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SYMMETRICAL JOUKOWSKY AIRFOILS
IN SHEAR FLOW}{

BY

HSUE-SHEN TSIEN
California Institute of Technology

1. Problem. The usual two-dimensional theory of airfoils assumes a uni-
form velocity for points far from the airfoil. There are many applications
where this condition is not satisfied. For example near the ground there is a
large vertical velocity gradient, and therefore a first approximation to the
problem can be obtained by assuming a linear velocity distribution. This has,
in fact, been done by H. v. Sanden! in connection with O. Lilienthal’s experi-
ments in natural wind. However, v. Sanden used a numerical method of in-
tegrating the differential equation and carried out the calculation only for a
wedge-shaped body. Th. von Kirman* suggested to the author to take up
this problem again in order to develop a more complete theory. Hence in the

Fi1G. 1. Body in a Shear Flow.

t Received Dec. 27, 1942.

1v. Sanden, H., Uber den Auftrieb im natiirlichen Winde, Zeitschrift f. Math. u. Phys.,
61, 225, (1912).

* The author wishes to thank Dr. von Kdrmén for suggesting the problem and his kind
interest during the course of the work.
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first part of this paper, a generalization of the well-known Blasius theorem
for calculating aerodynamic forces acting on an airfoil is given. Then the
result is applied to the case of symmetrical Joukowsky airfoils and the final
data are given in a number of tables and graphs.

2. Method of solution. By setting up the problem as shown in Fig. 1, the
velocity distribution far from the airfoil is given by

u=U(L+K%) (1)
=20

where U, is the undisturbed flow velocity along the x-axis and K is the non-
dimensional velocity gradient of the undisturbed flow. ¢ is some dimension
of the body immersed in the stream, e.g., the chord of the airfoil. Then the
vorticity at locations far from the airfoil can be calculated from Eq. (1) as
dv Ou oK/ @
— — —— = — 0 c
dx  dy
which is a constant. However, in the flow of non-viscous incompressible fluid,
the vorticity is associated with the fluid and maintains its strength. Consider
the field of flow starting from the far left, where the vorticity is constant and
equal to — UK /c. This value of vorticity is carried with the fluid over the
whole field of flow. Therefore, the flow problem on hand is one with constant
vorticity distribution.
To satisfy the equation of continuity,

du dv 0 3
dx  dy -
the stream function y is introduced. It is defined by
d g
u = —'l/; ?= — _\0 . 4)
dy dx

u, v are the components of velocity in the x-direction and the y-direction.
Due to constant vorticity distribution, the vorticity equation is

dv ou

2 _ UK/ 5

dx Oy oK/ )
By using Eq. (4), Eq. (5) can be written as

N o

— 4+ — = UyK/c. 6

dx? + ay? oK /e (6)

Therefore the flow problem is reduced to that of solving Eq. (6).
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The stream function ¥, of the undisturbed flow given by Eq. (1) is
K y?
Yo = U y+———> Q)
2 ¢

which can be easily verified by means of Eq. (4). The mathematical problem
can be considerably simplified by introducing the stream function ¥, due to
the presence of the body defined as

¥ =1vo+ ¥ (8)
By substituting this expression for ¥ into Eq. (6), the equation for ¥, is simply
9 ik
k2! 12} - )
dx® ay?
This is the Laplace equation. Therefore any solution of the Laplace equation
o s 9X e e 6
v >
06 TO y-42°/
o4 -
02 Y- 2y sy (tans 1) .
Y-0 N
-02 Y
--05
—-10

Fi1G. 2. Source in a Shear Flow.

combined with ¥, will satisfy Eq. (6). For example, we can combine ¥, with

a source
‘l’l = Uoboo (10)

Y1 = Uoao log r (11)

or a vortex

as shown in Figs. 2, 3, and 4. Here

0=tan‘1—z—; r = /x% + yi ' (12)



1943] SYMMETRICAL JOUKOWSKY' AIRFOILS IN SHEAR FLOW 133

It is interesting to notice that in the case of a source the zero stream line,
which forms the walls of the “half body” when K =0, is no longer symmetrical
with respect to the flow direction. The velocity, and hence the pressure, along
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Fi1G. 3. Source in a Shear Flow.

Yr=zyyefrlogr
F1G. 4. Vortex in a Shear Flow.’
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these two branches are also different. If the flow field within the zero stream
line is replaced by a solid body, such lack of balance may cause the resultant
pressure force to become infinitely large with the infinitely long solid bound-
ary. This surmise will be verified later when the resultant force and moment
are calculated.

If the boundary of the solid body is given, the flow problem indicated in
Fig. 1 subjects ¥, to following conditions:

(i) the disturbance velocity due to y; must vanish at points far from the
body so that Eq. (1) is satisfied;

(ii) the normal component of the disturbance velocity at the surface of
the body must equal the negative of that due to ¥, so that the resultant nor-
mal velocity is equal to zero.

3. Shear flow over a circular cylinder. To illustrate this method before
solving the more complicated case of an airfoil, the flow over a circular cyl-
inder will be investigated first. If the center of the circle is located at the
origin, and the radius of the circle is ¢/2, the undisturbed velocity U due to
Yo at the surface of the cylinder is

K
U= Uo(l-}-?sin 0) (13)
where 6 is given by Eq. (12). The normal component U, of the velocity U is
K
U,=Ucosf = Uo(coso+zsin 20). (14)

Therefore, the normal component of the disturbance velocity due to ¥, at the
surface of the circular cylinder must be equal to — U,, or

(1 W‘) U( o+ X g 20) (15)
_— = — [of 03] — S1ln
r 30 )oesa ° 4

where 7 is given by Eq. (12).
On the other hand, the solution of Eq. (9) that will give vanishing dis-
turbance velocities at points far from the origin is

® 1
V1= U.,[a., log 7 + b + 2 (an cos nd + b, sin nb) —]. (16)
ru

n=1

The @, and b, are undetermined coefficients. By substituting Eq. (16) into
Eq. (15), one has immediately

()

c\*K
w=(3) %" an
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All the other coefficients vanish. Therefore, the resultant stream function is

= =U ( “ s 0+K<r’ in? 0 al 20 18
Y=Y+ 1= o[r 4)sm 5 csm +32r2cos ):I (18)

r
At the surface of the cylinder, r =¢/2, Eq. (18) reduces to
Kc

v =Uj— 16 ‘ (19)

’-—“;_////

e

Fi1G. 5. Circular Cylinder in a Shear Flow with K =2,

which is a constant, verifying the boundary condition of the problem. The
stagnation point on the cylinder can be calculated by means of Eq. (18). The
condition is (8y/07),~c2=0. This is satisfied at the point where

i 0—1[1/1+K2+1] (20)
Sin —K 4 T .

Therefore, if —8/3 <K <8/3, there will be two stagnation points on the cyl-
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inder located on that half of the surface where the velocity is higher. If K
has a value beyond this range, there will be four stagnation points on the
surface. ' ' '

Fig. 5 shows the stream lines for the case of K =2. It is seen that there is
an additional stagnation point in the flow field on the negative y-axis.

4. Force and moment. In this section, the force and the moment acting
on a body whose disturbance stream function ¥, is given by Eq. (16) will be
calculated.

The pressure p in the fluid is related to the velocity components %, v and
the density p by Euler’s equations

6u+ ou ap

" — V- = — —

o ey ax
21

6v+ v ap

%-—+pp— = — — -

P dx P dy dy

By means of Eqgs. (4), (7) and (16), the quantities on the left hand side of
Eq. (21) can be calculated and then p can be obtained by integration. How-
ever in the final calculation of force and moment, the pressure will be in-
tegrated along a contour far away from the body; only terms up to 1/72in p
need to be considered. Furthermore, the calculation can be simplified to a
certain extent by differentiating the first of Eq. (21) with respect to x and
the second with respect to ¥ and adding the resultant. Then by using Egs.
(3) and (),

1 9%y (6211/1)2_‘_ UK 62#/1].

1
Loy = 2[ 22
p ? dx% dy? dxdy (22)

¢ Ox?

By substituting Eq. (16) into Eq. (22), the differential equation for p is then
1 171 a/9 1 92
Lo 22 2
P plL7r 9r\ or r? 062
2 1 2 »  K{(1 . .
= 2Uo|:— — (a¢ + bo) + —{— (— ap cos 26 4+ by sin 26)
rt ¢ \r?
: 1
+ oy (2@, cos 30 + 2b, sin 36)
r
. 1 .
+—4(6112 cos 40 4 6b; sin 46) + - - - }] (23)
r

The appropriate solution for this non-homogeneous equation is evidently
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2 1 2 K 1 .

—p =2U, ——(ao+bo)+—{———(— ay cos 20 + b, sin 26)

p 4r? ¢ 4

1
- —8— (24, cos 36 + 2b, sin 36)
r

- (6az cos 40 + 6b; sin 40)}]
1

+ A4+ Ayglogr + B + — (4, cos 8 + By sin 6)
r

1
+—2(A2c0520+stin20)+---
r

ond equation (21) can be used to determine A4, 41,

(24)
where the 4's and B’s are undetermined constants. Either the first or the sec-
The final result for the pressure p can be written as

14

¢ and -BOy Bl) B21

2 K K .
A4+ Uo[—ao log r + — b8 — — (— ao cos 20 + b, sin 26)
p . c c c

— — (a1 cos 30 + b, sin 36)
2¢cr

1 3 Ka; 3 Kb
+ ——{(— — bo> cos 0 + (— — ao) sin 0}
r 2 ¢ 2 ¢
1( a+b K
+—{— 0 T (a5 cos 40 + b, sin 46)
r? 2 c
Kdz Kb2 .
+(2 —b1> cos 20+2<————+a1) sin 20}+ ] (25)
c c

Now by considering the pressure force and momentum of the fluid, the

following relations can be obtained between the forces X, ¥ acting on the
body and their moment M, about the origin? (Fig. 1).

= — fcpdy - fapu(udy — vdx)
Y = f(‘}pdx - fcpv(udy — vdx)

M, = fcp(xdx + ydy) — fcp(vx — uy)(udy — vdx).

2 See for example Glauert, H., Aerofoil and airscrew theory, Cambridge University Press,
London, 1930, p. 80.

(26)
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The integrals are taken along any closed curve C enclosing the body. If a
circle with radius R is taken as the contour, then in the integrals of Eq. (26)

x = Rcos @
. (27)
y = R sin 6.
Therefore, by using Eq. (25),
2x 2 3 K
—f?dy= —Rf PC050d0=7ero[bo""——al]. (28)
c 0 2 ¢
Furthermore,
K 1
udy — vdx = Uo[z—-stin 20 + Rcos8 -+ by + E(— a,5in 6 + b; cos 6)
c
1
+ E’ (— 2aq sin 20 + 2b; cos 20) + - - - ]dﬂ (29)
and
K 1
u = Uol:—R sinf + 1 +E(ao sin 8 + by cos 6)
¢
1 .
+Ez(—alsm20+b1c0520)+°--:|. (30)

By combining Eqs. (29) and (30), the second term in the equation for the
horizontal force X can be calculated as

2 3K
—-fpu(udy —vdx) = — wpU, [31)0 — 2——411]. 31)
c ¢

Finally the horizontal force is expressed as
= — 21erzbo. (32)

Similarly, the vertical force ¥ or lift and the moment M, about the origin are
obtained in the following forms:

. K
Y = 27U, [ao + — (Rbo — bl)] (33)
c X

K
M, = ZWPU: [aobo — a1+ — (%R%o - bz):l . (34)
c

Eqgs. (32), (33) and (34) show that the force and moment on the body can be
calculated in terms of the strength of the vortex, the source, the doublets
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and the quadruplets in the disturbance stream function ¥;. These equations
can be regarded as the generalization of the well-known Blasius formulas.
They reduce to the latter formulas if K =0. However, it should be noticed
that if there is a source, i.e., by0, both the lift ¥ and the moment M,
grow to infinite magnitude with R— . This confirms the surmise stated pre-
viously. If the boundary of the body is closed, b, must vanish, and there can
be no horizontal force or drag and the lift and moment will remain finite.
v. Sanden! obtained a small drag force for his wedge shaped body. Evidently
this is due to the unavoidable inaccuracies in his numerical method.

5. Symmetrical Joukowsky airfoils. For the flow over a symmetrical
Joukowsky airfoil, it is difficult to determine the disturbance stream function
Y1 directly. But, as seen from Eq. (9), Y1 satisfies Laplace’s equation, and
therefore conformal transformation can be used. It should be noticed, how-
ever, that ¥, does not satisfy Laplace’s equation; and therefore it does not
allow the use of this transformation in the ordinary sense.

f e £i®
o
\JC-PLANE

@

Y
z-PLANE

-4

~ x
e, \A\

{(//;«é,g

»'5/\

Nyey

(b)
F16. 6. Joukowsky Transformation of a Circle into an Airfoil.

Consider a circle of radius ¢ in the { plane (Fig. 6a). The transformation
( P ) (35)
z=¢e"*{—e¢€ . P

will transform the circle into a symmetrical Joukowsky airfoil in the z plane
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(Fig. 6b) inclined at an angle o against the x-axis, € is a positive quantity
which increases with the thickness of the airfoil. € is zero for a flat plate and
is infinite for a circle. Furthermore

e=1+e (36)

The origin of the z-plane lies at the center of the airfoil (Fig. 6b). If we repre-
sent the circle in the ¢-plane by

¢ = ae¥, (37

the trailing edge of the airfoil corresponds to the point where § =0. The lead-
ing edge of the airfoil corresponds to the point where § =w. Therefore, the

chord is
e2
=4(1 . 38
c ( +a+€) (38)

efa =\

With

the values of ¥ and y corresponding to an arbitrary value of 0 are given by
Eq. (35) as

cos (0 + @) — Ncosa  2\% cos a
a*(1 — 2\ cos § + \?) 14+ }
sin (6 + a) — A sin @ 2\2 sin «

a1 — 2 cos 0+ N3 142 }

x = a{cos(o — a) — Ncosa +
(39)

y=a{sin(0—a)+)\sina—

After Eq. (7), the velocity due to ¥, at a point in the z-plane corresponding to
C=ae? is

U——U[1+Ka in (8 ) sin(0+a)—)\sina+ )\sina}] (40)
I c%m._“ (1 — 2hcos 6+ N all + N ‘

This velocity is horizontal and has a tangential component in the counter-
clockwise direction equal to

dx
\/(dx)z + (dy)?d rmac®
and a normal component, directed along the outward normal, equal to
— d
\/ (@2)* + (dy)*Jr=ac®

On the other hand if ¢, is the disturbance stream function, the velocity com-
ponent normal to the circle { =ae® is
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%) ®

Therefore, the corresponding velocity component in the z-plane, normal to
the surface of the airfoil, is

%)

r 00 /.0
Then the boundary condition at the airfoil surface requires that this normal
component of the disturbance velocity be equal to the negative of the normal

velocity component due to y,. By means of Eqgs. (42) and (44), this boundary
condition is expressed by .

a5
dz

(44)

{’—ao

(_1_ %) & U[—d—y——] . (45)
r 00 /ol dzl oo V(dx)? + (dy)?di=a®
But )
i)
[V @D F (@9)]smai = :T— : (46)
E f—aew

With the aid of Eqs. (39), (40), and (42), Eq. (45) can be re-written as follows
1 < 1 a¢1> '
Uo r 06 r=a

— [1 +£ig{sin 0 —a) —

sin (6§ + a) — \ cos « \sin &
a?(1 — 2\ cos 8 4+ \?) + a(1l + )\)}]
cos (@ + a) + Ncos (6 — a) + 2N cos &

a*(1 — 2\ cos 6 + \?)? ]

'[cos 60— — 4n

This equation alone would not determine the function ¥ completely but for
the additional so-called Kutta- Joukowsky condition, whxch fixes the strength
of the circulation over the airfoil.

6. Strength of circulation. The Kutta-Joukowsky condition states that
the velocity at the trailing edge of the airfoil must be finite. The velocity at
the trailing edge of the airfoil consists of two parts: one part is that due to ¥,
and the other that due to y;. Only tangential components need be considered
because the normal components cancel each other as required by the bound-
ary condition. The part due to ¢, in the counterclockwise direction is

W ﬁ
dz
Therefore, by means of Eq. (41), the resultant velocity at the trailing edge is

(48)

{=a
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as
dz

; (49)
{=a

or V(dx)* + (dy)* | d¢
dz
but {=a is the singular point of the transformation from { to z as can be
easily verified. In other words, ld;‘/dz| tends to infinity at {=a. Therefore,
the resultant velocity at the trailing edge can only be finite if the quantity

within the square bracket of Eq. (49) vanishes. By means of Egs. (39), (40)
(46), this condition can be written as

d in (0 — ; ‘
_(ﬁ) —Uo[1+—-f{sin (0_a)_sm( +a)—X\ cos oz+ \sin }]
r=a c

{=a

or a?(1—2\ cos 8+A2)  a(14-N)
0=0
sin (0+a) —A? sin (6 —a) — 2\ sin
-[sin (0—a) 40 ¢ *) (0=2) a] =0. (50
a?(1—2X\ cos 8+1A?2) =0
The appropriate general solution ¥ in the {-plane is
1= U, [ao log r + Bof + Z (atn cos 18 + B, sin nf) —] (51)
n=1
Therefore,
1 1 9
——(— ﬁ) Bo — 4+ Z(— na,.smn0+nﬂ,.cosn0)—-
Uo r 00 a =1 a™t
(52)
21
——( ) + Z(na,.cosn@-!—nﬁ,.
Uo r=a a a=1
By expanding the right hand side of Eq. (47) into a trigonometrlc series,
all the coefficients ay, @, - -+ + and Bo, B1, + + + in ;1 can be determined by the

first of Egs. (52). Then the second equation of Eqgs. (52) together with Eq. (50)
will determine the value of ao. Actually, calculations are easier if each
term on the right of Eq. (47) is taken separately. For example, the term
— U, cos ( —a) can be expanded into — U, cos a cos § — Uy sin a sin 8. Then
according to Eq. (52), the contribution to a; is a? sin a; the contribution to 8
is —a?cos a. Finally the contribution to —(8y1/907)sma is Uy(sin o cos 8
—cos a sin §) = — Uj sin (@ —a). The other more complicated terms can be
treated in a similar manner with the aid of the following expansions and their
derivatives with respect to 6 and \:

sin 0

= A1 sin 78
1 — 2\ cos @ + N2 E

cos @ — N hed
= > \*lcosnd
1 — 2\ cos 6 + \? et
! ! (1+2§:)\ 0)
’ = n cos nf ).
1 —2\cosf+ A 1 — 22 =l
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The value of —(0y1/07)s~s thus found is

1(3,//1) o [ K\ ]
—_— (=) =———]1+
Uo \ 37 /tma a c(14+N)

[ in (0—a) sin (0+a) —\? sin (0 —a) — 2\ sin a]
| e a*(1—2X cos 64N9)

Ka . sin (0+a) —Acosa
+—[% cosZ(O—a)+{sm 0—a)— }
c

a?(1—2\ cos 6+2\?)
sin (64 o) —\? sin (0 —a) — 2\ sin «
a?(1—2\ cos 0+2\2)?
cos (0—a) [cos (6 —X\cos 1
_ cos @=a)lcos (0-+o) A cosaf ] o
a?(1—2X\ cos 0+)\2) 2a*(1 =A%) (1—2\ cos 0422

The strength of circulation a, necessary to satisfy the Kutta-Joukowsky
condition can then be calculated by means of Eq. (50). The result is

- [2 nad Ka{Z)\sin%x - ) 1 n 1 }:I sa
ap = alUy| 2sina c e+ N 3 cos 2a " 200+ N (54)

The strength of the source, B, is zero, as would be expected from the fact
that the airfoil is represented by a closed contour.

7. Strengths of doublets and quadruplets. By collecting the contributions
of the different terms of [(1/7) 9Y1/80),—. in Eq. (47) to a1, oz, B1 and Be, the
following values of the strength of doublets and quadruplets in the {-plane
are obtained

1
ay= azUo[ (1+—> sin «
. a?
+Ka{)\ ) A +(1+1>)\sin2a}:|
¢ \2q? €08 S 2a4(1—-2\?%) a?/ a(1+4)\)

Bi=a2U _(—1+i) 0 at—2 sin 2 {—L+(—1+i>—)‘—}]
= ‘L a? cos @ c N 2a” a?/ 2a(14N)

S U o {1 1N 13 }]
=a — Sin — COS _—
I PR Ve 202 207 2010

s a2 cos et K% sins { 1 N 1-3 }] -
=a — COS — 8SIn 20¢{———————"———— .
N PR 4 28 4ai(1—\Y)

However, to calculate the lift and moment over the airfoil, it is not the
strength of doublets and quadruplets in the {-plane that is needed but the
strength of those in the z-plane, where the airfoil is located. From the known
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values of ay, - - - B2 given by Eq. (35) and the transformation specified by
Eq. (55), the desired quantities can be easily calculated in the following man-
ner. 4

By introducing the conjugate function ¢; of the stream function one can
write

. . —B1t i — Bt ia
$1+ i1 = iaglog ¢ + 1; —+ 2;2 Sl (56)

With { =re®, the real part of Eq. (56) is Eq. (51) since B, is found to be zero.
Now Eq. (35) gives

N 1
N _ ] 57
§ =z [ + (1 + Nzt 2% + ] 7

for sufficiently large values of z. Then ¢+ can be expanded into a series
in 2z by substituting Eq. (57) into Eq. (56). The result is

' A
$1+ i = iaro log 24 [—ﬂl+i (a1+ 1:‘;)] lgia

+|: }3+)\B1+'< Aoy Aap >:|2."2 viay (58)
T A\ T P 204007 ¢ :

If the strength of the circulation, the doublets, and the quadruplets in the
z-plane are denoted by ao, a1, by, a2 and bs, respectively, the following relations
are obtained by comparing Eq. (58) with Eq. (56):

Qg = o, by=0

. )\ao
a1 =Bisina+ (a1 + cos a

14+ (59)
)\ao .
by =Bicos a — (a1+ 1+)\>sma
)\31 . . N:n Xzao .
02=<ﬂz— 1+)\>Sln2a+(a2—m-do-m)COSZd
2
by = (ﬁz — 1)‘-?-1)\) cos 2a — (ag - 1)\:1)\ — ag — Tl)‘-%o—)\)j) sin 2a.

Eqgs. (54), (55), and (59) give all the necessary data to calculate the forces
and moment acting on the airfoil.

8. Lift and moment coefficients. By means of Egs. (32), (33), and (34),
the drag, lift, and moment about the origin can be calculated with the values
of ao, a1, @s, bo, by, be given by Eq. (59). It is seen that the drag is also zero in
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the case of shear flow. The result of the computation can be conveniently rep-
resented by defining the functions /o, i, Iy, I3, L4y and mo, my, ms, m3, m4 in con-
nection with the lift coefficient C, and moment coefficient Cy, in the following
manner:

Y
Cr= =2x|ly sin a+ K {li+1; cos 2a} + K?{l; sin a+I, sin 3} |

30U
C _ Mo [mo sin 2 +K{m cos a+msq cos 3 } | (60)
= —|—= a a a :
M, %pUﬁcz 2 2 1 2 )

+ K2{m; sin a+my sin 4a}].

The negative sign in the moment coefficient is mtroduced in accordance with
the usual convention of takmg the stalling moment as positive. The functions
lo, I, s, I3, 1y and mo, my, me, ms, my are given by the following equations:

L1 _t,ow
T T e T 14
M\ + 2/a) A2 4+ 1/a)
1\ = Q= T
872 (1 + A 82 (1 + A
( +z 14N 61)
- - NIRRT
l 64h3a(1+)\)|:a2(1+)\) + ]
\ A
= i T
64028 1+ N )
_ 1[1+ A ] ’
= el T 1R
1 [1+ A <1+)\+ A :|
™M= e 20+ N a(1+>\)>
o N /2 241
e = 8ah3|: =4+ 2(1+>\)<__x 1+<a>]
. L (62)

~ 1 1 (1 L ) A2 ]
s = 64ah4[1 a\@ 2221+ 02 T 2a(1 )2
1 A A(1 4 22)
14re—— (1
64ah4|: + a®(1+ N ( + a(l + )\)> 2¢(1 4+ N)(1 — 22

1<1+ 1>+ o\ ]
4\a 142" st + 0] )

my =




146 HSUE-SHEN TSIEN [Vol. I, No. 2

Table I gives the numerical values of these functions together with the
thickness ratio & of the airfoil. It is seen that with increasing thickness the

TaBLE I

~
©»

b h b I A mo m ma m; my

.1250/—0.1250{—0.0156{0.0078
.1334/—0.1267(—0.0155/0.0102
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Fic. 7. Ratio of the distance d from leading edge to aerodynamic center (positive when it
is behind the leading edge) to the chord ¢ as a function of thickness ratio § and non-dimensional
velocity gradient K.
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effect of the velocity gradient K becomes larger and larger. For example, if
0=11.799, the effect of K on Cy at small angles of attack is approximately
given by the term 27K (l,+1;) =27K X0.02695. In other words, it is equiva-
lent to a shift in the angle of zero lift by 1.54 K degrees. For an airfoil .of
21.509%, thickness, this value is 3.21 K degrees.
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F1G. 8. Moment coefficient Cu, , about the aerodynamic center (positive for stalling
moment) as a function of thickness ratio and non-dimensional velocity gradient K.

9. Aerodynamic center. To demonstrate the effect of the velocity gradient
on the moment more clearly, the aerodynamic center for small angles of at-
tack will be calculated presently. For small values of « the expressions for CL
and Cu, of Eq. (60)-can be simplified to

Cr = 2n[{lo + K2(ls + 3l) }a + K(h + 12)]

x 3
Cuo = — Lo + K*(2ms + 4mi) }a + K(m + ms)). )

The moment coefficient corresponds to the stalling moment about the
center of the airfoil. If the moment is referred to a point on the chord at a
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distance d back of the leading edge, the corresponding moment coefficient Cx
will be

1 d
Cu = CMO—CL<?——>

c

= % [{mo + K2(2ms + 4mg) Yo + K(my + m3)] (64)

1 d

- (7 - —)h[{lo + K+ 3l) fo + K@ + 1) ).
c

At the aerodynamic center, the corresponding moment coefficient should be

independent of the angle of attack «. From Eq. (64), this condition gives the

distance d of aerodynamic center back of the leading edge as

d 1 1 mo+ Kma+ dmy) )
¢ 2 4 L+ K+ 3l -

Then the moment about the aerodynamic center is given by the following
coefficient: -

mo + K*(2ms + 4my)
lo + K*(ls + 3L4)

The numerical values of d/c and Cuy,, calculated from Egs. (65) and (66)

are plotted in Figs. 7 and 8 against the thickness ratio & for different values
of K.

Crtoe. =

_’%If[(ml 4 oma) — U + 12)] .(66)



