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ON THE DEFLECTION OF ANISOTROPIC
THIN PLATES*

BY

VLADIMIR MORKOVIN
Brown University

1. Introduction. The elastic medium considered in this paper! is assumed
to have at each point at least one plane of elastic symmetry parallel to the
neutral plane of the plate, which is taken as the xy plane. The theory of bend-
ing of thin plates possessing this type of anisotropy has been developed
mainly by Boussinesq,? Voigt,® and Lechnitzky.* It is based on the usual as-
sumptions of thin plate theory, leading to the following relations which are
valid throughout the (small) thickness 2k of the plate

'th;oy (1.1)
ow dw

u=—z—, 1= —z3—, (1.2)
ax ay

where w denotes the (small) deflection of the neutral surface of the plate,
while # and v are the displacements in the x- and y-directions respectively.

If the equilibrium conditions are used together with Generalized Hooke's
Law, (1.1), and (1.2), it is possible to express® the quantities characterizing
the state of stress in terms of the partial derivatives of the deflection w. Then
by considerations of equilibrium w is found to satisfy the differential equation:

b d4w 3 0w 26 beo) dtw 35 dtw
" axt o dx%dy . o dx%y* * 0x9y3
dw  3q(x, ¥)
F g — = —— 1.3
2 ayt 2n ’ (1.3)

where b;; are constants depending upon the elastic material and ¢(x, y) is
the normal load per unit area on the upper face, the lower face being free.
The problem, therefore, is to find a solution w(x, y) of (1.3) which satisfies

* Received Nov. 18, 1942,

1 The author wishes to express his appreciation to Professor I. S. Sokolnikoff, who proposed
the problem and suggested the manner of approach.

2 M. J. Boussinesq, Journal de Mathématiques (Liouville) Ser. 3, 5, 329 (1879).

3 W. Voigt, Kompendium der Theoretischen Physik, Leipzig, 1895, pp. 436-455.

4S. G. Lechnitzky, Applied Mathematics and Mechanics, Leningrad, 2, 181-210, (1938).

5 An exposition of the theory is given in I. S. Sokolnikoff's Mathematical Theory of Elas-
ticity, (mimeographed, Brown University, 1941), pp. 319-329. His notation is adopted in the
present discussion,
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the prescribed conditions at the boundary (edge) C, of the neutral surface of
the plate. This general problem has not been solved even in the case of very
simple boundaries. Some success was achieved by various writers® investigat-
ing special shapes of plates made of material with three mutually perpendicu-
lar planes of elastic symmetry (orthotropic material). In the present paper a
general method of solution is indicated when the boundary Cy is an analytic
curve. Detailed solution, illustrating the procedure, is carried out in the case
of a clamped elliptic plate and a polynomial loading function g(x, y). The
complicated form of the solutions obtained is due to the generality of the
problem. For a given material the values of the parameters b;; in (1.3) are
specified and the computations become relatively simple.

2. Preliminary considerations. Utilizing the fact that the potential energy
of any realizable state of stress is always nonnegative, Lechnitzky? proved
that the roots u; of the characteristic equation

b + 3bis p + 2(b12 + bee)p? + 3bss p* + boapt =0 2.1)
corresponding to (1.3), must be conjugate complex numbers, say,

m = ay + if; M3 = 1= a1 — if1; B1 = 0; 2.2)

B2 = as + iBs; e = F2 = az — ifiy; Ba #= 0.

Consider the complex variables 2, and 2y, related to x and y as follows:
m=x+wmy=(z+a) +iB), k=12 (2.3)

This formula specializes to 2,, the complex variable in the original xy plane
when uo=1. The relationship between the complex plane of 2z, and that of 2
or z, is

Zr = Pi%o + Gi2o, k=1,2, (2.4)
where
Pr = %(1 - iﬂk) and qr = %(1 - iﬁk). (243.)

Geometrically, (2.4) corresponds to affine transformations of the z, plane.
Since Bx#0, these transformations possess inverses, given by: ‘

1
%0 = 6_ (ﬁkzk - q-kzk)y k= 1: 2, (25)

k

Let w, designate a particular integral of (1.3). Lechnitzky® has shown that
the most general solution of (1.3) can be expressed in the form:

¢ For instance, M. T. Huber, Probleme der Statik technisch wichtiger orthotroper Platten,
Warszawa, 1929; W. McDaniels, thesis, University of Wisconsin, 1940; S. G. Lechnitzky,
loc. cit., under assumption of vanishing normal load ¢(x, ¥).

7S. G. Lechnitzky, loc. cit. 8 S. G. Lechnitzky, loc. cit.
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w = fi(z1) + fi(E1) + fa(22) + fo(32) + wo, (2.6)

where fi(21) are arbitrary functions of zx, and f(z:) are their conjugates. These
functions are analytic in the regions which correspond through (2.4) to the
region occupied by the plate. If the roots u; and us in (2.2) are not distinct,
the solution w assumes the form

w = 5if1(z1) + 2:f1(2) + g1(21) + 81(Z) + we. (2.7)

When the region in the xy plane is simply-connected, these analytic func-
tions are also single-valued. The present discussion will be confined to simply-
connected regions bounded by analytic curves Cy. Let the parametric repre-
sentation of the boundary be:

Col 20 = x+1y=F1(t)+iF2(t), 0§t<21r. (28)

The period of the functions F,(¢) is 2m; their Fourier coefficients are
1 2x 1 2x
dne = —f F,(t) cos ntdt;  en = —f F,(t) sin nt dt. (2.8a)
™ 0 T 0

The boundaries of the corresponding regions in 2, planes, by virtue of (2.3),
are

Ck: 2k = Fl(t) + Msz(t), = 1, 2. (29)

It should be noted that the homogeneous deformations (2.4) and hence
the contours C are determined at the outset by the anisotropy of the plate.
The controlling parameters are five in number, namely by, bys, (b12-+Des),
bse, b2s, O by, oy, 61, g, Bg. .

3. Outline of procedure. The form of the solution (2.6) suggests that some
simplification could be achieved by considering the boundary conditions di-
rectly in the z; planes. The boundary conditions usually consist of two func-
tional relations between the deflection w and its partial derivatives of at most
third order on C,

dw Jdw 3w
G. w,——y———;'--,—>==0, n=1,2 3.1)
dx dy ay3
If one regards z; and Z; as the independent variables, then
a (i} n a i) i) " a (3.2)
—_— = — — = ug — Ly —— .
ox .azk 0% ay * 02 - 2y

Hence, the boundary conditions (3.1) can be formulated along either C; or C,:

& dw dw 0w
G.| w, ;—,---,—)=0, n k=1,2. (3.3)
32:1,- 62,, 62,";
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It is desirable to express the boundary conditions in terms of a single
variable. To effect this, suitably chosen neighborhoods of contours Cy in 2
planes are mapped conformally into some neighborhoods of circumferences v
of unit radius in new complex {; planes in such a way that points on C; cor-
respond to points on v:.? Let ¢ represent the polar angle in the {: planes.
Identical values of ¢, and ¢,, 0 =¢.<2w, can be made to correspond to one
and the same value of the parameter ¢ on Cy, 0=¢<2m, by the proper choice
of the mapping functions

2k = wk({k), k= 1, 2. (34)

Laurent expansions for w({x) are found in terms of the Fourier coefficients
of F,(f). Let the common value of {; and {; on v, be denoted by ¢=¢"; then
by virtue of the relations

a 1 J d 1 a
—_— ; —_— ; —_— = _— . _—7 (3 .5)
dzr  wi(fx) Ok 0z @i ($x) 95k
the boundary conditions (3.2) can be expressed in terms of ¢ alone:
dw dw dBw
I",.(w,——: '—_y"',—_)=0, n=1,2. (3.6)
doc da da?
The deflection w may have the forms
w = ¢1(t1) + ¢1(F1) + d2(2) + $2(F2) + wo, 3.7
w = &1(F)1(51) + ar(E)e1Fr) + ¥ale) + $1§) + wo, (3.8)

where

i) = fifwr(En) )] and ¥a(cn) =g {w0(tn)}

are undetermined functions, analytic and single-valued in some neighbor-
hoods of v«. Accordingly one has

+o - +o0

ou(t) = 2 Amdh; VG = X Bmifh - (3.9)
Expanding I" . in (3.6) into powers of ¢ and equating coefficients of like powers
to zero, one may expect to obtain recursion formulae for the determination

of the coefficients A nx and B in (3.9). This, in essence, solves the problem.
4. The mapping functions. The mapping functions w.(¢:), if they exist,
must be analytic and one-valued at least in narrow rings around the circum-
ferences v: where they can be represented by convergent Laurent series, say

400
ze =2 Dinfr, k=12 4.1)

m=—c0

® This will be recognized as an extension of the scheme of N. I. Mushelisvili. See Mathe-
matische Annalen, 107, 282-312, (1932).
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The correspondence between points on the curves Ci and v, is expressed
through the equation

+o0 +o .
Ci: 2= 2, Dimor = D, Dim(cos mos + i sin mey). 4.2)
The parametric representations of C; are:
Cit 2 = 3(do1 + pmedoz) + 2 {(dn1 + padnz) cos nt + (€1 + piens) sinmt}. (4.3)
n=1

Letting identical values of ¢; and ¢; correspond to the same value of the
parameter £, ¢ =t, one can solve for the coefficients Dy, from (4.2) and (4.3):

Din = 3{(dn1 + aadns + Breas) — i(ens + arens — Brdms) },
Di,n = 3{(dn1 + ardns — Birens) + i(ens + axenz + Bidns)}, 7 2 0.
It will be shown presently that

Im /| D[ < 1, TIim /| Dr—n| < 1, (4.5)

n—r oo n—o

(4.4)

so that series (4.1) with coefficients (4.4) actually converge in some rings
around v and the foregoing formal steps are justified. The proof rests on the
following theorem:0

The necessary and sufficient condition that the periodic function f(z) defined
by the series

0
1a0 + D (an cos nz + b, sin nz)

n=1

be analytic in some strip parallel to and containing the real axis is

Tim (a2 +82) <1 or lim /| a. + iba] < 1. (4.6)

n— oo

The functions F,(t) = idos+2 mm1(dns cos nt+e,, sin nt), s=1, 2, are by hy-
pothesis (real) analytic functions. Hence the functions defined by the series

1 2 .
- Z {(dnl + akdnz + BkenZ) cos nt — (enl + Qbna — ﬂkdrﬂ) sin ”t}’
L = (4.7)
5 2= {(dm + ardnz — Brens) cos nt + (ens + @ieuz + Bidaz) sin nt},
n=1

are also (real) analytic. Replacing ¢ by the complex variable z which reduces
to ¢ on the real axis, one is led to complex functions, satisfying the conditions

10 This is a slight modification of a theorem found on pp. 125-127 of De La Vallée Poussin’s,
On the approximation of functions of a real variable and on quasi-analytic functions, Rice Institute
pamphlet, 1925,
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of the preceding theorem. But since (4.6) applied to the functions (4.7) im-
plies (4.5), the existence of regions of convergence of (4.1) containing v, is
shown.

These regions can be narrowed to rings about! v, in which the deriva-
tives of the mapping functions have no zeros so that the functions themselves
are simple (schlicht). The representations of the narrowed regions on the cor-
responding bands about Ciare therefore one to one and conformal as desired.
The foregoing discussion can be extended to any number of planes z;. If, for
instance, one sets uo=1, one obtains a function wy({y) mapping conformally
the original curve C, together with a surrounding band into 7,, the circum-
ference of unit radius in a new {, plane, and its neighborhood.

5. Mapping of elliptic regions. The procedure described in the preceding
section constitutes a practical scheme for the determination of the mapping
functions w({x) once the shape of the plate is known. In the case of the ellip-
tic boundary ’

Co: 20 = acosi+ ibsin ¢, (5.1)
formulae (4.1) and (4.4) yield the mapping function
zr = wi($s) = Sk(i'k + f'k—), : (5.2)
where .
Ry = :—: ; re = 3(a 4+ iuid); sk = 3(a — iusb).

It follows from elementary considerations that the deformed contours in z;
planes :
Cr: 2r=acose+ ubsine (5.3)

are ellipses whose major axes make angles 6; with the real x; axes, where
' 2axBrb?
@+ b(af — B

It also follows from (5.2) that the families of circles concentric with vy in the
¢i planes correspond to the families of confocal ellipses with foci at 2+/7,s,
in the z; planes. In particular, to the circumferences v correspond the ellip-
tical contours (5.3) and to the smaller!? circumferences with radii v/[ R, the
degenerate ellipses of the families, i.e., the double segments joining the foci.
These degenerate ellipses can be represented in the form

tan (26;) = am {4rysi}. (5.4)

11 5, may well be the outer boundary of these annuli when the derivatives F} (f), s=1, 2,
vanish simultaneously. Thus the class of curves to which this discussion is applicable is some-
what larger than the class of analytic functions as usually defined.

12 If uy and ps are defined to be the roots whose imaginary parts are positive, 8x >0, then

VIR <1.
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2x = 24/ (rise) cos (¢ — i) (5.5)

where 8/ are the amplitudes of v/Ri, the {; plane images of the foci 2v/7xss.
Since the derivatives w/ ({+) vanish only at /R, one may choose for the rings
in which the mapping functions are to be schlicht the annuli 1 Z{: <V/[Ry|.
The corresponding regions in 2 planes comprise the interiors of the ellipses Cy
made doubly-connected by the introduction of slits (5.5) between the two foci.

From (5.5) it is clear that every point z; on the slit corresponds to two
distinct points, v/ [R;|€* and V[ R;| R,,|e‘(2‘k“’) on the inner boundary of the
above ring. Since the analytic functions fi(zx) are single valued inside Cy,
the transformed functions ¢x({x) must assume identical values at the two
points. Hence,

40 +o0 .
> AmiV R €m0 = 3 A/ | Re|™ em@io), (5.6)

so that
) A—n.k = R:Ank; n > 01
and finally

'l

$i($r) = ZAnk<§'k+ o ) 'Pk({k)—ZBnk(fk-l' o ) (5.7
n=0 n=0
The question arises whether the restriction (5.6) is sufficient to insure that
the tunctions Fi(zx) obtained by the inverse transformation

1
g‘k=§{zk+\/(zz_4’ksk)} (5.8)

from the functions ¢«({x) in (5.7) are single-valued in the full, simply-con-
nected interiors of the ellipses Ci. An affirmative answer is reached after ap-
plication of Schwarz's Reflection Principle to the potentially different branches
of Fi(zx) on the opposite sides of the slits. Therefore, if the unknown coeffi-
cients in (5.7) are determined from similarly transformed boundary condi-
tions, the resulting functions will correspond to the solutions of the original
problem.

6. Uniqueness of solutions. If in (2.7) the functions fi(z:) and gi(z;) were
replaced by fi(z1) +fi*(21) and gi(z1) +g1*(21) where

Re{zif#(z1) + gi*(z1)} = 0, (6.1)

the value of w would remain unaltered. The extent of arbitrariness in the
choice of fi(z1) and gi(z1) is determined next by finding the most general
analytic functions fi*(z1) =wu1+9v; and g*(21) = us+14vs satisfying (6.1), or the
equivalent condition
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w1y + y1o1 + 4 = 0. (6.2)

Utilizing the fact that w1, v1, %2, and v are harmonic fuhctions, conjugate in
pairs, one readily finds from (6.2) that

ou,y 971
and therefore
f#(z1) = Nz + (A2 + iNs), (6.3a)

where \; are arbitrary real constants. Substituting this expression into (6.1)
one arrives at '

gif(z1) = — (A2 — gz + g (6.3b)

The foregoing functions are transformed by (5.2) into

R
$F (1) = Niisy (i’l + —1> + N2+ iXg;
&1
R (6.4)
FED) = — (A2 — \g)sy (i‘l + ?1> + A4

1

It is desirable to eliminate the arbitrariness inherent in the form of solutions
by choosing the parameters \; so as to simplify the expansions (5.7) of ¢1({1)
and Y1($y). If

-2 Im {4} )
=_a—-;{_bii5 Nt ids= =240 M= —2Im {Ba};

the functions ¢1+¢:* and ¢¥1+¢i* reduce to

M

] » R” ) n R I
ZAnl<g.l+_l) and ZBnl<§"l+_l>y (6'5)

n=1 . .('{ n=0 g-i'
with Ay =4y and By = Bo. That the solutions of the form (6.5) are uniquely

determined by the boundary conditions is shown in Section 8.
A similar argument shows that one needs to consider only the functions

0 » R " 0 n R »
$i() = ZAn1<§'1+‘—l—>; ¢a($2) = ZAn2<§'2+—2>, (6.6)
n=0 3'{‘ n=2 f;’
with Aoy=A4 o and As =44, when the roots u; and ue are distinct.
7. Boundary conditions. Let 6 designate the angle between the outward
normal to the boundary C, and x axis. Then,
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1
sinf = — — (dZo + dﬁo) = — (iﬁkdzk — ip.kdﬁk),
2ds

Pk

(7.1)

)
cos § = — (dZo - dzo) = (de - dzk),
2ds k

where dzo and ds are differentials along Cy and dz; the corresponding (depend-
ent) differentials in the z; planes. The equations (7.1) and (3.2), together with
the mapping functions (3.4) make it possible to formulate the boundary con-
ditions in terms of ¢ on the circumferences . In the case of a clamped plate
one has the conditions:

Jw a i) R
w(x, y) = 0, —_— = (cos 9 — + sin @ —) w(x, y) = 0, (7.2

on 0% dy

on Co, which are equivalent to the vanishing, on vy, of the expressions!?
'ZU(O', &) = 0) (7 33.)
1 do'l:{( + )+lwk(0)2 _}6
ﬂkd ds 7 [’kfk Qka Wi (a)
( (o)
+ {” ._kU 2Pqr + — (Pkﬁk + quk)} :| w(e,d) =0, (7.3b)
Wi

where do is dependent on dz,. Obviously, to the part of w(o, ) obtained by
transformation of fi(z;) and g:(z:) one applies the operator in (7.3b) with &2 =1.
It is expedient to make use of the mapping function 2o =wo({o) for the trans-
formation of the particular integral w,. When 2=0 the operator in (7.3b)
reduces to

— i ii(a 6— + i 6_) wo(o, 7), (7.4)

o ds do o dc
and (5.2) has the form

1 o+ b
20 = wo($o) = 3(a — b)<k2§'0+?), k= :
[}

p— (7.5)

If the normal load ¢(x, y) in (1.3) is expressed as a polynomial'in x and y
of degree (n,—4), wo is a polynomial of degree #,. For instance, when the load
is linear

' 2h3
Q(xr y) = _3‘ (50 + ax + Cz}’), (7-6)

where ¢; are real parameters, one can take for w,,

13 It is noted that, as a consequence of (3.2) and (3.4), o and & are treated as independent
variables in the partial differentiation process, whereas the result can be simplified by o=1/0,
an identity on ;.

4 This may be considered as an approximation to more complicated loading functions.
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Co C2
L y) = gt : . 7.7
D) = e S S ? @7

The following abbreviations referring to values on the original curve C, but
expressed on ; are introduced :

ny 1
wo = — K(o) = — Z(bma"‘-l- bm —m>,
0

¢
(7.8)
. ds dwg o , 1
i0— —=— Lo) = — 2 amo™ + an—).
do on ) am

One readily finds the coefficients a,, and b, for the special case of the linear
load applied to an elliptic plate:

4ba’cy Sab (cw“ . czb3)
ay = — i gg=— —|\— — 1 —
2941 by, 255! \ by bas
ao = 3ay, a; = 4ay; as = 5ds, a; = 10as, (7.9)

a ) a
bom = n @am;  (bempr T Bamyr) = % (@2mt1 £ 2mir)-

The preceding transformation of the particular integral w, is valid whether
the deflection w has the form (2.6) or (2.7). However, the parts of w involving
the unknown functions fi(zx) and gi(zx) have to be treated somewhat differ-
ently in the cases of equal and distinct roots. To avoid repetition only the
first case is discussed here.

8. The case of equal roots. Substituting'® (3.8) into the boundary condi-
tions (7.3a) and (7.3b) and simplifying gives:

o(= Yoto) + o3 (= ) o) +7(= =) - k@), (8. 12)
(L
S+ a0+ # 214

la(5)s@+ e (5)+ve]
+i[0 ——I%)S 2pq + —(?ﬁ + qq)]
oo (- 2)+o (<)o + 7 (=)]-zo. (8.1b)

15 In this section the subscripts are omitted since the distinction between 2, and z, planes
is not involved in the discussion.
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In order to avoid a system of an infinite number of equations in infinitely
many unknowns the following device is used. The condition (8.1b) is replaced
by a combination of (8.1b) and (8.1a). The first boundary condition (8.1a)
is an identity in ¢ and will therefore yield an equality upon differentiation
with respect to ¢. This equation is multiplied by

%{;’—’,—2(‘%’;—25 + (pf+qq')}

and added to (8.1b). In the resulting identity, one solves for the expression
involving the unknown functions and obtains'®

( l)w () + aw'<a)¢< ) + o¥/(a)

1 ? - ;

e s )
J(L

{&w (a)-l- aKl;(a) (aw'.(a)215¢1+ - <U)

v
When the plate is elliptic, (8.1a) and (8.2) read:

(rp + qq))} (8.2)

= Z(bmam"'bm_m)y (83)
0
1 _\ R™ R\ &2 _ /1 _
§<—+Ra>ZmAm<a"'——>+s<a——> A,,.<—+R"'a"‘>
4 1 o™ o 1 o™
L) Rm 1 po.z q- ]
Bm m o — —
+;m (o‘ 0"‘> (rB(a-{-b)[l—-crz/k2 1 — 1/k%?
1 — n1 o
[&(— - Ra) Z(a,,.a'”—l-?——) + 3{(b — iga)s
[ 0 o™
1 n 1
+— (b + iga)} X m(b,,.a"' — b -—)] (8 .4a)
g 0 o™

16 The expressions in the denominators, 1/8(pow’(s)+3/c @'(1/0)) and 1/8(p/c &'(1/0)
+gow’(s)), never vanish, since pp —gg=p£=0.
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For a circular plate a =b, 1/k? vanishes, and the last equation is already ex-

panded in series of powers of ¢. Otherwise, the expansion of the right hand
member is infinite, since

i P‘Tz B g- _ w<i>l_iw< )21
0{1—472/132 1—1/k202}_1"’,§‘, k . =2\) 69

Combining the terms 5(1/¢ — Rs) and 3((b—tma)o+1/o(b+ifa)) with the
expansion (8.5), one simplifies the right-hand member of (8.4a):

s e WS N ()

_M%M [pq( ﬁi{(am mbo)a (G- mb) —}) Z(%)l

ny

+ fq‘( Z{<am+mbm)am+<am—m5m> —}) i(i” (8.4b)

1 O'k

Let Q. denote the coefficient of ¢» in (8.4b). This coefficient is evaluated by
means of relations similar to (7.9). It is found that Q, vanishes for n >n;.

Recalling that 4¢=0, A;=4;, and B,= By, one concludes from the rela-
tions between the coefficients of ¢° in (8.4a) and (8.3):

1 1+ P
A1=—Q0——‘—, B0=—bo_

1
(1—=P)(s+3) 2 41—

Qo, where P = RR. (8.6)

The system of equations between the coefficients of a*, >1,

34,11+ SRR 4,41 + B, + R*B, = b, — 5RA,_1 — sR4, 4,
(8.7)
s(n + 1)Any1 — SRR A,y + nB, = Q, — 5R(n — 1)A,_y — sR*4,_,,
and of the conju‘gate equations has a ﬁon~vanishing determinant:

53D 1(P) =53 {1 — (n+1)2Pm4-2n(n+2) P — (n41)2Pr2 Prri2) | > 1,

because P <1. The system, therefore, possesses a unique solution given by
the expressions:

An+l =

[0.(1 = (n + 1) P* 4+ nP1) — 0, R*(n — (n + 1) P + Pr+1)

§ n+1
— nb,(1 — P™1Y) 4 n(n + 1)6,R*(1 — P) + 5RD.(P)An_r
+ SR*E(P)An1], (8.8)
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-1 '
B, = o [0.{1 = (n + 2)P*1 4+ (n + 1) Pr+2}

~0R{(n+1) = (0 + DP + P2} — (n+ Db(1 — P
+ bR {(n 4+ 1)? — n(n + 2)P — Pr+?}
+ SRGua(P)Ans + SR Epa(PYApn], (8.9)

where the following abreviations are used:

E.(P)={(n—1)—2nP+ (n+1) P>+ (n41) P*— 2nP~+14 (n— 1) P2},
Gnt1(P) = {2—n(n+1) P*+(n—1)(n+2) P*+(n—1)(n+2) P+
_”(”4_ 1)Pn+2+2P2n+1} .

One can calculate any number of coefficients in the expansions of ¢({) and
Y({) from those already known, A, and 4,, and the recurrence formulae (8.8)
and (8.9). If (8.8) is rewritten for #>#, in the form

—_ S A 1
{m(P) + S ReE(P) } (8.10)

At 1 n—
A n—1

A n—1 Dn+1(P)

One sees that lim“,wIAn+1/An_1| = | EI. Consequently, ¢(¢) and ¢(¢) con-
verge and represent analytic functions in the ring |R| 3L l §| < | R|—1/2,
which extends beyond the ring corresponding to the interior of the ellipse C,.
The expansions are finite if A,—; and 4, vanish for any n>n,. In the case of
the linear load one finds As=4=0, B;>0, so that the solution is a poly-
nomial of fifth degree. Specific examples indicate that the solution is a poly-
nomial when the loading function ¢(x, y) is a polynomial.

9. Conclusion. The discussion in the case of distinct roots is similar to
that of Section 8. For details and results the reader is referred to the author’s
doctoral thesis.’

When p;=ps=1, the solution reduces to the results for an isotropic
clamped elliptic plate bent by uniformly varying load.!® Another impor-
tant special case is that of an orthotropic elliptic plate bent by a linear load,
for which the solution is new. There are two possibilities obtained by setting
either u; =184, u2 =18, or u; =a;+101, u2 = —ay+1B. The calculations in these
and other specific cases are comparatively simple. It is clear that by specify-
ing the values of some or all of the parameters characterizing the material

17 On the deflection of anisotropic thin plates, University of Wisconsin, 1942.
18 See A. E. H. Love, Treatise on the Mathematical Theory of Elasticity, Cambridge, 1927,
p. 486.
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of the plate, its shape, and the type of loading, a considerable simplification
is achieved.

The foregoing method can be extended to the cases of (a) different bound-
ary conditions, (b) different shapes of plates. Many of the devices and formu-
lae, such as those of Sections 4, 6, and 7, remain valid. The extension to the
interesting case of infinite doubly-connected regions involves little more than
the additional feature of determining the character of the multiple-valued
functions fx(2x) from the fact that the deflection w remains single-valued and
continuous.



