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DIFFUSION IN TURBULENT FLOW BETWEEN
PARALLEL PLANES*

BY

J. C. JAEGER
University of Tasmania

1. Introduction. The cquation of diffusion in a turbulent fluid

% 1 —=12pdx 9x
XL IR 8
9z* 2 dz Odx

(x stands for tempcerature, vapour concentration, or whatever property is being stud-
ied, x is measured in the direction of mean flow and z in the perpendicular direction,
and p is a constant determined by the degree of turbulence of the fluid) was intro-
duced by O. G. Sutton! and extensively studied by W. G. L. Sutton,? who considered
a number of cases of diffusion in the semi-infinite region z>0. It has been shown by
Pasquill® that for the semi-infinite region the theory is in good agreement with ex-
periments, both on evaporation and on heat transfer.

In this note a number of results for symmetrical flow in the finite region 0<z<2}
will be given; it is assumed that 2! is small enough for the power law velocity profile
to hold up to the centre of the region. Such cases are of some practical interest, and
may provide an indication of the behaviour to be expected in the much more difficult
problem of heat transfer in a circular pipe. Also they are interesting generalizations
of known solutions of the equation of conduction of heat in the rod 0<z<2l, with
constant temperature, or flow of heat, at its ends.

The method used will be that of the Laplace transformation. W. G. L. Sutton
(loc. cit.) remarks that if p=1/2, equation (1) reduces to the equation of linear flow
of heat, and he gives a treatment of (1) which is a generalization of Goursat’s treat-
ment of the equation of conduction of heat. It is well known that the Laplace trans-
formation method is particularly well suited to the solution of specific problems in
conduction of heat, and that its advantage increases as the complexity of the problem
increases. This suggests that the method may have the same advantages when applied
to (1), and, in fact, this proves to be the case. All the results of W. G. L. Sutton's
paper can be obtained more shortly in this way, and explicit expressions for the solu-
tions for more complicated boundary conditions, composite regions, etc., can also be
derived.

In Section 2 the standard problem of evaporation in the semi-infinite region is
solved as an illustration of the method, and for comparison with later results. In

* Received Dec. 26, 1944.
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3 F. Pasquill, Evaporation from a plane, free-liguid surface into a turbulent air stream, Proc. Roy. Soc.
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Section 3 two other results for the semi-infinite region are given for completeness. In
Sections 4-6 the most interesting cases of symmetrical flow in the region 0<z<2!/
are studied. The solutions given here are formal only, but in all cases they may be
made rigorous by the verification process described elsewhere.*

Equation (1) has to be solved in the region x>0, and in a prescribed region of z,
with boundary conditions in x

x = x©(z), as x — 4+ 0, (2

x finite, as x — «, 3)

In all the problems considered below x(®(z) will be zero, that is the temperature or
vapour concentration in the fluid is zero in the plane x =0.

There are also boundary conditions in 2z, which will be expressed either in terms
of x, or of

dx
E= — B3 —. )

This quantity E is the local rate of diffusion across the plane z=const., and B is a
known constant (defined by Sutton, loc. cit.) involving the fluid and its degree of
turbulence.
The constant p in (1) is restricted in Sutton’s theory by the inequality 0 <p <1/3,
and we assume here 0<p <1.
With the substitution

x = z°Q, (5)
(1) becomes
0 1 99 2 0
—t——-Za-—=0. (6)
922 z 0z 22 dx

Introducing the Laplace transform of 2 with respect to x, namely

0

QF = f e Qdx, @)
0
we obtain from (6) the subsidiary equation® for Q¥,
ror e, < + 1’2)9* ©(3) (8)
—_ —_ s pul— = — o~ P .
dz? z dz z? #oxT

2. The semi-infinite region z>0. Boundary conditions: x©(z) =0, 2>0. x =X,
constant,® when z2=0, x> 0. x finite, as z— «, x>0. Here (8) becomes

a:Q* 1 4o*
dz? z  dz

P?
—(s+—2>9*=0, z> 0, 9
2

4+ H. S. Carslaw and J. C. Jaeger, Operational methods in applied mathematics, Oxford, 1941, §58,
and J. C. Jaeger, Radial heat flow in a circular cylinder with a general boundary condition, Proc. Roy. Soc.
N.S.W., 75, 130-139 (1942).

5 For the procedure see, e.g., Carslaw and Jaeger, loc. cit.

¢ For shortness, boundary conditions will usually be written in this way; it is implied, of course, that
x—xo as 2— =0 for fixed x>0.
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to be solved with
x* = 27Q* > xo/s, as z— + 0, (10)

and
x* finite as z— . (11)

The solution of (9) which satisfies (11) is K,(zs?), and since
27K ,(2st) — 2°-1T(p)s~¥» as z— 40, (12)
it follows that the solution of (9), (10), and (11) is

zP21=P

x* = xo st 1K (zsh). (13)
I(p) ’

Now it is known that?
st7—1K (zs?) is the Laplace transform of z7727! f e~ vy 1du. (14)
22/4z
Thus the required solution is

! i Lo/ (15)

X = Xo e "u Uu.

P(P) 2/4z

This is the result given by Pasquill (loc. cit., (9)).
It follows from (15), or directly from the transform E* of E, that

Bx°21""x“’
—_——— as z—+0, (16)
T'(p)
and
f Edx on2‘"”’x1“ 4o (17)
—_———— as z— R
(1 — pT(p)

3. Two other results for the semi-infinite region z>0. The results to be derived
here are both for the case x(®(z2) =0, and x(2) finite as g— «.
If the boundary condition at =0 is: E—E,, constant, as z—-+0, the solution is

Eyz2? ©
x = ——f e u— 7 du, (18)
2BT(1 — p) J a4z
Also
E022”_‘x"
—-—5 as z—+ 0. (19)
BpT'(1 — p)

This is proved exactly as in Section 2, using (14).

7S. Goldstein, Operational representations of Whittaker's confluent hypergeometric Sfunction and Weber's
parabolic cylmder function, Proc. London Math. Soc. (2) 34, 104 (1932), (15) and (24). Alternatively the
result can be obtained by the use of the inversion theorem for the Laplace transformation, subsequently
deforming the line integral into the contour (— =, 0+4); cf. Carslaw and Jaeger, loc. cit., §39. The same
remark applies to the derivation of (18) and (21) below
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If the boundary condition at z=0 is
dx
hx — 217 — = py,, (20)
0z

where h and x, are constants, the solution is

_ X e D)) ¥ et ) (1)
20-11(p) J o 1 + 2au?® cos pr + a’ut?
where a=T(1 —p)2!-22/RT(p).

To prove (21) the inversion theorem for the Laplace transformation, (24) below,
has to be used, and the line integral must be deformed into (— «, 04).

The result (15) was derived for a constant value of x on the boundary z=0. The
solution for the case in which x is a prescribed function of x on 2=0 can be obtained
from (15) by Duhamel’s theorem. The same remark applies to the cases of Sections 4
and 6. Correspondingly, the solutions of the problems of Sections 3, 5 with E a pre-
scribed function of x on 2=0 can be obtained in the same way.

4. The region 0<z<l]. x©(z) =0. x =x,, constant, when z=0, x>0. E=0, when
z=1, x>0. This corresponds to the region 0<z<2! with flow symmetrical about
z=1, and with x =xo on 2=0 and z=2I, for x>0. Thus, for example, it gives the solu-
tion of the problem of heat transfer from the parallel planes z=0 and z=2!, both
maintained at constant temperature xo, and with symmetrical flow between them.

Here we have to solve (9) with boundary conditions (10) and

X = Xo

E*=0, when z=1. (22)
By (12) the solution of (9) which satisfies (10) is
XOzpzl—p

x* = s¥1K (zsY) + Az7I,(zsY).

T'(p)
The unknown 4 is found by substituting in (22), and we have finally
_ x0s?2 s [K o (as) T, 1 (IsY) 4 To(as) K pa(isY) ]
- T(p)I1(is) '

x is found from (23) by using the inversion theorem for the Laplace transforma-
tion [cf. Carslaw and Jaeger, loc. cit. ]

x*

(23)

1 y+io
X =7 e**x*(s)ds (24)
2w y—ioo
X03P217P [ rHie gezgio—l [K,(zs*)I,,_l(ls*) + I,(zs1) K p1(ls?) ]ds (25)
- 20iT(p) Y ri I,(5%) ’

where v >0.
The integrand of (25) is a single valued function? of s. It has a simple pole at s=0
of residue
2717771 (p), (26)

8 G. N. Watson, Theory of Bessel functions, Cambridge University Press, Cambridge 1922, §3.71,
(17) and (18)
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and simple poles at s = —a?/I?, where +a,, =1, 2, - - -, are the zeros (all real and
simple?) of

Jp1(a) = 0. 27)

It is easy to show [cf. Jaeger, loc. cit.] that the line integral in (25) is equal to 23

times the sum of the residues at the poles of its integrand. Evaluating these we get

finally
Xoz? = af—%—aﬂ”z]p(zar/l)

zp—zlpP(P) r=1 J:(a,)

X = Xo — (28)

The most interesting quantity is the value of E as z2—0. Either from (28), or di-
rectly by calculation of its transform, this is found to be

Bx,I'(1 —p) & €—°§’/lzfl—p(ar)
—_—

’ 0. 29
T(p)22r—22r [} a}-—zp]p(ar) as z— 4+ (29)
Also, as z—+0, o
® Bxol>?* ), 2
Edx » ——— ¢, (x/1), 30
S i (30)
where

[(2 = p)2%2 2 e/ y(ay)
I‘(P) re=1 a?—zp]?(a')

For small values of x//* the value of f: Edx given by (30) reduces to the value (17)
for the semi-infinite region, and

W 2222(x/1%)1®
S (a/p) ~—— .
¢» (x/P) )

In Fig. 1 graphs of these quantities are shown for p =1/9, the value commonly
found in wind tunnel experiments. Curve I shows the result (32) for the semi-infinite
region, and Curve II the value of ¢\’ (x/I?) given by (31) for values of /I for which
the difference between (31) and (32) is important. For larger values of x/I* than those
shown the exponentials in (31) are negligible.

In the case of heat transfer the quantity (30) gives the amount of heat taken up
from the region 0 to x of one of the planes.

5. The region 0<z<I. x®(z) =0. E—E,, constant, as z—0, x>0. E=0, z=/,
x>0. This corresponds to the region 0 <z <2l with flow symmetrical about 2=/, and
with constant diffusion across the planes 2=0 and z=2I.

Here, proceeding as in Section 4, we find

. Ezr27{I,_1(Is) K p(2s%) + Ko a(Is)I,(zsY) }
B BT(1 — p)st#hI,_,(ish)

(1)

¢y (x/1) =1

(31)

(32)

(33)

The most interesting quantity to evaluate in this case is the value of x as 3—+0.
This is found to be ( )
2Es(1 — p)l2» x
P e + | (39

9 G. N. Watson, loc. cit., §§15.25, 15.21. For the method of caléﬁlating their values in practice see
John R. Airey, Bessel functions of small fractional order and their application to problems of elastic stability,
Phil. Mag. (6), 41, 200 (1921).
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where ’ 2210(p) N ()
p— — e—zar p—1(atr
lz = - ] 35
¥/ 20(2—9p) T@—=p)m ot _p(ar) 35)
and the a, are the roots of
Jl—p(a) = 0. (36)

For small values of x/I2, (34) tends to the result (19).
If p=1/9 jt is found that the difference between (34) and (19) is less than 19
for values of x/1? up to 0.3, while for greater values of x/I? the exponentials in (35) are

ya 1
4
/ A v
0 A AV
o d /'
y.
-Y ) o
(=]
V) ////54/,
S a1 1/
X s
o ,/ —— I
// 7
Z //
- ,/
A /
n /
?. yi
L/ //
-0.3 0 0.5 1.0 1.3
LOGo(¥/12)
Fic. 1.

almost negligible. In the case of heat transfer, (34) gives the surface temperature of
one of a pair of planes to which heat is supplied at a constant rate per unit time per
unit area, and which are cooled by turbulent fluid flowing between them.

6. Two cases of symmetrical flow in the region 0<z<2l. First let us consider
boundary conditions x(®(z) =0, and

X = Xo, constant, when z =0, x > 0 (37
E=0, when z=2, > 0. (38)

Here the regions 0 <2</ and / <z <2l must be treated separately. We write x1(31)
and E;(z:) for the values of x and E in <z <2l as functions of 2z, = 2/ —z in this region.
The boundary conditions at the surface of separation z=z,=1 are

X = Xn (39) E = —E,. (40)
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A solution of (9) which satisfies (37) is
. Xo2T7st 1) 4 AzPT. (25t
= —_——— PK 14 ,
X ) 37K, (zs?) + Az71,(zs?)

and a solution of (9) with z replaced by 2, which satisfies (38) is

*
X1 = szI_,,(zls*).

The unknowns 4 and C are found by substituting in the transforms of (39) and
(40), which gives

* X02'~PzPsiP R, (3,5)
X T D) Loy UsN) Tpa(Us?) + T, (sH Ty (5]

with a rather longer formula for x*. As in Section 4, x and x; are evaluated by the use
of the inversion theorem and the results are

x02"72iT(1 — p) & e_'m:llza'r'—lj p—1(ar)J p(ar)J —p(2er/1)

(41)

LT I Z Ta(@) + T3() 42
xo21—Pz? 2. gzt "a;’"] »(za,/1)
x = xo —_— H (43)
lﬁr(p) re=1 J:’»—-—l(ar) + J";,(a,)
where the ay, (r=1, 2, - - - ), are the positive roots!® of
J_p(@)J pr(@) — Jp(a)J1-p(@) = 0. (44)

As in Section 4 the most interesting quantity is the value of j:' Edx as z—0. This is

found to be s
P
f Edxz — "°__ > o (2/1), (45)

where
@ 2-2(1 — p) & ezl
=2- .
o o/ @I = e {I2(a) + T3y (an)

For small values of (x/1?), (46) behaves like (32). Its value for p =1/9 and for val-
ues of (x/12) for which the difference from (32) is important is shown in Curve III
of Fig. 1; for larger values of x/I? the exponentials in (46) are negligible.

The result (45) gives the evaporation from the region 0 to x of the plane 3=0 if
there is no flow over the plane z=2/.

Finally we consider the case in which the boundary conditions are x”(z) =0, and

(46)

X = Xo, constant, z =0, x>0, (47)

and
x =0, when z =2, x> 0. (48)

Here, proceeding as before and writing x; for the value of x in I <z<2!, E; for the
value of E in this region, and z, =2/—32, we find

10 In the case £=1/2 when (1) becomes the equation of linear flow of heat, (44) becomes cos 2¢=0and
similarly (51) and (52) become sin 2a=0.
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%P X021-7z7 2 (=2l y(za,/I) e ~FrIT (3B,/1)
X =x\(1——)— ’ (49)
) " orp) AU el BER6)
2\ xo2PzP B (e (e /) €T o(218,/1)
x1=3xo|— " p—— - P—— ’ (50)
J pT(p) S\ el (a) 8272 (,)
where the a, are the positive roots of
Jp(@) =0, (51)
and the B3, are the positive roots of
Jp1(B) = 0. (52)

This problem is that of heat transfer between the plane 2=0 at constant tempera-
ture xo, and the plane z=2/ at zero temperature, by turbulent fluid flowing between.

The quantity of heat taken up from the region 0 to x of the plane 2=0 is determined
by

) i Byol*?" 3y, 2

’111}'_10 ) Edx = mdb (2/1), (83)

where
@, 2 2p(1 — p)x 1+ p+ 2p?
1) =
[ (=/1) 12 200+ p)

23-2p(1 — © —zal/l? — 282112

i k) { ’ +— } (54)

[rp)]r S lat222 () BE?2TZ(8))

and the a, and B, are defined by (51) and (52). For small values of (x/?), ¢ (x/%)
behaves like (32). For larger values its behaviour for the case p=1/9 is shown in
Fig. 1, Curve IV, and for still larger values the exponentials in (54) are negligible.

The quantity of heat taken up by the region 0 to x of the plane z=2/ is deter-
mined by

z 2—2p

BXol 4)

. 2

- ’11_%0 . Edx = md’p (x/1), (55

where
@, 2 20(1—=p)x (14 2p)(1 — p)
1) = -
¢, (x/1) I 20+ 2)
23-2p(1 — p) = —zal/l? —z82/12

B LT L Y L A W

[t =\t (@) B 238

A portion of the curve of ¢ (x/?) for p=1/9 is shown in Fig. 1, Curve V; for
larger values of x//* the exponentials in (56) are negligible, and for smaller values than
those shown in the figure ¢{* continues to decrease rapidly.



