69
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1. In a previous paper! the author proposed a direct approach to the prob-
lem of geometrical optics. In this paper we shall give a new image error theory,
to the fifth order, which seems to be more adapted to the practical problems
than former theories. We are given a rotationally symmetric system. Let us
choose two Cartesian systems, one in object space and the other in image
space, such that the x, " and y, y’ axes have the same directions and the z, 2’
axes coincide with the optical axis of the system.

A ray is given in object (image) space by the coordinates %, y, (x’, ¥’) of
its intersection point with the plane z=0, (z’=0). The optical direction
cosines (the direction cosines multiplied by the refractive indices # and #»’,
respectively) may be designated by the Greek letters

En &= vnt—(82419%); 9, =Vn"?— (F+ 9.

The fundamental problem of practical optics is to find x’, ', £, 5, when

x, v, £ n are given. Because of the rotational symmetry, four functions,
A4, B, C, D, exist such that,

2’ = Ax + B¢, ¢ = Cx + D¢,
y'=Ay+ By, ' =Cy+ Dn.

where 4, B, C, D depend only on the three symmetric functions ui, us, u3 of
our coordinates:

ur=3(2+ Y, wa=axt+ yn,  wus= 3£+ 9?). (2)

We found in the previous paper! that, according to the laws of geometrical
optics, 4, B, C, D cannot be arbitrary functions, but must fulfill one finite
and three differential equations, viz.,

AD — BC =1

(1)

and
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It is the purpose of this paper to develop from formulae (A) the theory of
image errors. Developing 4, B, C, D into a series with respect to uy, us, us, we
can write

A= Ao+ Arur + Aous + Asus
2 2
+ %(A 1143 + 24 12U1%2 + Agguz + A + A33u3)» (3)

and for B, C, D, correspondingly. Inserting (3) in (A) and comparing coeffi-
cients leads to the first-order equation:

AoDy — BiCo = 1; 4)
the third-order equations
Ao¢Dy + A1Dy = BC1 + B1Cy,
AoD2 + A3Dy = BCy + BoCy, (5a)
AoDs + A3Dy = BCs + BiCo;
and
Ay(C: — Dy) — Co(4d2 — By) = 0,
Ao(Cs — D3) + Bo(C2 — D) — Co(As — By) — Do(A2 — By) =0,  (5b)
Bo(Cs — D3) — Do(A3 — By) = 0;
and finally the fifth-order equations:

* If we differentiate the finite equation above with respect to #;, %z, %; and subtract from
each of the equations (7) of the former paper,! equation (A) above results.
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AODII + DDAII - BOCll - COBll = 2(B1Cl - AlDl)r

AoD1z + Dod1z — BoCr2 — CoBra = BiCay + By — 41D — AaD,y,
A0D13 + DOAH - BOC]3 - COBla = BIC3 + -Bscl - A1D3 - A3Dl;

AoDsz + DoA sy — BCaa — CoBag = 2(BsCy — AsDy), (62)
AoD3s + DoA2s — BoCas — CoBas = BoCs + BysC2 — A2D3 — A3sDs,
AoD3s + DoAsy — BoCss — CoBss = 2(BsCs — A3Dy),
and
Ao(Cn=D1)) = Co(An— Bur) =Ci(d3— Br) — 41(Ca— D) — 2(4,C2— A:C),
Ao(C22—D13) —Co(A 22— B13) =Cs(49— B1) — A5(Ca—D1) — (41D2— A 2D»)
—(BiC2— BCy),
Ao(Cas—D13) —Co(A 23— B13) =Cs(A3— By) — A3(Cy—Dy) — 2(B1Dy— BsDy),
Ao(C31—D21)+ Bo(Ca1— D11) — Co(A 31— B21) —Do(A 91— B1y) (6b)

= —By(C;—D1)—A1(Cs—D3)+Dy(A2— B1)+C1(A3— Bs) — 2(4,C5—A5Cy),
Ao(Csz—D3g)+ Bo(Caa— D15) — Co(A 35— Bag) — Do(A 32— Bis)

= —By(Ca—D1) —A5(C3—D3)+Dy(A2— B1)+C2(A3— By)

—(41D3— A3Dy) — (B,Cs— BsCy),

Ao(C33— Dy3)+ Bo(Caz— D13) —Co(A 33— Bas) — Do(A 23— Bis)

= — B3(Co—D1) — A3(Cs—D3)+D3(As— B1)+Cs(A3— Bs) —2(B1D3s— BsDy),
By(C31—Dg1) —Do(A 31— Ba1) = D1(A3— Bs) — By(Cs—D3) —2(4C3— A5Cs),
Bo(C3—D22) — Do(A 32— Bas) = Dy(A 35— Bs) — By(Cs—D5)

—(A42D3— A3D3) — (BoL3— BsCy),

By(C33— D323) — Do(A 33— Bas) = D3(A3— Bs) — B3(Cs— D3) — 2(ByDs— B;Ds).

Moreover, the (64+9) equations (6) are not independent; they are con-
nected by the identity

[46(Cs2—Da2)+ Bo(Caa— D1s) — Co(A 39— Bys) — Do(A 32— Bis) |
+ [A0D22+DoA 35— BoCas—CoBaz] — [4 D15+ DoA 13— BoC13—CoBis] @)
— [Bo(C31—D21) — Do(A 31— Ba1) | — [46(C2s— D1s) —Co(A 23— Biz) | =0.

2. Gaussian optics. Let us consider first the rays in the neighborhood of
the axis. Let us assume that u,, u., u3 are so small that we can assume func-
tions 4, B, C, D to be equal to their constant members:

x = on + Bof, E, = Cox + Dos,
y' = Aoy + B, 7" = Coy + Don;
where AoDo—BoCo=1.

(8)
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The evaluation of these equations and the investigation of the geometrical
meaning of the coefficients form the content of Gaussian optics.

We shall not go into great detail here, but refer the reader to the discus-
sion in the Journal of the Optical Society of America.?

Equations (8) can be inverted, and we obtain then

x® = Dox’ — Bot!, &= — Cox’ + Ao,

9
vy = Doy’ — B/, 1= —Coy + A’

Let us investigate what happens if one of the coefficients vanishes.

A¢=0 means that for £=79=0, x" =y’ =0, which means that the bundle
of rays parallel to the axis converges to the image origin. We say that the
image origin is at the focal point of the system.

By=0 means that for x =y =0, x"=y'=0. The rays through the object
origin meet at the image origin. We say then that object and image origin are
optically conjugate.

Co=0 means that £=7=0 implies £’ =9’ =0, or, a bundle of rays entering
the system parallel to the axis emerges parallel to the axis. The system is a
telescopic system.

Dy=0 means that x =y =0 implies £’ =7’ =0. The rays through the object
origin emerge parallel to the axis. The object origin is the object-side (front)
focal point.

3. Image error functions. Let us for finite rays* project image point and
direction back into the object space, according to Gaussian optics. That
means we form equations (9) for our finite rays. The ensuing expressions may
be called the equivalent object coordinates &, ¥, £, 7. We have from (9) and (1)

% = Dox’ — By’ = (Dod — BeC)x + (DoB — BoD)t = ax + bE,

= —Cox' + Aot = (= Cod + AC)x + (— CoB + AoD)§ = cx + d§; (10
and analogously,
j=ay+ by,
7 =cy+ dn.
a, b, ¢, d are with 4, B, C, D functions of u;, #s, #3, and we have
ag=do=1, (11)
bo=¢co =0,

the values ao, bo, co, do, being the limits of a, b, ¢, d for u;=0. If Gaussian
optics were correct, we would have equation (11) for all values of u;, that is
for finite aperture and finite field. The deviation from its constant term as a

2 M. Herzberger, On the fundamental optical invariant, the optical tetrality principle, and on
the new development of Gaussian optics based on this law, J. Opt. Soc. Amer. 25, 295-304 (1935).
* The expression finite is used in distinction from paraxial rays, rays near the axis.
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function of aperture and field is therefore a measure of the image errors. We
call a, b, ¢, d the error functions.
In the nomenclature of matrix algebra we can express these equations as

YO @) -n)
()-i() () (’)

x4, ¥d, &, n¢ would be the coordinates of the image ray if Gaussian optics
were valid. Equations (12) combine equations (1) and (8), M being the matrix

(A B), and M, being the matrix (Ao Bo).

(12)

CD Cy D,

We have then
x -1 X X
(5)=wa(5) = ()
£ ¢ \ ¢

m= Mg M, M= M. (13)

where

From (13) it is obvious that the determinant of m is equal to unity.

Therefore,
ad — bc = 1. (14)

The reader can verify for himself that a, b, ¢, d fulfill equations (A) and
therefore equations (5) and (6), which simplify considerably, owing to the
fact that (11) is fulfilled.

Equations (13) can be written explicitly

a = DA — B, A = Apa + By,
b = DyB — ByD, B = A + B,
C=’—COA +AOC, C=Cod +Do€,
= - CoB + AoD, D = Cob + Dod
Differentiation and substitution in (A) prove our statement.
4. Third-order theory. The third-order image errors are usually called
Seidel errors.
From our point of view, we obtain the image errors by inserting (11) into
(5). Abbreviating (da/0ux)u;=0 by ax
a1+dy=0 ¢z = dy
as + dz =0 g = bl (16)
a3+ ds; =0 as = bs.

(15)
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Equations (16) lead to the conclusion that only six of these twelve coeffi-
cients are independent. Equations (16) are identically fulfilled by selecting
six parameters ki with permutable indices such that

a, = ka by = ka = — kn di = — ka-
as = koo by = kso Ca = — ki dy = — ko )
az = k23 by = k33 cs = — ki3 d3 = — kas.

Geometrical investigation (which we omit) would show that (if object and
image planes are optically conjugated), ks; may be interpreted as the coeffi-
cient of spherical aberration for the object origin; k.3 as the coma coefficient;
kee and ki3 as coefficients of the field errors; and ks as the coefficient of the
distortion for an object at the origin and an infinite entrance pupil.

On the other hand, %;; may be considered as the coefficient of spherical
aberration for an infinite object; k12 as coma coefficient; ki3 and ks as field
errors; and k3 as the coefficient of distortion for an infinite object and the
entrance pupil at the object origin.

The connections between these errors are well-known laws of the Seidel
theory.

The method developed here differs from the usual methods in that, first,
we do not assume the coordinate origins to be in conjugated planes, and, sec-
ond, we do not restrict ourselves to the consideration of the deviation of the
object point, but investigate at the same time the deviation of the direction
of the ray. Equations (10) give, within the limits of our Seidel region, the
following equations:

¥T—ax= (kzlul + knﬂz + kzsua)x + (kalul + ksous + kaaua)fy

£ — & = (kuws + ki + kasus)x + (ks + Easus + kasus)t;
and y and 7 analogously.

We recommend a detailed study of these equations and their derivatives
with respect to x and £ for meridian rays (y=%=0), especially in the case
where our origins are not conjugated.

5. Fifth-order aberrations. For the fifth-order aberrations we find from
(6a) and (6b) the following fourteen independent equations between the
twenty-four coefficients a.., etc.

Making use of equations (11) and (17) we find that

(18)

entdn= z(kfz— kiikis),
Gratdia=2k12kas— kiskis— k11 kas,
a13t+diz=2kyskas— kfs— ki1kss,
cn—dn= 2kf2+ kirkiz—3k11kss,
Car—d13=2k1sk13— k1okas— k11 kos,
Ca3—diz= kfs‘l‘ kiskao—2k12kss,
c1+b11=3(kiokiz— k11ka3),

a2tdor= Z(k:r- kigkas),
asstdas=2ksokss— k1skos— k12kss,
astdss= 2(k§3— kiskss),
biz—aiz= k?a‘*‘ kiskag— 2k12kas,
baa— @23 =2k1skas— k12ksz— kazkas,
bas—ag= 2k:3+ kiskss— 3kazkss,
csst+bi1z=3(kizkas— kiokss).

(19)
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Here again, we can express the twenty-four quantities in terms of the
third-order coefficients and nine parameters k..

6. The single sphere and the plane. In our previous paper we were able
to calculate the functions 4, B, C, D for the case of a plane and a sphere.

In the case of a plane, we put object and image origins at the point where
the axis intersects the plane and found that

2 = x, y =y,

. (20)
¢ =4 7 =1;
or A=D=1, B=C=0. In this case we have a=d =1, b=c=0, and all the
image errors vanish.
In the case of a spherical surface, we put the object and image origins at
the center, and found that

¥ = A 1)
¢ =Cx+ Dt o =Cy+ Dn;
where
r r? r?
(22)

2 2
. 20 U1 —us , 2nu,—u 2n%u,—u
nD=———+ #i— ———— )| n?— ————— }—Cu,,
r? r? r?

1
A=—.
D

If we develop 4, B, C as functions of u;, us, u3, we obtain the Seidel and
fifth-order coefficients. Taking care of (5) and observing that

n
Ao=—/) Bo=0,
n
23
w —n n (23)
Co= 1 Do=—)
r n

nt/ 1 4 4 1 n2/1 1\2
61=——<—— ——+—>, Ca=—— _,_—), =0, (24a)

n?  w'in w'n® nd

nt/1  1\?2 171 1
e (LY b ) e
2 \»n =n r\n =
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and the fifth-order coefficients:

nt/ 1 1\2/ 3 2 3

=2z (=) Gt ) =0
n/ 1 1 2 3 2

"“‘;(r;)%n/ﬁz)’ =0
1/1 1\2

a22=r—2(n—,—;) ) a33=0,

b11=019="baa=b13=ba3=1b33=0,

3nf/1 1 1 3 3 3 1
Cu__?— Y AT n’3n+n’2n2— n’n3+; =0,

w1 1\/ 2 3 2 ~ (24b)
C“*;(;‘;) () =0

nt/1 1 1 1 1
o= () Gt ) =l

nif 1 1\?
du-_r_“ o ) d13=0,

ntf1 1\ 1
dy=——(=—=)— dzs=0,

1 /71 1\?
d22=— ____> Iy d83=0;
2 \n n

equations which fulfill all the conditions of equations (6).
The nonvanishing seventh-order coefficients for one surface would be:

b1 1\%/ 5 6 10 6 5
an=—r\—>—— ) |57~ + - +—),
" \n' = w4 w'Pn n'?n® w'nd nt
nt/1 1 8 19 25 19 8
= ) G )
nt/1 1\%/ 3 2 3
= ,77) ;TWF;)’
3/71 1\ 1
== )

3nd/1 1 5 17 26 33 26 17 5
= T )\ e T it s w)
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né /1 1\2/ 8 19 25 19 8
S ,77) P T ) |
3 7 11 7 3
4

ntf 1 1
6122__; ;——;> ;Z—n"’n-i-n’?n’_ nnd ' ni)’
3n2/1 1\ 1
6222=—7 ;;—— P
3né/1 1 2 2 2 1
== boin T )
nif 1 1 1 1 1 1
R ) A\ e gy
nt/1 1\2/ 1 2 1
=l \e W) G )

3 (il ! )‘. 1
d222=_ — )"
r’\n (n/in'n

(25)
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