wishes to
thank Miss Marilyn Lang of the Electronies Research Laboratory, who performed most of the calcula-
tions in this paper. ’

1J. R. Carson and T. C. Fry, Variable frequency electric circuit theory with application to the theory
of frequency modulation, Bell Syst. Tech. J. 16, 513 (1937).

2M. C. Crosby, Frequency modulation noise characteristics, Proc. 1. R. E. 25, 472 (1937).

3N. M. Blachman, A theoretical study of the demodulation of a frequency-modulated carrier and random
noise by an FM receiver, Thesis (Harvard, June, 1947). Technical Report No. 31, (1948), Cruft Labora-
tory, Harvard University. See also N. M. Blackman, J. Appl. Phys. 20, 38 (1949).

8. O. Rice, Statistical properties of a sine-wave and random notse, Bell Syst. Tech. J. 27, 109 (1948).

**An interesting paper by F. L. H. M. Stumpers (Proc. .LR.E. 36, 1080 (1948) has since appeared,
giving some of the same general conclusions reached here in the case of extreme limiting. The case of no
limiting, however, is not discussed.
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the output. Rice’s work* is an exception, in that he determines the spectrum for the
case of arbitrary input carrier-to-noise power ratio (p), but only for the idealized ex-
ample of extreme limiting (as do likewise Carson and Fry' and Crosby®). Further, the
carrier is not modulated. Blachman’s interesting treatment,® on the other hand, is more
comprehensive, since he includes modulation and a discussion of the case of no limiting.
Similarly, the present paper is more general than Rice’s work in that modulation and
no limiting are also considered, and is an extension of Blachman’s efforts® since spectra
(and their associated correlation functions) are obtained for all values of the ratio p.

We consider the case of no limiting because it gives us one extreme of receiver per-
formance as a function of limiting; superlimiting gives us the other. Since the passage
from the former to the latter is monotonic, we may be able roughly to estimate the
behavior for intermediate degrees of limiting. The ability to handle all values of input
carrier-to-noise power ratios is particularly useful when we desire the spectrum for
threshold signals (p «— 1 or less), an important region when contrasting the maximum
sensitivities of AM and FM reception. Specific calculations of spectra are made, which
utilize a Gaussian input noise distribution. This spectral shape is usually a somewhat
better fit to actual responses than the rectangular spectrum. The results of the analysis
are given in detail in Part I, while Part III contains a treatment of important special
cases: (1) noise alone, (2) unmodulated carrier and noise, and (3) a sinusoidally modu-
lated carrier in noise.

The actual nonlinear or demodulating elements in an FM receiver are too involved
to yield satisfactorily to direct treatment, but a possible model of these essential circuit
clements—the limiter, followed by the discriminator—may be constructed if we assume
that the physical discriminator is replaced by an ‘“‘ideal” one which responds every-
where linearly with frequency (the “quasi-stationary’” hypothesis of Carson and Fry).
Thus, the output current (or voltage) is directly proportional to the instantaneous
difference frequency between the wave and the central or resonant frequency of the
IF, limiter, and discriminator bands (all tuned to the same frequency and assumed to
be symmetrical). The filter characteristic of the limiter is taken to be wide enough to
pass the IF portion of the limited signal and noise without distortion due to frequency
selection. In practice, of course, the real discriminator saturates for sufficiently large
excursions about resonance, but such behavior is rare if only an insignificant portion
of the wave’s energy is redistributed into higher harmonics due to the ‘“spreading”
action of the limiter.® This is assumed to be true here even for the extremes of super-
limiting, in which the incoming disturbance is heavily clipped at top and bottom.

5Blachman has shown (ref. 3, ch. IV) that when there is no limiting, the characteristic function
method used by Rice and others? in the solution of AM receiver problems may be adapted for all carrier
strengths to the problem in which the idealized discriminator is replaced by one closer to actual electronic
practice, namely, two diode rectifiers = radians out of phase with onc another. Unfortunately, the
method breaks down when there is limiting, since it does not seem practicable to determine, in any
useful form, the distribution functions W1 and W; of the clipped, filtered noise and signal waves leaving
the limiter to enter a second nonlinear device of the above type. Kac and Siegert (J. Appl. Phys. 18,
383 (1947)) have calculated the first-order distribution W, , but it is the second-order density W that
is needed for the spectrum. (The analysis of the present paper has been extended by the author to
include arbitrary limiting, with the idealized discriminator and similar assumptions as to the width
of the limiter’s filter response. Sce Technical Report No. 62, Cruft Laboratory, Harvard University,
Nov. 24, 1948).

¢D. Middleton, The response of biased, saturated linear and quadratic rectifiers to random noise,
J. Appl. Phys. 17, 778 (1946).
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The wave leaving the IF and entering the limiter is narrow-band, that is to say, it
may be represented analytically by
V() = R(t) cos [wet + 9()], (1.1)

where f(=w,/27) is the central frequency of the IF, limiter, and discriminator, R is
the envelope and 6 a phase angle; both R and 6 are slowly varying functions of time
compared with wef. If we let f(iz) be the Fourier transform of the limiter’s dynamic
characteristic g(V), i.e.

je) = [ e vo(v) av, (1.2
0
the output of the limiter may be written”®
Vo() = %r fc §(i2) exp [iz R cos (wot + 6)] dz. (13)

The contour C extends along the real axis from — « to 4 « and is indented downward
about a possible singularity at the origin. With the help of the expansion

exp (ia cos ¢) = 2 I"e.J (@) cos ng, & = 1, €1 = 2, (1.4)
we obtain from (1.3)
Vo(t) = D B.(R) cos n(wot + 6), (1.5)
n=0
where
BB = 52 [ 1) J.(Re) de. (1.6)

The quantities B,(R) are the envelopes of the n (=0, 1, 2, - --) spectral zones that are
produced in the limiter by its nonlinear action;"® n8 is the phase relative to nwt, the
n-th harmonic of the original central (angular) frequency. Only the band centered
about fo(n = 1) is passed to enter the discriminator. The input wave is therefore

Viea = By(R) cos (wet + 6). (1.7)

In vector language, this input is represented by V.., = Ve'* where real quantities
correspond to the z-components, and imaginary quantities to the y-components. Here
V = B)(R) and ® = w,t + 6. Then we have

Vica = V(cos ® + isin ®) + Vd(—sin ® + i cos &) = rV + 0V,

since the polar unit vectors (r, 8) are related to the rectangular ones by the transforma-
tion

r=cos ® 4 ¢sin P, 0 = —sin® + 7 cos &;
V is the timc-rate-of-change of the modulus, and V& is the time-derivative of the

’S. O. Rice, Mathematical analysis of random noise, Bell Syst. Tech. J. 24, 46 (1945).
8D. Middleton, Some general results in the theory of noise through nonlinear devices, Quart. Appl.
Math. 5, 445 (1948). (D. M. I.)
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phase, or, what is the same thing, the instantaneous frequency.’ The output Ej of our
idealized discriminator is precisely this second term, namely

El(f) = kVd = kB,(R)(wo + 6),

where « is a constant of proportionality with the dimensions (secs). In practice the
high frequency term, represented above as the coefficient of w, , is not passed by the
discriminator filter, so that the final discriminator output is

16«

B,(t) = kB(R)S = O fc (62T (R2) dz. (1.9)

Notice that the effect of the limiter is contained in the term B,(R), the exact form of
which depends on our choice of ¢g(V), ef. (1.2). We assume that the limiter amplifies
linearly (for both positive and negative amplitudes) up to a certain level, denoted by
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F1c. 1. A typical limiter characteristic.

R, , beyond which point saturation occurs abruptly. The dynamic characteristic is
shown schematically in Fig. 1. From (1.2) we find that here

. fliz) = 28(1 — exp [—iRe2])/(%2)’, (1.10)
where 8 is the dynamic transfer constant of the limiter and the factor 2 is present be-

9B. van der Pol, The fundamental principles of frequency modulation, Jour. 1. E. K. 93, Part III,
153 (1946).
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cause both the positive and negative portions contribute to the envelope. Accordingly,
B.(R) in (1.9) is*

B\(R) = 2‘3’ [ (1 — ¢t )](Rz) BR, O0<R<R,, (.lla)

- 3330 (=172, 1/2: 3/2: R2/RY), ]
!> R, < R. (1.11h)

_ 2 Ro< __) _llf(,}
—WBR{ 1 7 J

The two cases of chief intercst are (a), no lémiting, and (b), superlimiting. From (1.11a)
and (1.11b) it is evident that B,(R) = BR (no limiting); and B,(R) = (4/7)BR, (super-
limiting) in which the rms saturation level for the envelope is much less than the input
noise level (b,)'"?, i.e. Rj < 2b, .

Although the spectral behavior of the discriminator output depends on a considerable
number of parameters, chief among them (1) carrier strength, (2) degree of limating,
(3) power and spectral distribution of the noise entering the demodulating elements, (4)
deviation from resonance, (5) intensity and wave-form of the modulation, ete., certain
general observations can be made with regard to these factors and their effect on the
power output and spectrum. We summarize the more significant features below, referring
to the appropriate figures and equations, the analytical details of whose derivation are
available in Parts IT and III. '

1. Signal Output (Power and Spectrum). Spectrally speaking, the modulation is
reproduced without distortion (2.32). since our model of the discriminator responds
linearly to all frequencies about resonance. In practice, this is only approximate, be-
cause of unavoidable nonlinearities which result in harmonics of the modulation in the
low-frequency output. The effect is small, however, if the maximum deviation remains
mostly in the linear portion of the discriminator characteristic. '

Figure 2 illustrates the output signal power Ry(0),x,, [Eq. (2.32)] as a function of
the input carrier-to-noise power ratio p. A significant difference between the limiting
and non-limiting conditions of receiver operation is immediately evident. For no limiting
(A = 1) and sufficiently large values of p (p® >> 1) the output signal power is directly
proportional to p, while for extreme limiting (A = 2) saturation is observed: the output
signal strength is independent («—p°) of the carrier. The amount of noise is assumed to
be constant in both instances.

On the other hand, the threshold behavior for weak signals (p < 1) shows that the
signal output of the discriminator is proportional to p*, whether or not there is limiting.
Thus, if the carrier is sufficiently weak, the limiter-discriminator combination behaves
like any (half-wave) second detector acting on an AM wave,'' as far as the dependence
on carrier strength is concerned. Similar remarks apply for the d-c output (Fig. 2),

WThe integration is readily accomplished by representing exp (—if%z) as the sum of two Bessel
functions and evaluating the resulting Weber-Schafheitlin integrals with the help of Eq. (2), p. 471,
Watson, Theory of Bessel functions (Macmillan, 1945). Sec also D. M. 1., Appendix III.

up, Middleton, Rectification of a sinusoidally modulated carrier in the presence of noise, Proc. I. R. E.,
36, 1467 (1948).
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provided that we replace the mean-square modulation by the square of the mean.
Accordingly, when the modulation possesses no d-¢ component, there will be no d-c
output, [cf. (2.36), (2.37)]. From these equations and from physical considerations it
is also obvious that if the modulation is slow enough, n = 0, there will be no observable
signal.
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Fig. 2. Output signal power for no limiting (\ = 1) and extreme limiting (A = 2).

2. Noise Output (Power). The low-frequency noise power from the discriminator
is independent of the carrier when there is no limiting, provided the carrier is unmodu-
lated [(Eq. (2.34)]. It is also true that the output does not depend on the modulating
frequencies in either case, as can be verified from (2.34) and (2.35). However, unlike
the analogous situation in AM reception'' (mentioned above in connection with the
signal) the magnitude of the noise power emanating from the discriminator does depend
on the spectral distribution of the noise, i.e., on the IF-limiter-discriminator frequency
response. The dependence is not very critical, covering a range of about 20-30 per cent
between the extremes of rectangular and “optical,” or single-tuned responses of the
same energy (see Appendix V, and Table I of ref. 12).

Modulation suppression,’* a phenomenon whereby the signal suppresses the noise
when the signal is large enough, occurs in FM as well as in AM reception.'' For no
limiting (\ = 1) the low-frequency noise output is independent of carrier strength
when p® >> 1 and is still random noise, though mixed with components of the modulation
[Eq. (2.40) et seq.]. A like behavior occurs in extreme limiting (A = 2), except that

2D, Middleton, Spurious signals caused by noise in triggered circuits, J. Appl. Phys. 19, 817 (1948).

18], H. Van Vleck and D. Middleton, A theoretical comparison of the visual, aural, and meter re-
ception of pulsed signals in the presence of noise, J. Appl. Phys. 17, 940 (1946).
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now the noise is absolutely, rather than relatively, suppressed, proportional to p'
The reverse situation arises when the carrier is weak relative to the noise. The noise
is then dominant, and it is the signal which appears in the output as a perturba,tlon of
the noise. (See Sec. 1 above.)

3. Noise Output (Spectrum). It should be emphasized that discrimination, with or
without limiting, is not a linear process, even though the noise output following it may
be the linear sum of the effects of the transient pulses (and their derivatives) which
make up the incoming noise wave. In general, from the spectral point of view the noise
output after the nonlinear operations of limiting and discrimination will consist of three
types of component, just as in conventional AM cases. These modulation products are
produced by (a) beats between noise and noise (nxn), (b) beats between the signal
and noise (sxn), and finally, (¢) a signal contribution (sxs), due to products generated
among the signal harmonics. For weak carriers the output spectrum is primarily de-
termined by the distribution of the noise before discrimination (on the assumption of
an ideal discriminator), while for strong carriers the spectrum of the discriminator
output is not so heavily dependent on the spectral shape of the input, but is modified
in a way that depends markedly on the degree of limiting. Limiting spreads the spectrum

X ] T
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Fia. 3. Low-frequency noise spectrum following discrimination, no carrier.

by redistributing the energy into the higher harmonics of the distorted wave obtained
in the clipping process.'*
The significant feature of no limiting (strong carrier) is that the spectral intensity

14Tt has been implicitly assumed throughout that the limiter-discriminator filters are wide enough
to pass the limited wave without appreciable distortion due to frequency selection. Thus, to consider
spectra in the neighborhood of @ = 5, for example, is to assume these filters are at least five times wider
than the IF band. The region of principal interest, however, is in most cases @ < 2, so that when there
is limiting our model of a limiter-discriminator response several times as wide as the IF is not too far
out of line with actual practice For no limiting this response need not be wider than the IF.
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near the low-frequency end of the output does not as a rule vanish. For extreme limiting,
however, the intensity is always very small near f = 0, unlike the analogous situation
in AM reception. Moreover, the spectrum near f = 0 is proportional to f* and is roughy
triangular, becoming more nearly rectangular as the carrier diminishes in power relative
to the noise, in accordance with Crosby’s results.” Consequently, in broad-band FM
the amount of noise passed in the video or audio stages is noticeably reduced when
there is heavy limiting as compared with the instance of no limiting (Part I1T). Compare
the spectra in Figs. 4, 5 and 9, for example. This shows the necessity for limiting if there
1s to be an improvement (over AM, and FM without limiting) in the signal-to-noise
ratio when the carrier is strong.”"® Limiting, however, is not mandatory for weak signals,
to which FM receivers respond like A M receivers in their dependence on carrier strength
(see Sec. 1 above). For narrow-band FM the dependence on spectral distribution is
not critical, since it is the entire low-frequency spectrum, rather than a fraction of it,
which is a measure of the interfering noise. Spectral shape is then unimportant. Figures
6-11 illustrate various other special cases.
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Fia. 4. Low-frequency noise spectrum following diserimination for a tuned,
unmodulated carrier and no limiting.
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Part II: Correlation Function of the Output (General Theory)

The correlation function of the low-frequency output of the discriminator is

Ry(?) = [E(t)E(t + Dlav. = *[B,(R)B:1(R)6,065)uv- - ' 2.1

The bar indicates the statistical average over the random variables and [ ],,. denotes
the average over the phases of the modulation, if any.'® The mean power spectrum is
given by the well-known Wiener'®*-Khintchine'” relation

W) =4 [ RO cosatds, o =2, 2.2)
with the transform
R() = fo " W) cos ot df. (2.28)
The input voltage to our limiter-discriminator combination may be written
Vo) = V., + Vy = A, cos (wt + V) + i (a, cos w, + b, sin w,i), 2.3)

n=1

where f. is the carrier frequency (in the IF range) and
t
v = f Du(t) dt,  with Dq(f) the modulation. (2.32)

The quantities a, and b, are random parameters with the properties

@G =0b,=0; ab,=0; - @G, = bb, = w(f)AS5% ; (2.4)

w(f,)Af is the mean power dissipated in a unit resistance by the n-th component f, ,"*
and 4y, is the familiar Kronecker delta, such that &, = 0, n # m, &, = 1. Here 4, is a
constant representing the peak amplitude of the frequency-modulated carrier. Since
the disturbance is assumed to be narrow-band, let

W, = wo + wl and We = wo + wa , (2.5)

where w, is some constant (angular) frequency, in this case the resonant or central
frequency of the IF-limiter-discriminator elements; «, is then a frequency relative to
wo , and w, is simply the (fixed) deviation of the carrier from exact tuning (w = w,).
We have from (2.3) and (2.5)

Vi = 2 [a, cos (wo + wl)t + b,sin (wo + wl)t] = V, cos wet — V, sin wol, (2.6)

n=1

15The subscripts 1 and 2 on current or voltage amplitudes throughout refer to these amplitudes at
the initial time & = # and a later time &, = & 4 ¢( ¢ > 0), respectively.

16N, Wiener, Acta Math. 55, 117 (1930).

17A, Khintchine, Math. Ann. 109, 604 (1934).

183, 0. Rice, Bell Syst. Tech. J. 23, 282 (1944) and M. C. Wang and G. E. Uhlenbeck, Rev. Mod.
Phys. 17, 323 (1945).
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so that

© ©

V.= Y (a,cos wit + bysinwit); V, = 2 (a,sinwit — b, cos wit); 2.7

n=1 n=1

V. and V, are the portions of the slowly varying part of the wave that are in phase
with cos wet and sin wyt, respectively. A similar treatment for the signal yields finally
for the complete wave

Vo(®) = [V, + A, cos (wit + \Il.)] cos wet — [V, + Agsin (wyt + V)] sin wol

(2.8)
= R cos (wot + 6),
so that
— 2 211/2 _ V. + ,3)
R=[V.+ o+ (V, + 83" and 6 = tan <Vc+a + nw
(2.9)
n=0)1’2’ R}
in which
a = A, cos (wit + ¥) and B = A, sin (wit + ). (2.9a)
Frbm (2.9) we obtain
6=[(V.+a)(V.+8) — (V. + B(V. + 2))/R". (2.10)

Consequently, the low-frequency output of our discriminator is [ef. (1.11)]
E(t) = n(V. + (V. + B) — (V. + B)(V. + JV/R, .10

where.'y) = kﬂ for A = 1 (no limiting), and vy = 4kBR,/x for A = 2 (superlimiting).
The correlation function (2.1) is therefore given by the eightfold integral

Ro(t)lv = ’Y:/ av. f aVe - f dVazwz(ch y Ty Va2 ; t)

X (Vo + a)(Var + B) = (Var + 8) (Vs + )] 2.12)

X [(Ves + a)(Vaz + B2) — (Vo + B)(V.. + ar)]/RAR} .

The subscript N indicates that only the average over the random variables V,, , - - - ,
V.. has been performed, and not that over the phases of the modulation. The complete
correlation function requires the additional average. The quantity W, is the joint
probability density of the eight random variables V., , ---, V., .

The evaluation of (2.12) will require the Fourier transform of W, , namely, its char-
acteristic function Fy(z, , 2, , - -- , 25 ; t), which is specifically"’

19The subscripts 1, 2, - - - , 8 here clearly do not have the time significance of thoseon Ve, Ve, -+ ;
cf. footnote 15.
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FZ(zl 1R, "t , % t) = [eXp {?:lecl + 2. Voo + 12,V + 2. V,5 + ’izsi’cl

+ iz V., -I- 2V + izsf’,z}]stat. av.

exp {— %(zf 428+ + 2 — %(ﬁ + 2 + 2 + 2) (2.13)
- ¢o(t)(zlzz + 232,) — $1(D)(2126 — 2025

+ 2325 — 2427) + () (2526 + 2728)}:

where
@ n an ©
bo= [ whe—wdf,  ad 60 = % [ ufcos@—wtdf. (210

Since w(f) is the mean input power spectrum, determineéd by the shape of the IF filter
response, b, is the mean input noise power and ¢,(f) is the correlation function associated
with it, by virtue of (2.2a). Observe that ¢,(0) = b, ; then, for later use we find it con-
venient to write ¢,(f) in semi-normalized form, viz.

d),,(t)/bo = n(t)y a'nd rn(t)max Z rn—l(t)ma.x 2 et 2. ro(t)max = 17 (2'15)
as is easily shown. The determination of W, and F, is given in Appendix I. Our result
(2.13) is somewhat specialized in that the input spectrum w(f) is assumed to be sym-
metrical about f, .

Now, from the definition of the characteristic function and its Fourier transform
relation with W, , the probability density may be expressed as

WiV, Ve, o+, Va0 = @07 [ d

re f dzg exp {—i(zlvcx +2Ve+ - + zSVa2)}F2(zl yR2 ., " , R, t)~ (2-16)

The correlation function (2.12) is then

Rty = »{L® = IV — LY + IV}, 2.17)

where

™= f_:dV,, f_:df’.z(Zr'sf_:dzl

v ‘/;' dzspz(zl y Tt R t)Gi(Vcl )y Tt V:z) (2.18)

Xexp {—i@Va+ - +2V.)RTR (G =1,2 3,4
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With . . - .
Gx = (Vol + al)(Vu + Bl)(Vc2 + az)(ch + Bz),

Go= (Vo + a)(Va + B)(Vaz + B) (Voo + ),
(2.19)

Gy = (Vat ) (Ve + a)(Ver + )V + B2,
G4 = (Vn + ﬁl)(Vcl + &1)(V.2 + Iéz)(ch + &2)-

At this point we follow a procedure suggested by some recent work of Rice.* We in-
tegrate first over the random variables V., and V,, , V.; and V., , taken in pairs, fol-
lowing which we perform the integration over the V. We need the value of

K. = f—w do ./:.,, dy @ _:yz)u exp { —izz — yt},

and (2.20)
= dz exp {—ixz — yt}.
[Lee] derens
Transformation to polar coordinates and integration give finally
—2miz

= T + o
and 2.21)

K, = —2mi¢ 2> R@u—2 > —1.

2@ + £

For superlimiting X\ is 2 and u is unity, while in the other extreme of no limiting X is 1
and p is 1/2. For this latter case the integrals (2.20) do not converge, but the results
(2.21) still apply, as Appendix II demonstrates. Now, letting 2 = a, + V., ,
¥y =P8+ V., --- and using (2.20), we obtain the twelve-fold integral

W= [Cav, [ ava- [ avaeor [ e
[ dmexp (—ieaVa -+ BV, 250 (2.22)

( 2‘”') 2122 exp {1(z,an + 2005 + 2361 + 248} PR .
2 V.l + Vi + 82);
(z1 + 22 2—)/2(z2 2)2—x/ ( B1)( B2)
I, I”, and I are found from (2.22) if we replace 212:(Va + B)(V.a + B5) by

2124(Vn + ﬁl)(ch + az), zzzs(Vu + C‘l)(Vnz + ﬁz), 23Z4(V,1 + ax)(Vea + aa) respec-
tively. The integrations with respect to V., -, V., are effected with the help of

Lol
and (2.23)
2” [ rar '/:"” exp {—is¥g(a) dz = —2[%5]--0
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The first relation follows from Fourier’s integral theorem and the second also, on in-
tegration by parts; in both instances it is assumed that g(=& <) vanishes properly. Ap-
plication of (2.23) in (2.22) for I{™ yields the fourfold integral

19 = - [ an o [ an

22, {01252 — &2 + Bibizs — Batiza + Blbz} (2.29)

X
@ + 2V + 2

X exp {— %’(23 + 25 4 23 + 21) — do(2iz: + 2:20) + iz, + @z + Bizs + B»ZO}.

The other I are found from (2.24) if we replace its numerator, excluding the expo-
nential, with

3124{45?3134 + ibx'ﬁlzx - 1:0'524’134 + l;lz.ﬂx},
’zzza{*ﬁfzzza + il.lld’xzs - i.ﬁ2¢122 + &1B2};

and 2324{(95123122 - ¢2) + '&‘;ltﬁlzl - i&@xzz + &1&2}7

respectively for j = 2, 3, 4. Returning to (2.17) with these expressions for I}*, adding
and collecting terms give us finally

RO(t)N = Tz;i' f_: dzy - f: dzi{d:(t)(212: + 2524)

+ $1(8)* @z — 225)° — i01(D)(@i2a — zazs)(@izs + e — By — Bizs)

- (ﬁlbzzlzz + &1&22324 - 6.12[31%34 - C;lbzzﬂa)}(zz + zg)x/z—z(zg + z:))/z-z (2.25)

X exp { - % boe + 22 + 25 + 20) — do(t) (e + 202) + iz + oz + Bizs + ﬁaz4)}~

At this point we make the obvious transformation to polar coordinates™
2, = p, cos 6, , 2, = pp CO8 0, ,
2; = pysin 6, , 2, = py8in 6, ,

20When A = 2 (superlimiting), we can follow an alternative method suggested by Rice* for the case
(8 =0,a" =g = 0)in which the denominator [(2% + 22;)(2% + 2%)]*~™2 is expressed as a pair of infinite
integrals in (say) w and v, whose integrands have the form exp [—ubo(2% + 2%)/2] and exp [—vbo(s%
+ 22,)/2]. The integration over z; - - - 2z, may be achieved with the help of a principal-axis transformation,
leaving a sum of double integrals, each of which may be further reduced to a single one after suitable
changes of variable. The final integration, however, cannot be effected in closed form, except in special
cases. When there is no limiting (A = 1), this technique fails, as it is not possible to eliminate the radicals
[ + 24) (2% + 2212
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for which the Jacobian is simply p,p, . From (2.3) and (2.3a) we may define a phase g by

7 = wit + 7,
whence ) )
N = Wq + \I,;
and m = wibo + ¥, e = wy(lo + &) + ¥, b2t =1, (2.26)

and since (o , + 82.2)"% = Ao and (af 5 + £2.2)"% = 11,24, , we can write the correlation
function in its general polar form

@ © 2x
Ry =n f pr~* exp (—bopi/2) dp, f s> exp (—bops/2) dps d—;—‘
0 0 0 g

>* de . . :
X j exp {"’_¢0P1P2 cos (6, — 6,) + ©Aqp, cos (6, — m) + 2Aep, cos (0 — 712)}

0
X {¢2 coSs (92 - 01) -+ ¢12P1P2 sin® (6; — 6,) + 7400, sin (8, — 01)[".7191 cos (6, — 71)

+ ‘;1292 cos (6; — 72)] — A:';h‘;h cos (6; — m;) cos (6, — )} (2.27)

The integration over 6, and 6, is accomplished in straight-forward fashion with the
aid of the Bessel expansions of the various trigonometric exponentials [cf. (1.4)] and
the orthonormality relations for the sine and cosine. The details are available in Ap-
pendix III. The correlation function becomes finally

R()x = 7 g 'g: To(t)zmk{[ —¢x(?) % ( Kobm.k+1 €08 (B 4+ 1)(n. — )

+ H% o <08 (6 = Dns — )

+ ¢1(t)2 & ( £1;;+l.k cos k("h - "h) - Hl(clz:u-fl r+2 COS (k + 2)("12 - 711)

- _Hl(cl'l:n-i»l k-2 COS (k - 2)("]2 - ’71))]
(2.28)
+ @b, () B [(1 — B H s (H e ber = Hmr.s

X sin (k + (92 — m)

- Hk 2m, |Ic—l|(Hl£}%m+l.k - chl.)zm+l.lk—2l) sin | k—1 | (’12 - "11)]

.. s 1
+ Dbt 08 ks = )| B e+ 5 W res = Hhwne” ]

where p = A%/2b, is the ratio of the input mean-square carrier to mean-square noise
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voltage. The amplitude functions Hi3mino, ¢ = |k — 1],k + 1;¢(n = 0); ¢ = F,
k+ 2 |k — 2|, (n = 1) are obtained from

(2m+k)/2
0

2(2m+k)/2[m!(m + k) !]1/2

H)‘:’,‘;m-)n,a(p; x) =

% [ T v [ bp®/21 o Aop) dp

_ Tk +2m +n+ ¢+ 2 ~ 1/2p™ (2.20)
q!bén+)\—1)/22(3—n—)\)/2[m!(m + k)!]1/2 :

X Fi(lk+2m +n+ g+ N —11/2; ¢+ 1; —p),

where k, m, n, ¢ are integral and positive. The integration is performed with the help
Of21

® 72,2\ u-1 =r[(V+ﬂ)/2]ly 7 (v - .2 2
7 ey exp (= s = T (Y 4 i+ 1 -

R+ w >0

in which ,F, is a confluent hypergeometric function. Recurrence relations for the various
H’s are available in Appendix IV.*” The complete correlation function R(t) follows
after the average over the phases of the modulation has been taken, viz.

1 To

Ry(t) = ’7_7_ Ro(t)N Alimoay - (2.31)

o Yo
The mean power spectrum may be obtained in the usual way [cf. (2.2)], by determining
the Fourier transform of R,(t). Specific cases are considered in Part III.

As in the analogous situation for amplitude modulation,'" the output will consist
of three sets of contributions: (1) (nxn) noise generated by the beating of the input
noise components with each other, (2) (sxn) noise produced by the cross-modulation of
the signal and the noise, and finally, (3), the discrete signal components (sxs). In our
expression (2.28) for the correlation function, only the quantities in the first bracket
[ ] for which ¢ = 0 [cf. (2.29)] represent (nxn) terms; the remaining oncs of the first
and all those in the second and third brackets [ ] represent (sxn) noise, except in the
latter when m = k = 0; these are signal components:

Ro(i)(sxs) = 7:21)017[;71';72]“-[1301
(2.32)
= 2’Y§bopH<2>01{[wd + Do(to)][wd + Do(to + t)]}av‘

2G. N. Watson, Theory of bessel functions, Cambridge University Press, 1945.

2]n its present form the series (2.28), or its Fourier transform, does not converge very rapidly
when p < 1, so that it is more convenient to expand the amplitude functions H(p; A) and collect
coefficients of p" (n = 0, 1, 2, -+ ) before summing. Only a few such terms are then necessary when
p is small, say 0.3 or less; interpolation between these values and those for p > 1 yields values of the
correlation function and spectrum for the intermediate signal-to-noise ratios: 0.8 < p < 1.
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from (2.3a) and (2.28). Observe that the modulation is received without distortion since
our idealized discriminator responds linearly to all frequencies.

The mean low-frequency power, W, , may also be found from the correlation function
on setting ¢ = 0, according to a well-known theorem (D.M.I.). Now ¢,(0) vanishes,
[ef. (2.14)], and 5, — 7, = 0, so that (2.28) reduces to

W, = Ro(O) = [Eo(to)z]u- = ’Y: E Z {"452(0)%

k=0 m=0
X (Hi.2m,es1 + Hiome-11) + 2b0p{lws + Do(t)]* }av-
(2.33)
X <6:H:.2m.k+l + -lz_(Hk.Zm,IH-l - Hk,2m.lk—ll)2)}’

of which 2bepyiHoo: {[ws + Do(ts)]*}ay- is the signal power; the rest is attributable to

the noise. A direct calculation of [Es(t)].,. = K’[B: (R) 6°),.. using the first-order
distribution density W, (R, 6) gives us®** for no limiting,

Wores = 08~ + 2001 = 157w + DUOTIr) 239

and for superlimiting

Worer = 28 (B ) e (=00 + bipllon + D)

X (1—; — 0.3444 — Ei( Ro )) + E [(2n + 3)p"*{[ws + Do(t)]*}av- 2.35)

— (n + 2)$:(0p™")/(n + Din + 2) !}, R < 2b, ,

where Ei(—z) = —/; ¢ ¥ dy/y. The exponential integral is tabulated in Jahnke and
Emde’s Tables of Fu'nctwns,24 (pp. 6-9). Note from (2.34) that for no carrier or for an
unmodulated one that is on tune, i.e., ws = 0; the mean noise power output (\~ — ¢,(0))
is independent of the carrier when there is no limiting. Then the spectral distribution
of the noise, whatever its shape (for different values of p, ws = 0) will always enclose
the same area. Equation (2.35) shows us that such is not true when extreme limiting
exists (except, of course when p = 0). It is also evident that the total output power
is independent of the modulation frequencies, since [Do(t,)?].,- does not depend on
frequency.

The d-c output is easily found from our result (2.28) if we allow ¢ to become infinite.
There is then no correlation between the wave at time ¢, = ¢, and at a later time ¢.
Since ¢.(f), n > 0, vanishes in the limit ¢ — =, only the term m = k = 0 independent
of ¢, and ¢, will contribute to give us the square of the d-c component. Taking the
square-root, for no limiting we have (A = 1)

=D, Middleton, On theoretical signal-to-noise ratios in FM receivers: a comparison with amplitude

modulation, to appear in J. Appl. Phys.
uE, Jahnke and F. Emde, Tables of functions, Dover Press, New York, 1943.



1949] SPECTRUM OF FREQUENCY-MODULATED WAVES 147

[Eo(to)]ar- = kB [wa + Do(to)]a-(x/2)*p:F1(1/2; 2; —p), } (2.36)
kB8bs *[wa + Do(to)]av-(w/2)*pe " *[I4(p/2) + I.(p/2)]

in terms of modified Bessel functions (see Appendix IV). The superlimiting case (A = 2)
yields

RIS

[Eo(to)]av. = = kBRo[ws + Do(to)]av-p-1F:(1; 2; —p),

(2.37)

R

KBRO[(‘)J + Do(to)]-v (1 )

Both (2.36) and (2.37) are in precise agreement with previous results.®>* If
[ws + Dy(to)].y- vanishes, there is no steady output component. (Figure 2 also illustrates
the square of [Eq(t)].,. , provided we replace {[ws 4+ Do(t)]*}ar- bY [wa + Dolto)]ay. .)

We are now ready to examine the two important limiting cases which occur when
the incoming carrier is strong, or weak, relative to the rms (input) noise level. Let us
consider first the case when the carrier is strong, i.e., p* > 1. The asymptotic expansion
of ,F, (see D.M.L.) is needed here, namely,

_IB) - ala =B+ 1)
a) [1 + z

1File; B; —2) =

re —
(2.38)
ydlatDe—-B+Da@=-F+2 ]
21z° .
1. Strong Carrier. For large ratios (p) we find accordingly that
H™ T[(k + 2m 4+ n + g + A — 1)/2]p~*+2rtrrr-1/2
k.2m+n,d\D) >‘) - bc('n+)‘—l)/22(3-n—)‘)/2[m!(m + k) !]1/2
(2.39)

[1+(k+2m+n+q+>»—1)(k+2m+n—q+>\—1)/4p+---]
T(g+3—k—2m —n—N/2] :

The correlation function (2.28) becomes

'Y:F()\/ 2 zpl_)‘ {
bp'2" T ((4 — N)/2)°

Ry(t) = —¢a(t)[cos (12 — 71)]av-

+ 0 - 1)¢1(t)[(';71 + "Iz) sin (9, — 11)]av- (2.40)

+ - 1)2¢o(t)[;71;72 cos (72 — m)]av. + 2bop[‘;ll‘;12].w}, P’ > 1.

The first three terms represent (sxn) noise, and the last term is the signal contribution
(sxs); (nxn) noise is suppressed. Note that the contribution of the noise enters linearly
in the correlation function: only ¢, and its derivatives appear. This means that the
output noise is still random in the “pure” sense in which it entered the limiter-dis-
criminator elements. In other words, the effects of the transients which gave rise to
the original noise in the IF still add linearly in the output. In spite of this, discrimination
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remains a nonlinear process, as the mixing of noise and signal indicates (Eq. 2.40).
That the noise can still remain random in the present case is due to the fact that dis-
crimination is (for our ideal discriminator) frequency selective and not amplitude
selective: the noise loses its ‘“randomness” (normal properties) only when subject to
amplitude limitation, i.e., distortion and/or clipping.

From (2.2) and Wlth the help of (2.14) we may write the output noise spectrum
when there is no limiting as

Wo(r-r 22 —4x°B° f é>(D[cos (n; — ny)]av- cOSwt dt,  p° > 1,

= 44°68° Z A, f cos (nw, + wa)t cos wt dit fw (@ — wo)® (2.41)

n=0

X w(f’) cos (" — w)tdf’,  (f" = o'/27),

after expanding [cos (7. — 71)]a,. in a Fourier series; here f,(=w,/27) is the fundamental
frequency of the modulation. Integration using the Dirac delta-function®® gives us

WolDhes 2 48 3 Ao [ @ = an w3 = o = s = w0 = @)

+ 8w’ — wo — nw. — ws + w)] df’
(2.42)

= p Z:,) A [(w, + wi + @)’ wlwe + Mw, + @i + o)

+ (w, + wi — )’ wlwe + mw, + wa — w)].

Observe that the spectral density at and near f = 0 is finite and nonvanishing, no
matter what distribution the input spectrum w has.

The case of superlimiting (A = 2) when the carrier is strong is particularly inter-
esting. If we let x = ¢, and y = ¢, + ¢, the three noise terms in (2.40) may be written

Ro(Daoinerm2) =2 1;6 x’ﬁ’(%)p“‘{—%(t) [cos (wdt + f " Dot dt’)].v.
+ m(t){[zwd + Do(x) + Do(@)] sin (wdt + [ o) dt’)}.v.
+ 0u0{n + Dos + D) eos (ot + [ Do) a0

(2.43)
=i (2b0) {<__+ )(gt a%)"*"(‘)

X f - cos [w.,t + f ’ Dy(t) dt':ld:c/xo},
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where xo(=27/w,) is the period of the modulation and ¢,(f) = (9"/8t")¢o(t). Expansion
of the integrand in a Fourier series, followed by the average over z, gives

1 cos [w,,t + f Dy(t) dt’} de = Y, A, cos (nw, + w)(y — 1),
To Jo z - n=0 (2.44)

y—x= A
since the result must be even in ¢. The coefficients 4, are the same as those for the
development in (2.41). Next, we substitute (2.44) into (2.43), which shows that

2 ©
Ro(Daoiser-2y =2 % K2l32(1§%)>p—1 Zo A,[—¢:(t) cos (nw, + wy)t

(2.45)

+ 2(nw, + wd)"j’l(t) sin (nw, + wg)t + (nw, + wd)2¢0(t) cos (nw, + wa)t].

Use of the integral form of ¢,(f) gives us, finally, a relation similar to (2.41) for the
noise spectrum:

2 © ©
Wo(hrez 2 % x262<12%‘;;>p" > A,.{‘/; cos (nw, + wy)t cos wt dt

n=0

x [ 16 = 00" + (s + w0l c0s O = w)tdf  (246)
~2 [ (o + 0 sin (s + @)t cos wt dt | "W = woulf) sin (o — wot df'},

Wlhor = 2 e (B 3 A,,{ [ @ = @) + an + 00* — 200 + @0

n=0

X (o — wo)]w(f)[8’ — we — nws — ws + @) + 8w — wo — MW, — Wy — )] df'}
which is

2 @
Wo(Dher = 1—6 x%{%)p“ 2 A (Wl + nw, + 0o + @)
o (2.47)

4 wwo + nwe + wa —w)], P>,

The significant fact about (2.47) is that the spectral intensity for superlimiting always
vanishes at f = 0 and is small in the vicinity of f = 0. Compared with our result for
the unlimited case [cf. (2.42)], this shows why for a sufficiently strong carrier, limiting
gives a noticeable improvement over no limiting, provided we observe the signal component(s)
in a band, near zero frequency, which is narrow relative to the width (—f,) of the (combined)
IF-limiter-discriminator filter response, i.e., f < f, . This result is identical with Blach-
man’s,® which was derived by a different method, and it agrees with the earlier work
of Carson and Fry.'

From (2.40) we observe that for p* > 1 the noise is always suppressed, its contri-
bution being proportional to p'™* and that of the signal to p*~*. Accordingly, when
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there is no limiting, the noise power is constant and the output signal strength increases
as p', whereas for extreme limiting, the noise actually vanishes as p — «, and the signal
reaches a limiting value independent of p. These comments are illustrated in Fig. 2.
We notice also from (2.40) that when A = 1, the noise power output is independent of
modulation; this is not true for extreme limiting (A = 2):

2. Weak Signals. When the signal is weak or, at most, of the same order of magnitude
as the noise, the correlation function (2.28) is most conveniently described® by a power
series in p; if we use (2.29) and omit terms in p"(n > 3), we obtain finally after con-
siderable reduction the following result:

Ro(t) = iT(V/2°27°05MGo() + pGi() + PGa() + 2{mma}an] + -+ } 248

P’ K1,
where
Go(t) = (F — rara) 2F1(N/2, N/2; 2;17), (2.49a)

Gi(t) = (3 — 7'07'2){—)\ N2, N2 + 1;2;7)

+ 7 Z\Z (N2 + 1,02 4 1;3; "'g)[cos (n2 — ﬂl)]-v-} + {To[‘;il;72 cos (12 — M)]av-
(2.49b)

- 7'1[(;11 + "72) sin (92 — Mm)lav. — 7r2fcos (1, — nl)]uv-}zFl()‘/2) N/2; 2;10),
and

Gt = (% — m){ﬁf FAN2 4 1,02+ 13237 + MA/2 + 1)-Fi(0/2, M2 + 2257
’°“ V2 + 1) 02 + 1, M2 + 2;3;72)[cos (2 — 7)]lev.
+ 3= Teos 2 — )l [2FA0V2 + 1L, M2 + 1,257 — FiV2 + 1,
N2+ 1;3; "'3)]} FiN2, M2 + 1; 25 To){ 7'0[771?72 o8 (72 — m1)]av.

‘,”+ N‘l[(‘;h + 772) sin (9; — Mm)lav. + 72 A/2[cos (9, — 771)]"-} (2.49¢)

TgrA°

+ Fi(\/2 4+ 1,N/2 4+ 1; 3; 7'0){ [("71 + "72) sin 2(n2 — 71)lav-

2)\2 .. 2x2
+ 108— [m1m2 cos 2(2a — M)]av. — r’ [cos 2(n, — m)].'.}

+ 2[mnalu-LF(V2, V25 1578 — 10
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The reduction is accomplished with the aid of the recurrence relation

abx

oFi(a, b;c; 2) — oFi(a, bjc+ 1;2) = e+ 1D

Fila+ 1,04 1;¢ 4 2;2). (2.50)

We see at once from (2.48) and (2.49) that the output noise is no longer “pure,” i.e.,
the transients producing the noise no longer add linearly in the output, unlike the case
of a strong carrier and weak noise.

The first term in (2.48) represents the correlation function for the noise output
that would exist in the absence of a carrier, and 2p*[n:1,]... is the expression for the
output signal or modulation. I'n threshold perception (p < 1) the observed signal is sup-
pressed by the noise and the output signal-to-noise (power) ratio is therefore directly pro-
portional to p* (for the leading term), just as in the amplitude modulated cases.'****" This
is true whether or not there is limiting.*® Figure 2 shows the output signal power as a
function of the input carrier-to-noise power.

Part III: Special Cases

1. Noise alone. The first important example occurs when the demodulated wave is

narrow-band noise. Here %, = 7, = 7, = 9, = 0 and p = 0 also, so that the correlation
function (2.48) is simply.

®  2m 2
R = it — ropti gt 3 N MO,

3.1
= 70t — re)b 2 T(/2) Fi(M /2, M/2; 23 73).
In the instance of no limiting we obtain
Bo(Or-1 = E KBbo(r — rora) oF1(1/2, 1/2; 2;13),
| 3.2)

I

8 2 0% — rr) K,

where K(r3) is an elliptic integral of the first kind, with modulus r, . With the aid of

I'MIy —a —B)
'y — «oT(y — B’

Fia, B;v; 1) =

R(’Y)#O) -1, =2, R(7_a_ﬁ);£07 -1, -2, .-,

we find the mean low-frequency power to be
(Worer = Ro(Qr-1 = —«’B°$2(0) = «°6° fo (@ — wo)*w(f) df, (3.3)

*See, in particular, Sec. VII, Part I and Sec. II, Part II, ref. 13.
35See references 23 and 3 for a discussion of signal-to-noise ratios.
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a special case of (2.33) or (2.34) when p = 0. The spectrum follows from (2.2) and (3.1);
it is

WolDher = 7bo’8 2(1{(22)) f () — ro(On@IZ"() coswtdt.  (3.4)

At this point, and ‘for all subsequent calculations, we assume a Gaussian spectral dis-
tribution for the incoming noise, representing the composite IF-limiter-discriminator
frequency response, viz.,

w(f) = Woexp { —(w — wo)’/ws}, and bo = Wew,/20"%, (3.5

where W, is the maximum spectral intensity of the noise entering the limiter. From
{2.14) and (2.15) we find that

ro(t) = éxp {—w§t2/4}, r(t) = "w:tro(t)/2; rao(t) = w%(w?f - 2)7‘0(t)/4, 3.6)

so that (17 — 7or5) = wsro(t)®/2. Similar relations for the “optical” or single-tuned char-
acteristic and for rectangular spectra are discussed briefly in Appendix V. Substitution
of (3.6) into (3.4) gives

Wo(f)rar = (g) k"B°w,bo E Zm—D—E:n—/z‘j_Tf/z exp {—92/(2”& + 2)},

meo 3.7
where @ = w/w, = f/f5 -
The distribution is shown in Fig. 3.
The correlation function for extreme limiting assumes the form
Rores = 8 0Bt — e i1, 13257
(3.8)

— _26 62K2<R0 >b0< 2T0T2> loge (1 _ Tﬁ).
2bo To

Although Ry(0)r-», is logarithmically divergent, the mean (low-frequency) output
power is actually not infinite, but zero, since (3.8) applies rigorously when ¢ — 0 only
if R3/2by — 0 also; in other words, the limiting is so extreme that essentially no low-
frequency components are produced. All the energy goes into higher harmonics.® For
computation of spectra, however, it is sufficient that R5/2b, < 1.

We obtain the spectrum (A = 2) at once from (3.1) or (3.8) and (2.2) for the Gaussian
distribution (3.5). We have

. 32 2 exp | —Q°/(2m + 2
Wo(f))\=2 = (2 )1/2 (21(; )K ABwbbo ”g P {(m ’i/‘( 1)3/j_ )} (3-9)
Figure 3 also illustrates Wo(f)s-. as a function of Q. The spectral intensity at @ = 0 is
32
WO(O))\-Z = (2 )1/2 <2b )B wabo§(3/2), (3.10)

where { is Riemann’s zeta-function®® and ¢(3/2) has the value 2.612. Some details of
the evaluation of (3.7) and (3.9) are available in Appendix V. From (A5-2) it also

26Jaghnke and Emde, loc. cit., pp. 269-273.
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follows that when Q becomes infinite, the spectral intensity (3.9) falls ‘o zero as
Wo(Nr-2 2 168w, Ry /7 QQ — ).

2. Tuned, unmodulated carrier. The unmodulated carrier in noise is the next more
complicated case. Now n, = 5, = 0 and 7, = 7, = 0 also, provided the carrier is tuned
to the center of the band, i.e., w, = 0. The correlation function (2.28) then becomes

©

Ro(t) - ‘Y)? Z & Z 0(02"'*" ¢2(t)(Hi.2m,k+l + H:.%n'lk—ll)
k=0 2 m=0
(3.11)
1 1
+ ¢l(t)2<Hl2c,2m+l.k - 5 Hi,2m+1.k+2 - ‘é H:,2m+l,lk—2|>}

with p = Aj/2b, as before. The power output associated with the low-frequency terms
is obtained at once from (2.34) and (2.35), viz:

(WO))\=1 = _K262¢2(0);

3.12)
L. _ 16 R) -.,{_2_ ( 11_)_ S p"

Observe that the mean-square low-frequency output of the ideal discriminator is inde-
pendent of carrier strength when there is no limiting. This is what one would expect,
since the carrier is tuned to the central frequency of the symmetrical band, and its
d-c therefore vanishes.

The mean power spectrum follows as before from (2.2) and (3.11). For the Gaussian
input noise distribution it is

Wa(f) = 7i21r"2wbbo{ DD [<2m +k+ —ﬂ——)(H

k=0 m=0 2m + k + 2
: exp {—0°/(2m + k + D} < 2 > :
+ Hi om -1y ) @m + k + N2 + bol 1 om + k + 2 (3.13)
> _ 1l I s exp{—sf/(zm+k+2>}]}
X <Hk.2m+1,k 2 Hk.2m+l,k+2 2 k.2m+l,|k—21> (2m + k + 2)3/3 .

The spectra for no limiting are shown in Fig. 4 for various values of p, and for super-
limiting in Figs. 5 and 6. The significance of the results is discussed briefly in Part I.

When the carrier is large, the spectrum is found at once from (2.42) or (2.47). These
results give the leading term, while a further use of the asymptotic development (2.39)
gives the succeeding one. Here

A, = o,
and ' w(f) = 2bow, 'w/% exp {—(w — wo)’/ws}, so that
1 2 2 5 14
WolDaor = 4772628 bowb{ﬂ exp (— @) — lp [9 exp (— ) (3.14)

- 4,—;175(1 + @) exp {—92/2}] + - }, p’ > 1
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A similar procedure for superlimiting [cf. (2.47)] yields

Wo(faes = ﬁffz 26 <2b°0>bow,, 1 {9 exp (— &) +—‘”‘—p—é—5,2;’—/2—’ 4o } (3.15)

The mean output power corresponding to (3.12) when p® >> 1 is simply —«°8°,(0)
when A = 1 and is

Wohes = [ Wilresdf = B (o ) bo {1 + 2—7“

+ - } (3.16)

We notice that when there is extreme limiting (R} << 2b,) and the carrier is strong
(p* > 1), suppression of the noise occurs, analogous to the similar situation in the re-
ception of amplitude-modulated waves.'''** The spectra for the strong carrier case are
illustrated in Fig. 6.

The small-signal problem, on the other hand, gives us a different output spectrum.
From (2.2), (2.48), and (2.49) the spectrum of the noise may be written

Wo(f) = viT(A/2)*2" b5 f [Go()) + pGi(H) + P°Ga() + -+ -] coswtdt,  (3.17)
[
which in the instance of the Gaussian distribution (3.5) becomes finally
WO(f) = Wo(f)noisepo + ')':I‘()\/2)2(&’17"|"l/22)\_2bg—x

. AM2)a(/2 + D exp (—9/(2m + 2)]
X {”[ Z mi(m + )12m + 2)7°

2(>\/2) (\/2 4+ 1); exp {—2*/(2m + 3)}
m!(m + 2)!(2m + 3)"*

_ O/2) [(1 )
mi(m + DI2m + )7 2m + 1/ 2m + 1)

_ 1} exp {—@/2m + 1)}]

e[S G+ +1G+1)6).6+2).
+3 0 G+ (53]
exp {— Q@°/(2m + 2)}
ml(m + 1)!2m + 2)*

—9 A/2°(/2 + D(N/2 4+ 1)a(M/2 + 2). exp {—Q%/(2m + 3)}
m!(m + 2)'(2m + 3)/°

_ /222 4+ 1), [(1 2 ) 1 _
m!(m+ 1)12m + 1)** 2m + 1/ (2m + 1)

/22 + 12 Q
= mim + 2)'@m + 27 (1 T m+ 1) exp {—O/(@2m + 2)}] T }

(3.18)

X

1:' exp {—@*/(2m + 1)}
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The curves of Figs. 4 and 5 for p < 0.3 have been calculated with the help of (3.18).*

3. Off-tune, unmodulated carrier. This is a generalization of the preceding case to
include the effects of a constant deviation of the carrier from the I F-limiter-discriminator
resonant frequency f, . It is now evident that 7, = wito , 7, = wa(ty + t), and so 9, =
7. = wg . The correlation function (2.28) reduces to

© ®

Rt) =% 2 2 7'(2)m+k{_¢2 %’i <Hi.2m_k+1 cos (k + Dwat

k=0 m=0

+ H:.2m.lk—'ll CcOos (’C - l)wdt>

+ ¢'f % (H:.‘zmu.k cos kwst — éHi,2m+1,k+2 cos (k + 2)wyt

- %Hi_g,,.ﬂ,,k_?. cos (k — 2)wdt> (3.19)

+ (2bop)l/2wa¢'1[(1 - Bg)Hk.zm,k+l(Hk.2m+l,k+2 - Hk'mi-l,k) sin (k + Doyt

— Hyomior/(Hyomir ok — Higmar, i) sin | B — 1 |w,;t:|

1
+ 2b0w§p cos kwdtliélo‘H:.zm.kn + 3 (Hi 2m k61 — ch.2m.|k—l|)2]}‘

The effects of the carrier with constant deviation are discussed in Part I. The contri-
bution of the signal component is illustrated in Fig. 2, where it is seen (from the ordinate
scale) that the signal power varies as the square of the deviation f, . The general determi-
nation of the noise spectrum may be made in the usual way with the aid of (2.2) and
(3.5).

The example of a strong carrier is instructive. Then, with the Gaussian distribution
as a particular example, we see from (2.42) and (2.47) that when there is no limiting
the output spectrum is

Wo(fh-1 2 21"1/2K2l32<0bbo[(94 + 9)2 exp {—(Q + Q)Z}

(3.20)
+ (2 — 9%exp {—(2 — %], =2

wp

since here the Fourier development of [cos (7, — 7,)]... is simply A4, cos w.t, 4, = & .

The mean output power is (w,x8)°b,/2, which is proportional to —¢,(0), and is inde-
pendent of modulation, which in this case is the deviation of the carrier from resonance.
This can be observed at once from (2.40) or directly by integration of (3.20). Figure 7
shows the spectrum (3.20) for various ratios Q; .

The spectrum after extreme limiting is found in a similar manner to be

2 2 2 , -1 2 2 2 2
WiPhos = 55 (B o2 exp [~ (24 + 9} + 9 exp (—(2, — D1,

(3.21)
P> 1.
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F16. 7. Low-frequency noise spectrum following discrimination, for a weak noise
and an off-tune carrier and no limiting,.

Figure 8 illustrates the spectrum in this instance. The mean power output of the dis-
criminator may be obtained from

(Worez =2 3;?2 «B (28 )w,,bop" f Qlexp {—(Q + D’} + exp {— (2 — @)*}] dQ
(3.22)

= ?(x;i:o( >b°(93+%),

showing that the noise depends on Q3 , as can be seen from Fig. 8.
The distribution in the neighborhood of f = 0 is easily determined with the help

of Taylor’s series

exp (— (9 = 0} = (2m)' E (@) BB joging,);
(3.23)
1 d

@7 M (exp {—Qa}),

)y _
¢ =
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5.0 I
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SPECTRUM OF THE NOISE OUTPUT
40 _OF THE DISCRIMINATOR: OFF-TUNE
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F1c. 8. The same as Fig. 7, but for extreme limiting,

a development which is valid for all @ and Q, . Equations (3.20) and (3.21) are accord-
ingly modified to

Wo(rer = 47 °Bw,bo{ Q7 — 2003 + Q°(1 — 595 + 2Q) + --- } exp {— 3}, 8.9
3.24

K1
and

Wo(ra2 &‘1-%13 Kzﬁzwbbop_'<§z°;>{92 4+ .- }exp {—Q3}. (3.25)
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A comparison of (3.24) and (3.25) bears out the general observation made following
Eq. (2.47).

W)/ [ K2A%bowy |
075}

p=0 .ﬂd=3

(b)

Fic. 9. Typical low-frequency spectra for an off-tune carrier: (a) no limiting,
(b) extreme limiting.

4. On- and off-tune carriers modulated by a sine wave. In this case we have
7 =ws+ Docosw,t, and .. 5 = wid+ psinwd; u= % = (%)Qi (3.26)
a b a

Here p is the modulation index, and D, is the maximum deviation of the modulation,
while w, is its angular frequency. (For such modulations the inequalities Dy < w, ,
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w, < w, must hold.)’ Referring to the general correlation function (2.28) we see that
the modulation enters by virtue of the coefficients

[cos U(n: — 1)]av- » [("71 + 772) sin I(n: — 7)]av.

and [‘;71‘;72 cos U(n: — n)lav. -

A straightforward application of the techniques of Appendix III allows us to write
these averages as

[eos U(n: — M)]av. = i 6.J.(lw)? cos (nw, + lwy)t, (3.27)

[("71 + 772) sin l(ﬂz - "71)_'" = Z €.J, (lﬂ){ n-l(lll) sin [(n - l)wa + lwd]t

n=0

[de () + (Jn+1(lﬂ-) + Jn-l(lﬂ))] sin (nw, + loa)t

(3.28)
+ % Jrsi(lp) sin [(n + Do, + lwd]t}’
and
.« . hat Dowd Dg
[mm2 cos U(n: — n)]av. = ;) éan(lﬂ){l: g Jua(lw) + 7 J,.(l#)]
X cos [(n — Dw, + lw,]t
+ I:wﬁJ,,(lu) + D"“’“ (Jarr(lw) + Jaca(lw) + (Jn+2(lu) (3.29)

+J n_z(lu))] cos (nw, + lw,)t

+ I:D;wd Jair(l) + % J,,(ly)] cos [(n + Dw, + de]t}‘

When the carrier is tuned to resonance, w; vanishes and (3.27) to (3.29) simplify con-
siderably. However, a precise determination of the spectrum in either instance (wg = 0,
or wy ¥ 0) is a very tedious process. Fortunately, for many purposes the qualitative
and semiquantitative conclusions obtained from the limiting behavior of the general
case are sufficient; (see Part I).

We note that for strong carriers (p® >> 1) the output spectrum may be found as
before from (2.42) or (2.47). Equation (3.26) shows that the Fourier expansion of
[cos (9, — )]s 18 A, cos (nw, + wy)t, where A, = ¢,J,(s)? so that for no limiting
and our usual Gaussian noise distribution we find

©

Wo(frar = 21" k* B, bo go enJ:(u){(nﬂ.. + @+ 9" exp {—(nQ + 2 + D’}

(3.30)
+ 0%+ % — Dexp {(—nQ% + U — 9)2}}, Q = Z—
1
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and the mean output power is simply (x’8*ws)bo/2, [cf. (2.40)]. For superlimiting we
obtain
Ro -1
WolfIr-e = 3/2 Kﬁ“’bb0< >p Q° Z €J n(#){exl) {—mQ, + Q + 9) }
' (3.31)
+ exp {—(nQ, + Q — Q)z}}.

T 1 J M 1 ] 1 1 1 1 |
w(thI‘lrp‘uLo.bol ' SPECTRUM OF THE NOISE OUTPUT OF THE DISCRIMINATOR: TUNED,
o8 LY MODULATED CARRIER, WEAK NOISE AND NO LIMITING —
[+N 1)}
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Fic. 10. Low-frequency noise spectra following discrimination, for a weak
noise and a sinusoidally-modulated carrier on tune.
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The mean output power associated with the noise in this instance is
R 16. Ry 1)1 "
(Woh=2 = /0 Wo(fhae df =~ P (Kﬁwb)zbu<2_;;_0>p ’{5 + @&
(3.32)
+ 2 e’ + 2n9a9d)J3(u)}~
n=0

Figures 10 and 11 illustrate the variation in spectra for different modulation indices and
modulation frequencies in the somewhat less general case of zero displacement from
resonance, , = 0.

L T T | — T T T T T T T T
* SPECTRUM OF THE NOISE OUTPUT
L wa), 20 Vs
/[’%(!io) 4 ""Jr\ OF THE DISCRIMINATOR TUNED,
I SINUSOIDALLY MODULATED CARRI-

ER, WEAK NOISE AND EXTREME
UMITING (X\22)
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| |
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F16. 11. The same as Fig. 10, but for extreme limiting.
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APPENDIX I: Second-order probability density, its characteristic function
and associated moments

Let X, (k=1,2,3, ---, s) be s random variables, each of which in turn is the sum
of a large number (N) of independent random variables z;, ¢ = 1, 2,3, --- , N), dis-
tributed according to some law. Then the central limit theorem®’ states that the dis-
tribution of the X’s is normal (i.e., multivariate Gaussian) in s dimensions, subject
to certain restrictions [see e.g. S. O. Rice,”” Eqgs. (2.10-3)] on the distribution of the
z;:’s comprising X , restrictions which are assumed to be satisfied here. The probability
density of the X’s is

exp {— )~(MX/2}

WXy, -+, X, 50 =
( : [(@m)" | w1

1 I: 1 I
=—— exp| — = X.X, |,
(21'_):/2 |”' |1/2 p 2 Z Z k<) ]

where M is the reciprocal matrix to u, with elements u*'/| u|; u*' is the cofactor of
w3 | u | is the determinant of u, and X is the transpose of X. The matrix y is symmetrical
.and has elements

N
Hrr = Z 1_?:;57: ) (A1.2)

in which z;, is the 7-th element in the sum comprising X, and z,; is a similar element
in X, . We assume here, without loss of generality, that > _; Z;z = 0, i.e., that X, = 0.
All odd moments are therefore zero. The Fourier transform of Wo(X,, --- , X, ; t) is
known as the characteristic function and is®

. 1 s s
Fyz,, ©++ ,2, ;1) = exp [_ I‘kzzkzt:|~ (A1.3)

2 k=1 l=1

Now, in particular, we denote here the various ‘“in-phase’’ and ‘‘out-of-phase’”
) p )

components V., , - -+, V,, and their derivatives V., -+, V. [which by (2.6), (2.7)
and the properties (2.4) are random variables] by X, , ---, X, (s = 8). The subscript
lonV,,V,,orV,, V, refers to an initial time and the subscript 2 to a time ¢ later.
The elements of our matrix y may be computed as follows, from (2.6) and (2.7) in
(A1.2). For example, in the instance of p,; we obtain

N
pu = VaVa = { Y- (a, cos wito + b, sin wity)

n=1

(A1.4)
N yoo — @
X Z (a,,, Ccos w,’,.to “+ b,,. sin w,',.to)}sm- ave = Z (ai + bi)/z - f w(f) df’
n=1 o

n=1
with the aid of the characteristic properties (2.4) on passing to the limit N — . It is

278ee S. O. Rice, Bell Syst. Tech. J. 23, 282 (1944), sec. 2.10. D. M. I. also contains a discussion
of some of these questions—Appendix I.
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assumed throughout that w(f) is such that the various integrals involving w(f) con-
verge. All 64 moments (u** = p'*, uwy = pii) are similarly found to be

2 2 2
= Vi = o = Vi = pas = Vii = paa = Vi = b ;

2 2 2 ¥
pss = Voo = pos = Vio = prr = Vi = pgg = Vi, = by ;

Mi7 = Vclvxl = M2g = Vc2VaZ = T M3z = _V.1Vc1 = T M4 = "Va:’ch = bl 5

M1z = Vclvsl = Mog = Vc2Vsz = Mz = VnVu

=3 = VoV = pe = Vc2Vc2 = M4g = Vu‘.'w = 0;

(A1.5)

piz = VoV = py = V“V,_g = ¢o(t);

ps = VoV = —ps = = V.V, = N(D);

M5 = VCIVCZ = M3z = Valvsz = T Hs2 = _Vcch2 = T Mg T _VuVsz = ¢1(t)§

Mg = Vclvsz = Mo7 = chvu = THse T —ansz = THes = —Vﬁvu = )\1(5);

Mo = Vclvc‘l == VoV, = —¢a(t);

Hsg = VcleZ = THer — "chzVu = _')\2(0-

Here we have

b= [ @ —arudf, 60 = Z [Tl cos @~ wortar,

o (Al .6)
M@=%ﬁwwm@—wwﬁ

When the input spectrum w(f) is symmetrical, \,(f) vanishes, as does also
bzi+1 (= 0, 1,2, ---). The probability density (Al.1) in such cases is given by

Wo(Very oo, V,z ;D = (27")—-4 I 1Y l—l/z €xp l:— ﬁlﬂl {/J'“(Vfl + sz + Vi + sz)

+ ll'as( V?l + Vc22 + Vfl + V?Z) + 2/-‘12( Vcl Vc2 + Val Vs?)
. . . . (ALT)
+ 2ﬂ34( Vcl Vc2 + Vsl V82) + 2,“'13( Vcl Vcl + Val Vsl - Vc? Vc2 - VzZ Va?)

+ 2M14(V01Vc2 + V:1V02 - .‘71‘21'/(:1 - VH2V81)}]'
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The determinant | u | and cofactors u*' are

|| = [(bobs — ¢D)° + (¢1 — dods)” — (b1 + bogps + brgo)]®

po= | [[be(b; — ¢3) — bugll,  w' = | p [V [—eid: — do(bs — 3)],

(A1.8)
”13 = _I I |1/2¢1[¢0b2 + Do), Mu = _l " |1/2 1bobe + ot — ¢ﬂ’
B2 = u |Vba(bs — ¢8) — bopil,  w** = | u [*[¢(bo — é0) + $1b0],

The characteristic function (A1.3) is represented by (2.13). When the spectrum w(f) is
not symmetrical, the resulting expressions for W, and F, are correspondingly more
involved, containing \.(¢), (n = 0, 1, 2). Specifically, the characteristic function is now

Fozy ) -+ ,25;0) = eXp(—%{bo(Zf+z§+z§+zi)+b2(22+z§+z§+z§)

+ 2¢0(8)(212: + 252) + 2¢1(D) (2126 — 2225 + 2823 — 2427)
(A1.9)
— 2¢2() (2526 + 2125) + 2No(8)(2124 — 2225) + 2N(D) (2125 + 2227 — 2326 — 2425)

— 20(D(zs2s — z@,)}).

APPENDIX II: Evaluation of K, and K, when R;— =

The integrals K, and K, (Eq. 2.20) apparently are divergent when there is no
limiting (u = 1/2 or A = 1, and R, — ), and it is not immediately evident that the
results of integration (2.21) still apply in this case. The difficulty may be removed if
we return to the general form (1.11) for arbitrary clipping. Our expressions for K, and
K, accordingly become

20 . 1 — exp {—iRo)\}> ®
K'_—w(lkﬂ) L( X d)xff_mdxdy
(A2.1)
3 x 2 2\1/2 . X
x 2 g ++y§/) ) exp {—izz — igt)
and
% 1 — exp {—iRo)\}> =
Kz_—‘n'(kl,lgl)fc< X d)\[/‘_mdxdy
’ (A2.2)

y .= + ¥9)'7)
@+ 9

X exp {—ixz — iy¢}.
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Transforming to polar coordinates gives us for K,

K = — 2 lim fc (1 = exp}\ff‘iR""})dx f dr T,
0

T (Ro—w)

(A2.3)
2r
X / cos 0 exp {iZr cos (6 — ¢)} dé,
0 .

cos ¥ = sin ¢ = and Z=@E4+7>0.

We employ next Eq. (1.4), so that (A2.3) is found to be

K, = —g lim fc (1 - e"p)\j""R""})[ fo " N2 dr] . (A2.4)

(Ro—w)

The integral in r is a special case of Weber and Schafheitlin’s integral'® and has the
values

[ 1eNG62) dr = S Fi1/2, 3/2:20/7), 22320
0

(A2.5)
Z

27

Fi(1/2,3/2;2; 2°/\), A>Z>0]|.

At Z = ) the functions are identical, viz., 2I'(0)/x, but logarithmically divergent.
Since this divergence is only logarithmic, the integral in A is still convergent, including
the point Z = A, and this independently of R, . We observe now that (A2.5) may be
extended to negative values of A if we replace A by | A | and multiply the expressions
(A2.5) by (—1). The integrands containing the real part of (1 — exp [—ZR,\]) then
cancel, and we are left with

. . Z .
K, = — ¥ [izf SR 5172, 8/2:2:3/22) d)
Z (Ro—x) Z 0 A

(A2.6)

+ Zf Smf")‘ Fi(1/2, 3/2; 2; Z2/2%) d)\].
Z

Utilizing the fact that limz,.., (sin Ro\)/\ is a delta-function,’® with the value
x8(A — 0), we have finally

2miz 2miz
K= -5 =~ @+ (A2.7)
the second integral in (A2.6) vanishes because of the property [. f(x)é(x — 0) dz = 0,
b > a > 0. A corresponding expression for K, is obtained on replacing z by £ in the nume-

rator of (A2.7). If we set 0 = 1/2 in (2.21) we see that the result is precisely that given
above, cf. (A2.7).
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APPENDIX III: Integration for R(t)y
The Bessel expansions for the trigonometric exponentials in (2.27) are
exp { —dopip2 cos (0; — 6,) + 2Aop; cos (6, — 1) + 1Aops cos (6, — 7))

©

Z E (_ 1) keklk(d’opx Pz)il .MflfnJl(A opl)J,.(Aopz) ) (A31)

©
k=0 1=0 n=0

cos k(6, — 6,) cos (6, — n,) cosn(f, — 7,).
The integration over 6, and 6, indicated in (2.27) is accomplished with the help of

1 [ (sin Yk-sin ym

1 1 (sin Yk-cos ym
2r Jo  \cos yk-cos ym

2r Jo cos Yk-sin .‘pm) dy = 0. (A3.2)

>d1// = 6/e, and

We at length obtain the following five expressions for the average over 6, and 6, :

l(k;n — CcOs (’n27]2 — l"]l) [3;‘“5:“ + 6l|k—1|6’|lk—1|], (A3.3)
€€,

k) __ COS (ng: — lm)[ kek l k+2ok+2 l 1k—2| llc—-2l:|

2,ln — 2616" 6161» 2 6l 6,, 2 61 6,. ) (A3.4)

3,ln — 4616" [

w = L g 4 81) cos n, sin (nn. — ln,)

lk=1)+1

+ 8165 — &%) sin my cos (ny, — ) — 875, sin ny, cos (I — 1)n, (A3.5)

lk—11-1
l

+ 825718} cos gy sin (I — Dy, — 657" sin nn,(8 cos 7, cos Iy,

lk—2}|
1

— 8" sin u, sin In,) + 8% cos ny, (8572 cos x, sin Iy, + & sin 7, cos In,)],

1 . N .
= T, [8:7(8:* + 85) cos n, sin (ng, — Iny)

- 5;:”(5:” - 5:) sin n, cos (ng, — ln,)
+ 8776 sin Iny cos (n — 1)m, — 6)°7"' 8% cos In, sin (n — 1)7, (A3.6)
+ 87 sin In, (8,717 cos . cos nmy — 8,577 sin 7, sin ny,)

— 8" cos In, (67" cos n, sin ny, + 8.7 sin 7, cos nyy)],
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and

(k) 1

5,ln =
T de6

[cos n, cos nn, cos m; cos Iy (8, + 8, 7") (8" + &F7Y)

+ cos 7, cos ny, sin 7, sin In,(6271 4 &8V — 877
+ sin 7, sin ny, cos n, cos In (857 — 857N + 5iF7M)

+ sin 5, sin ny, sin g, sin I (8571 — 7N (85 — 877

(A3.7)

+ cos 7, sin nn, cos 7, sin Iny(8,"" + 8,8 + &7

+ cos 7, sin ny, sin g, cos In (85" 4 857N — &Y

+ sin 7, cos nn, cos ny sin Iny(8, 7" — 8.8 + 87)

+ sin n; cos ny, sin g, cos In(8,"7! — 578 — 8]
with the convention that 8, = —4&; . The correlation function may now be written
Ro(t)N = ‘Yf g ;’ Zo fkfzén(—l)“(Hn)/Z ﬁ Pi‘_sz(Ple) exp (—bopzl)/z) dp,

X [ (ko) exD (= bopl/Dubopes) d 439)

X {¢2C{k;n + ¢‘3P1P20¥3n + iAod’l"hPle(f;n + iAo¢1ﬂ2P20;I.c;n - AznanC;I.‘;n} .

The series in n and [ are eliminated because of the Kronecker deltas in (I, k) and (n, k),
which appear everywhere in pairs in the various C’s. If we separate the variables p,
and p, by expanding I,(¢op:p.), integrate, and reduce the C’s, we finally obtain (2.28).

APPENDIX IV: Some properties of H; sp:n.o(p; N)

The determination of spectra requires a wide range of values of the order
(k, 2m + n, q) of the amplitude functions Hy spm+n.(P; ). These values are best found
with the help of recurrence relations, which greatly facilitate the work of computation.
The amplitude function H is described by (Eq. 2.29)

L[k + 2m +n+ g+ — 1)/2p”
q!bén+)\—!)/22(3- -)\)/Z[m!(m + k)!]l/2

Hk,2m+n.q(p; k) =

(A4.1)
X Fi(k+2m4+n+qg+2N—1]/2;9¢+ 1; —p),

k, m, n, ¢ > 0 and integral. Here q is equal to k£ plus an integer, and n is either zero or
unity. Using this fact we distinguish, for convenience, two classes of functions, denoted
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respectively by superscript zero and superscript unity. The amplitude functions are
thus only of double order (in k¥ and m).

Recurrence relations between the H’s are readily found from those of the confluent
hypergeometric function ,F, , a table of which we list below,* after multiplication by
the appropriate factors [cf. (A4.1)]. We have

Fa. Fo Fg. Fo F
1. @ a—B B —2aFp
2. aB +p(B — a) © —B(a &= p)
3. a 1 -8 B —a—1 (A4.2)
1 -8 Fp B8
5. a—8 g—1 Il —aFp
6. +p(B — a) - BB -1 B(1 — B8 =F p)

The subscripts on F heading the columns refer to an addition or subtraction of unity
in aor B of F = ,F(a; B; £p), the rows list the factors which multiply the heading
F’s, and the upper sign wherever (&) occurs refers to ,F,(a; 8; +p), while the lower
refers to ,F,(a; 8; —p). The sum of each row is zero.

There are five distinct H’s, correspondingto¢g = k + 1, |k — 1|, withn = 0, and
g=kk+ 2 |k — 2|, withn = 1. For each amplitude function, two recurrence formulas
are needed to cover the complete manifold (k, m): one for k fixed, m = 0, 1, --- | the
other for m constant, k¥ = 0, 1, 2, --- . Since m appears only in « of ,F,(a; 8; —p) [sec
(A4.1) above] the first row of (A4.2) may be used directly in the former case, viz:

(B — ) Fila — 1;8; —=p) + 2a — B — p)iF\(a; B; — )]/
= Fila+ 1,8, —p). (A43)

In the latter, where k is varied, both @ and B contain k additively, and so we seek a
relation between F, F,_5_ , and F,.s. . Now if we change 8 to 8 — 1 in 4. of (A4.2),
and again alter @ to @ +1, use 5. and eliminate Fz_ and F,, from these three relations,

we obtain

BB = DiFa— 1,8 —1;—p) + 8 — 1 + phFa(e; B; —))
pa (A4 .4)

= File+ 1;8+ 1; —p).

283ce Appendix 4 in ref. 7.
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The general recurrence formulas follow from (A4.3) and (A4.4), and are

1 {_<k+2m'+n+>\—1—q>

[(m + 2)(m + 2 + B]7* 5
k+2m+n+q+)\—1) Hon
* ( 2 (m + D(m + k + 1] (A4.5)

+ (2m + n + k + A — p)Hliy,l;mwwz.q} = Hli’.’;m+n+4.a

and
1 {_ <Ic+2m+n+ g+ - 1) Hy'smen.s
(m+k+ 2 2 (m+k+ D7
+ (L—i__zl)72+—l_) Hlf-:-)l.2m+n.q+l} (A4.6)

— H(n)
- k+2,2m+n,q+2 -

We observe from (A4.1) that « = (kK + 2m + n + ¢ + X — 1)/2 is either a positive
integer or half-integer. When « is a half-integer we use **

2T + 1)

()" exp {p/2}1,(£p/2). (A4.7)

Folu +1/2;2u + 1; £p) =

This is a convenient form for computation because of the available tables of ¢ *I,(x)
and e "I,(x).” When « is integral, ,F, may be expressed in closed form as a polynomial
in p and ¢””. In general, four functions must be known initially for n = 0 or n = 1,
in order that (A4.5) and (A4.6) can be used to give us a complete set of H’s.

The initial functions ** to be used in the recurrence relations whenn = 0 (¢ = k& + 1)
to give us H\"3,, 1., are

Heoi(p; N = ap'*\F\(N/2; 2, —p) = ap'%e””*(L(p/2) + L(p/2)], (A = 1) (A4.8a)
=ap *(1 — ™) , (N = 2) (A4.8b)

S =P PR+ 12 —p) = ap' LG/ — Lp/D)/2 (Ad9)
= a.p' e, (A4.9h)

Hy, = P02+ 13 -p) = 0 L/2) (A4.100)
=a)(l —e” — pe?)/p (A4.10Db)

29Ref. 21, pp. 191.
2W. R. Bennett, J. Acoust. Soc. Amer. 15, 164 (1944).
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and
N .
122 =0\/2+1 4,Ta?m> Fi(A/2 + 2;3; —p)
= ae " [plo(p/2) — (p + DI,(p/2)]/2"* 1 = C)\%ﬁ H o, (Ad.11a)
= a,pe”/2'* J (A4.11b)
where a, = T'(\/2)/b" V2@ M2
in particular, @, = #/*/2 and a, = (2b,) "> (A4.12)

A similar technique is applied to obtain Hi %, sy (n = 0, ¢ = |k — 1{). When
k = 0, H’,... may be obtained from (A4.8-A4.11) above. The initial functions here
are

o = ax . F1(\/2; 1; —p) = e’ I,(p/2) (A4.13a)
= a,e”, (A4.13b)
A A
=5 V2 + L1 —p) = a1 — PLp/2) + pL(p/2)/2” (Ad.140)
= ay(1 — p)e"/2"?, (A4.14b)
B = SHPARO2 + 12 —p) = ap e LG/ — L@V (A5
= a,p'’e"/2"?, (A4.15b)
and
A
2= V24 D) ST 02 + 2525 —p)
pl/Ze-p/2 » ] o

= a e [3/2 — pl@/2) + (p — 1/2)1,(p/2)] & = an (A4.16a)
= 2a,p""%¢ *(1 — p/2)/6"* J (A4.16b)

We continue in the same way to obtain H;'},..,. (n = 1, ¢ = k). The initial func-
tions are

oo = & F1(M\/2;1; —p) = c,e "Io(p/2) (A4.17a)
= e 7, (A4.17b)

w _ M Fi0\/2 +1:1; _ e I

00 = 5 1 (N2 4+ 1;1; —p) =3 (A — »IL(®/2) + pl(p/2)] (A4.18a)

= ¢,(1 — p)e?, (A4.18Db)
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1/2 —p/2

= M2ap "W F0V2 + 152 —p) = o P~ [L/2) — L(p/2)] (A4.19a)
= cp'%?, (A4.19b)
and
8= /2 + D g p AR O/2 + 252 —p)
pl/zc e—p/‘z R
= P2 (3/2 — PL®/2) + (0 — 1/29L(/?)] = 3Hin (A4.20a)
= 2cp'%e (1 — p/2)/2"7, (A4.20b)

and here
e = T(A\/2)/by/?27 072, specifically, ¢, = (w/2b)/* and ¢, = b;'. (A4.21)

There remain H{ i1 0o =1, g=k+2)and H{s i1 1oar, (n =1, g = |k — 2).
For the former we find the initial functions to be

o1r = (\/4) exp- Fi(M/2 + 1;3; —p) = ¢, "I,(p/2) (A4.22a)
=c(1 — " — pe?)/p, (A4.22Db)

-v/2

=02+ 02 R0/2 + 23 -p) = o S5 PLe/2) — @+ DLE/2)]

(A4.232)
x —-»/
Hil = /2 + D 15075 P0V2 + 245 —p) = %o 10+ DL/ — pLip/2)]
(A4.249)
= czp_s/z(z — 27" — 2pe? — pze_p)a
- (A4.24b)
3/2
3272
— 2_‘3;_2 ™% ((2p° + pIo(p/2) — 2p° + 3p + H1(p/2)] (A4.25a)
= e /2, (A4.25b)
We have finally, for Hi')i1. k-2 »
A . —-p/2
= gor FA0V2 + 1515 —p) = % [(1 = PL(p/2) + PLi(p/2)]
(A4.26a)
=211 - pe, (A4.26b)

{)l
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o=
(0=2 0=z
) AO - &vmm.dl T3\Ao3 . 3& 41
0 — z)eim | 0<=z (| ]|-)dxe 2 : = (Hm «[voudo,, (¢)
0<zx M
o<z : ‘(| ¢ |—) dxo wm—
‘(| z|—)dxe o
A >4+
g rTws  Zso0d ¢ . . .
(Fam—z)" e rw)| rw f<f =00 = wmbuvyany (7)
—_ € q
&Ewmvua Y+ >L>Y -4y =(Hm
(¥/,x—) dxo-
(g/;2—) dxo W 2\ 7 F/x—) dxe m w—| (5/,2—) dxo {1/ (0 — m)—} dxo Oy = () unissnoy (‘1)
(-2
Wu — o= )V ()24 Mw (@)% (@ = &) w0, AUy wnoadg
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—p/2
e ce””

30 = (\/2+4+1) ez /2 + 215 —p) = 2.6 ((@* — 3p + 3/2)1,(p/2)
(A4.27a)
+ (2p — p)1,(p/2)]
Cze_p 2
= 7 (2 —4p+p), (A4.27b)
) )\Cxpl/2
an = (A2 4+ 1) W SN2 + 2; 2; —P)
1/2
= 357 (3/2 — PLO/2) + (0 — 1/21./2)] (A4.280)
= 2cp%e"(1 — p/2), _ (A4.28b)
and
W= /24 D02+ ) P p RO + 3,2 )
Clpl/Ze—p/Z

= "o [0 — /2 + 15/91(p/2) — @° — Tp/2 + 3/4)L\(p/2)] (A4.299)

1/2_-p ’ '
s @ = 6p + 6). (A4.29b)

APPENDIX V: Evaluation of Series (Noise alone);
Remarks on Optical and Rectangular Spectra

We note here some possible methods of summing the series (3.7) and (3.9) in the
instance of noise alone. For no limiting (\ = 1) Kummer’s transformation®' puts the
series (3.7) in a form that is more rapidly convergent. Here we write

An =2(m + 1) exp {B/(m + D};  an = (1/2)% exp {=B/(m + D}/(mY)*(m + 1)*”*;

28 = wz/wf ,
and

A +1
)\m = Am - "4m+l —Z:——

m

= 2(m + 1) exp {8/(m + 1)}[1 - (n"z - ;) (’(”m++1{)23"].

The series becomes

f} a, = Aot + i 1 —-N\)a, =2+ i 1 - apa, . (A5.1)

m=0 m=0 m=0

K. P. Adams, Smithsonian mathematical formulas and tables of elliptic functions, Publication No.
2672, Smithsonian Institution, 1939.
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Because lim,,. A\, — 1, the series Y. (I — A,)a, converges more rapidly than Y, a.,
alone.

On the other hand, for superlimiting (A = 2), we may use Euler’s summation
formula® to sum the remainder after m 4+ 1 = M terms. Our series (3.9) becomes

o bt Dl 5 eSSk DLy ) o (ta/a0)

+ M exp {—ﬁ/M}{l:% + SLM — %‘l—i] (A5.2)

1 [ 105 1058 218" 6],
+720M3[ 8 T anr 2M2+M3]+ }

The function © (z) = 2r~"/* [ exp (—y°) dy is the error-function.”* Observe that when

B — « the series approaches the value (7/8)"/%.

* % ok % k%

When there is only random noise entering the limiter-discriminator elements, the
correlation function of the output [ef. (3.2) or (3.8)] in the two extremes of no limiting
and superlimiting is proportional to A(f) = [r}(t) — ro({)rs(t)], where ro , 7, , 7, are
defined by (2.14) and (2.15). It is instructive to determine A(¢f) for the case of “optical”’
and rectangular spectra, as well as for the Gaussian distribution used extensively in
the present paper. The results appear in the table. Here §(t — 0) is the familiar delta-
function of Dirac, and the spectral ‘“width-factors” w, for the different distributions
are related by

T N (453)
if the input noise power (b,) and the maximum spectral intensity W, are the same in
these cases.

When the input spectrum is “optical,” the output noise spectrum is found from
(2.2) and (3.1) to be

W(f)one. = 726222 IT(N/2)? < f cos wt oFs(\/2, N/2; 2: 12)8(t — 0) d
0

™
(A5.4)
2 2
__272-Agr-1 Wp F()\/Z) re-»
- 7)\b0 2 21[' F(2 _ )\/2)2 ) (f > 0)'
There is no d-c component, since A(w) = 0. The spectrum has a uniform intensity

for all frequencies, and hence the power output is infinite. This catastrophe is never
realized physically, because it is not possible to produce an exact optical distribution.
Owing to parasitic effects in the circuit elements the falling-off of w(f) at the higher and
lower frequencies, away from resonance, is always greater than the ideal optical be-
havior, and so A(%) is finite for all values of ¢. The output spectrum, widely spread when
parasitic effects are minimal, nevertheless encloses a finite area and hence finite power.
The saturation of the discriminator in practical cases imposes a further deviation from
the optical shape.

#Reference 31, Section 1.86. We follow a suggestion of Rice* here.



