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-NOTES-

USE OF SINE TRANSFORM FOR NON-SIMPLY
SUPPORTED BEAMS*

By A. G. STRANDHAGEN (Carnegie Institute of Technology)

The problem of non-simply supported beams is approached by various mathemati-
cal procedures. In certain applications several of the common methods are long and
tedious. By employing the sine transform a certain ease can be claimed for most cases.

The definition of the sine transform of a function y(x) in the interval (0,1) is

•SLK*)] = f y(x) sin (nirx/l)dx = v(n). (0 < x < I; n = 1, 2, • • • ) (1)
J o

Recalling that the expression of a function y(x) in a Fourier sine series is
oo

y(x) = £ sin mrx/l, (2)

where

bn = (2/1) f y(x) sin (nirx/l)dx, (0 < x < Z; n = 1, 2, • • • ) (3)
J 0

it becomes evident that the connection between the sine transform and the coeffi-
cients of the Fourier sine series is

S[y(*)] = (l/2)bn. (4)

Forms given by Eq. (2) and Eq. (3) are altered for the sake of convenience as follows:
oo

y(x) = {2/1)^2 v(n) sin (nirx/l), (5)
71=1

where

»(«) = -StyC*)] = I y(x) sin (nirx/l)dx. (6)
J o

For example, consider the sine transform of (d2y/dx2) in the interval (0, I); by
definition

S^y/dx"1} = J (d2y/dx2) sin (nirx/l)dx. (n = 1, 2, • • • )
J o

Integrating formally by parts gives

Tiir / nir \ ^
S[<Py/dx*] =- — [(- l)ny(l) - y(0)] - j v(n). (« = 1, 2, • • • ) (7)

Likewise the sine transform of (d*y/dx4) in (0, /) is:
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S[dAy/dx*] = - [(- l)»/'(0 - y"(0)]
I

(tlir \ ^ / fiTr \ ^

—) [(- i)"y(0 - y(°)3 + \~) (» = i. 2, • • •) (8)

where i>(w) in (7) and (8) is defined by Eq. (1).
Consider a beam fixed at * = 0 with axial loads P. The intensity of transverse

loading is q(x), Fig. 1. The differential equation and boundary conditions are as
follows:

1. d'y/dx4 + k2(d2y/dx2) = q(x)/EI, (0 < x < I)
2. y(0) = y(l) = 0,
3'. y"(l) = 0, y'(0) = 0,

where
5(ac) = 0 when 0 < x < b,

= 8(x) when b < x < c,

= 0 when c < x < I,

and c > b. Let k2 = P/EI, and primes
indicate differentiation with re- p
spect to x. Let 5[y(x)] =v(n). ^
Transforming d^/dx* and d2y/dx2
and g(jc) and substituting y(0)

n
-tf -|

(9)

ry
=y(i) =>"(/) = 0, there results Fic j

(nic/l)y"(Q) + (nir/I)*v(n) — k2(nir/l)h(n) = (1/J5/) T 0(x) sin (nirx/l)dx.
J b

Solving tor v(n), where a2 = (kl/ir)2,

v(n) = - (l/ir)zy"(0)    — + -J— ——    f 0(z) sin (mtx/Qdx,.
w(«2 — a2) 7r4JS/ n2(n- — a2) •/ &

Since y(x) = sin nirx/l, then

y(x) = ~ (2P/T*)y"(0) £ —— —sin (nirx/l)
„_i n\n — a2)

" sin (•nirx/l) r 0
+ 2(/3/ir4EI) ^ —   I 0(a:') sin (nirx'/l)dx'. (» 5^ a)

„=i «2(»2 - ff2)J(

The remaining boundary condition y'(0) =0 gives the following:

/'(0)Z 71 r = —rr Z —r~T—W f 6^ sin (nTX'/l)dx>- (H)
b-i (» — a2) irEI n»i n(n2 — a2) J b

Since ^".^/(w2—a2) = (i/2a2)(l —7ra cot ira), then y"{0) becomes

(2a2l/wET) A 1 T c
y'(°) = J. 7 7 X)  — | O(x') sin (nirx'/l)dx'. (n ^ a) (12)

(1 — 7ra cot ira) n_i n(n2 — a2) J j

(10)
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Further simplifications are possible in Eq. (12). Interchanging formally the integral
and summation sign and summing, the following is obtained for y"(0):

(l/EI) r c (sin k(l — x) I — x\
y"(0) = n \ ^ \ e(x)\ ^-TT^-—r\dx'(1 — ira cobra) J b I. sin kl I J

where
- ain (Hf«/Q _ (sin Kf-j$_ I-,) _

Z[ n(n2 - a2) 2a21 sin kl I )

Thus by substitution of (13) in (10),

4a2/3 <j>(x) fc
= 77T7 77 7 I 0(x')<f>(x')dx'

t*EI (1 — ira cot 7ra) J &

21s " sin (nrx/l)_2/_ £ sin (WT3;/^ f * sin (nTx'/l)dx'. (n 7* a, 0 < x < I)
tt'EI Zl «2(»2 - a2) J » V

(14)

Knowing the variation of 6(x) it is a matter of integration to obtain the required re-
sults. Now suppose that P = 0, i.e., the beam is under no axial loads, and subject to
the same boundary conditions. Thus k =a = 0 in equations (9), (10), and (11) and then

y"(0) = —E — f e(x') sin (nrx'/t)dx'.
r*EI n_i n J 6

Again interchanging formally the integral and summation sign,

/,(°) = ^ f°6(x')x'(x' - l)(x' - 2l)dx\
where

£ (1 /»*) sin (nrx/l) = — {2(x/t) --3(x/l)2 + (x/l)3}. (0 < x/l < 2.)
7.-1 12

The equation for the elastic line becomes

y(x) = — [2(x/l) - 3(x/l)* + (x/l)3] 6(x')(x' - l)(x' - 21)dx'
12 EI J b

213 " sin (nrx/l) /*c ,
-\   | d(x') sin (nrx'/l)dx. (0 < x < I)

r*EI „_i n* J b

To be sure, further summation in finite terms is possible, but this will lead to y(x)
being defined in distinct intervals in (0,1), as in the solution furnished by the classical
methods of differential equations; unquestionably, this is a disadvantage in engineer-
ing computations. The above results, however, remain in the desired form, with one
function y(x) in (0, I) regardless of the discontinuities of transverse loading.

In like manner other boundary conditions may be imposed, and other beam prob-
lems, such as beams on elastic foundations, can be solved.


