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ASYMPTOTIC ORDER OF THE QUANTIZATION ERRORS
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ABSTRACT. Let E be a Bedford-McMullen carpet determined by a set of affine
mappings (fij)(i,j)EG and p a self-affine measure on E associated with a prob-
ability vector (pij)(;,j)eq- We prove that, for every r € (0, c0), the upper and
lower quantization coefficient are always positive and finite in its exact quan-
tization dimension s,. As a consequence, the nth quantization error for u of

_ 1
order r is of the same order as n  sr . In sharp contrast to the Hausdorff mea-
sure for Bedford-McMullen carpets, our result is independent of the horizontal
fibres of the carpets.

1. INTRODUCTION

Let m,n be two fixed positive integers with 2 < m < n. Let G be a subset of
{0,1,...,.n =1} x {0,1,...,m — 1}
with N := card (G) > 2. We consider a family of affine mappings on R?:
(1.1) fiit(@y) = (W lz+nt,mTly +mT), (4,5) € G.
By [10], there exists a unique non-empty compact set E satisfying
E= |J fi(B).
(i,9)€G

The set £ is the self-affine set determined by (fi;),j)eq- We also call it a Bedford-
McMullen carpet. Let (pij),j)eq be a probability vector with p;; > 0 for all
(i,7) € G there exists a unique Borel probability measure p satisfying

(1.2) = Z pijﬂofigl-

(i,5)€G

The measure p is referred to as the self-affine measure associated with (pi;)( jyea
and (fij)(,jyeq- Self-affine sets and measures in the above-mentioned cases and
some more general cases have been intensively studied in the past years; one may
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638 SANGUO ZHU
see [IH4L[T4L[16,[I8.T921] for interesting results in this direction. Write
Gy :={i:(i,j) € G for some j}; G, :={j:(i,j) € G for some i},

Ga’:vj = {Z : (17]) € G}7 qj ‘= Z Dij ,j S Gy, 0 .=
1€Gy, 5

logm

logn

We say that E has uniform horizontal fibres if card(G, ;) is constant for j € G,,.
By Peres [21], the Hausdorff measure of E is infinite in its Hausdorff dimension if
F does not have uniform horizontal fibres; otherwise its Hausdorff measure is finite
and positive.

In the present paper, we further study the quantization problem for self-affine
measures as defined in ([L2). We refer to [12] for some previous work of the author
and Kessebchmer.

The quantization problem for probability measures originated in information the-
ory and engineering technology (cf. [0124]). Mathematically, the problem consists
in estimating the asymptotic error in the approximation of a given probability mea-
sure by discrete probability measures with finite support in terms of L,-metrics. We
refer to Graf and Luschgy [B] for rigorous mathematical foundations of quantization
theory and [6H8LI517.20L22L23L25] for more related results.

Let ||-|| be a norm on R? and d the metric induced by this norm. For each k € N,
we write Dy := {o C R?:1 < card(a) < k}. Let v be a Borel probability measure
on R?. The kth quantization error for v of order r € (0,00) is defined by

aE€Dy,

(1.3) ) ;—( inf / d(x,a)rdy(x))}'.

The quantization error ey, (v) coincides with the minimum error when approxi-
mating v with discrete probability measures supported on at most k points. One
may see [5] for several more equivalent interpretations for e (). If the infimum
in ([3) is attained at some a € D,,, then we call @ an n-optimal set for v of order
r. The collection of all n-optimal sets for v of order r is denoted by C, (v). By
5], Cp,(v) is non-empty provided that the moment condition [ |z|"dv(z) < oo
is satisfied. This condition is clearly ensured if the support of the measure v is
compact. Also, under the moment condition, we have e () — 0 as k tends to
infinity (see Lemma 6.1 of [3]).

As natural characterizations of the asymptotics for the quantization error ey (),
we consider the s-dimensional upper and lower quantization coefficient for v of order
r, which are defined below:

Q(v) = likrg{gfkfe};T(P), Q. (v) := limsup k‘fezm(y), s € (0,00).

k—o0
The upper and lower quantization dimension for v of order r are defined by

log k log k

(1.4)  D,(v) := limsup

————— D,.(v) :=liminf
k—o0 _logek,r(y) )

k—oo —logeg (V)

These two quantities are exactly the critical points at which the upper and lower
quantization coefficient jump from infinity to zero (cf. Proposition 11.3 of [5] and
[22]). If D,.(v) = D, (v), the common value is called the quantization dimension
for v of order r and denoted by D,(v). Compared with the upper and lower
quantization dimension, the upper and lower quantization coefficient provide us
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with more accurate information on the asymptotic properties of the quantization
error. Accordingly, it is usually much more difficult to examine the finiteness and
positivity of the upper and lower quantization coefficient.

Next, we recall our previous work on the quantization for self-affine measures in
[12]. Let s, be the unique solution of the following equation:

(1.5) ( Z (pijm_r)s:j”)9< Z (qjm_r)s:?r)l_e =1.

(i,5)€CG JEGy

In [12], Kessebohmer and Zhu proved that, for every r € (0,00), the quantization
dimension for p of order r exists and equals s,.. Moreover, the s,-dimensional upper
and lower quantization coefficient are both positive and finite if one of the following
conditions is fulfilled:

() Yiea,, (pijqj_l)% is identical for all j € Gy;

(b) g; is identical for all j € G,,.

While the quantization dimension is determined for p in general, the finiteness
and positivity of the upper and lower quantization coefficient are examined only for
some particular values of r satisfying (a) and the extreme case (b); in these cases
we could estimate the asymptotics of the quantization error by means of another
self-affine measure. One may see [12] for more details.

As the upper and lower quantization coefficient indicate the convergence order
of the quantization errors, they are of significant importance in quantization theory
for probability measures. In view of our previous work in [12], a natural question is,
what will happen if we drop the conditions in (a) and (b). With Peres’ results [21]
in mind, one might compare the quantization coefficient for u with the Hausdorff
measure of E and conjecture that the above assumption (a) or (b) is a necessary
condition for the upper and lower quantization coefficient to be both positive and
finite. However, as our main result of the present paper, we will prove

Theorem 1.1. Let u be the self-affine measure as defined in (L2). Then for every
7 € (0,00) we have 0 < Q°"(p) < Q) (1) < 0.

By Theorem [[11] one can see that the nth quantization error for p of order r is
of the same order as nfﬁ, independently of the horizontal fibres of E.

The main obstacle in the way of proving Theorem [ Tllies in the fact that, without
the assumptions (a) and (b), one can hardly transfer the sums over approximate
squares (cf. Section 2) of different orders to those over approximate squares of the
same order. Our main idea is to "embed” approximate squares into the product
coding space GV x GIE and estimate the asymptotic quantization errors for u by
means of a natural product measure on GN x G?Ij. As the coding space GN x GET is
not completely compatible with the carpets, we will also need to take care of the
overlapping cases which are induced by such embedding.

2. PRELIMINARIES
In order to avoid degenerate cases, in the following, we always assume that
(2.1) card (G;), card (Gy) > 2.

Since norms on RY are pairwise equivalent, we will always work with Euclidean
metrics for convenience. For x € R, let [x] denote the largest integer not exceeding
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x. Set {(k) := [k6] and

Q, ::{ GE, if k<!

(22) GHR) % GEH R i > 91

k>1
For o = ((i1, 1), (egys Je) )s Gegky 415 - - -+ k) € 2%, we define
lo| =k, o, := ((il,jl), ce, (ig(k),jg(k))) , Op = (jg(k)+1, e ,jk) .
We also write o = g, * 0p. To each word o of the form
(2.3) o = ((i1,41), - - - (iekys Jek)) Jeky+1s - - - » Ji) € QF,

there correspond two numbers p, ¢:

£(k) k
pi=Yy ign' 7 qi= Y mh N
h=1 h=1

and a unique rectangle which is called an approximate square of order k:

1 1
(2.4) F, = [%%] x [%%}
We call o the location code for the approximate square F,. Set
£(k) k
(2.5) o =pn(Fo) = [Ipiin ] -
h=1 h=0(k)+1

For o,7 € Q*, we write 0 < 7 if F, C F,; and write ¢ = 7° if 0 < 7 and
|7| = |o| + 1. For a word of the form (Z3), o” takes the following two possible
forms:

(2.6)  ((i1,41), - - - (e)s Jok))s Jek)+1s - - - > Jh—1), if £(k) = £(k — 1),
(2.7) (i1, 1) - - -5 Gegey—15 Jee)—1) s degiys - - - > Jh—1), i (k) = £(k —1) + 1.

We say that o, 7 € Q* are incomparable if neither ¢ < 7 nor 7 < ¢. A finite set
I' € Q* is called a finite antichain if any two words o,7 € I' are incomparable; a
finite antichain I' is called maximal if E C U, Fo-
Remark 2.1. We have the following simple facts about approximate squares:

(f1) Let |A| denote the diameter of a set A C R?. One can easily see

m7ll < |F,| < m™l7l/n2 + 1.

(f2) For o,7 € Q*, by the definition, we have, either F,, F, are non-overlapping,
or one is a subset of the other.
(f3) For o € Q*, let p1, be as defined in ([Z3). Then by (24), (), we have

Ho
(2.8) — < maxg;.

Hov  jEG,,
For r > 0 and each k > 1, we define
n, = min {pijaem=": (i,j) € G,k € Gy };
(2.9) YTi,:= {0 ISV uabm*“’b“ > Q’; > uc,m""‘r}, Yir = card(Tg ).
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For two number sequences (a;)72; and (bg)72,, we write aj < by, if there exists a
constant C independent of k such that Cby < ap < C~'b,. As the proof of Lemma
4 in [12] shows, we have

(2.10) )= 3 pemIT

€Yy r

The set T}, possesses some kind of uniformity, which allows us to estimate
the number of optimal points lying in disjoint neighborhoods of the approximate
squares Fy,, o € Yy .. This uniformity allows us to think of (ZI0]) roughly as follows.
For each 0 € T, F\; "owns” one point a, of a 1); .-optimal set o and

/ d(z,0)"dp(z) < pem ™1™
Fo

One may see [13] for some more intuitive interpretations on such estimates.

However, the structure of the set T, is not clear enough for us to estimate the
sum on the right side of (ZI0). Let o be given in (Z3]). Assume that {(k + 1) =
L(k)+ 1. For j # jg(k)+1,5 € Gy and (1,7) € G, we write

&= ((i1,41), - Gegrys Ger)) s (55.5), Jegkyr2s - - - Jks J) -

One can see that F; is not a subset of F,,. Roughly speaking, approximate squares
do not enjoy enough “freedom” as far as sub-approximate squares are concerned.
On the other hand, with (a) or (b) as stated in Section 1, the distribution of y obeys
a certain hereditary law between approximate squares and their sub-approximate
squares (by (a)), or between approximate squares of the same order that are con-
tained in a natural cylinder f; ;, o---o f;, ;. (E) and those contained in its sub-
cylinders (due to (b)). This allows us to estimate the quantization error for p by
means of another self-affine measure. However, without the assumptions (a) and
(b), for distinct words of the form (23)), the measure y are distributed in different
manners among sub-approximate squares of them and we do not have any cer-
tain laws as mentioned above. These facts seem to prevent us from constructing a
suitable auxiliary measure via approximate squares.

In order to show the finiteness of the upper quantization coefficient for u, we
will “embed” the sets YT;, into the product space GN x GE, and then estimate the
quantization errors by using a product measure W on GY x G?Rj and counting all
possible overlapping cases. To establish a lower bound for the lower quantization
coeflicient for u, we will construct a new sequence of subsets £; ,(2) such that, on
one hand, they can play the same role as T ,, and on the other hand, they enjoy
enough “freedom” so that the corresponding integrals can be well estimated by
means of the above-mentioned product measure W.

For convenience, in the remaining part of the paper, we write

Er(0) = (pom 17T 0 € Q.

Note that 9, < 111, by the proof of Lemma 1 in [I2]. To study the finiteness
and positivity of the upper and lower quantization coefficient for u, it suffices to
examine the asymptotics of the sequence (ey, . r(¢))52;. By Holder’s inequality
with exponent less than one, the problem further reduces to the asymptotics of the
following number sequence:

Y &), i1

c€Y;
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For the proof of the main theorem, we will need to go back and forth between words
in T, and subsets of GV x G.
3. THE FINITENESS OF THE UPPER QUANTIZATION COEFFICIENT FOR 7
Let o := ((i1,41),- -, (i, jx)) € G*¥. We define
(31) |0| = k7 U‘h = ((i17j1)7 ) (ih7jh))> 1 S h S k; o= 0'|k71~

For o,w € G* := |, G* with 0 = w||,|, we write 0 < w. We define o], similarly
forc € GNand h > 1. If w € G* and o € GV satisfy w = |||, then we also write

w=<o. Foro= ((ilajl), BERE) (Zk,jk)) and w = ((ik+1ajk+1)a ) (ik+hajk+h)) € Gv
we write

0*W = ((i15j1)7 ceey (ikmjk)? (ik-i-lajk-‘rl)a R (ik+h5jk+h))'
For p,7 € G}, we define p~, p x 7 and a partial order “<” in the same manner as

we did for words in G*. For r € (0,00), we write

P, = Z (pigm™") 57, Qp = Z (gym™")=.

(i,)€G JEGy
It is noted in the proof of Lemma 5 of [12] that P. > 1> Q..

Set § := maxjeq, q¢; and 7, := gm~". We define
(3.2) Hi, :=min{h: 7" < n.}

As we mentioned before, to obtain an upper bound for the upper quantization
coefficient for ;1, we will embed approximate squares into GN x G?. For every k > 1
and o = ((i1,41),-- -, (ir, jx)) € GF and 7 = (j1,...,jk) € G’;, we write

[0-] = [(ilajl)v ey (Zkvjk)] = {w S GN : (U|k = 0}7
(7] =, skl ={p e G} : plr =7}
Now for every o € T, ,, we associate F,, in the following way:
oc=0q%0y € Y, [04] X [0p) C GN x Glj.

Let G and Gy, be endowed with discrete topology and GY, GIE be endowed with
the corresponding product topology. We denote by Bi, Bs the Borel sigma-algebra
on GN, Gg. For every (i,j) € G and j € G, we define

Pij o= P (pygm™ ") 5, @5 = Q (ggm )
By the Kolmogrov consistency theorem, there exist a unique Borel probability mea-
sure A on GN and a unique v on Gs such that

ko~ . ..
A([UD = Hh:l pihjh, for every o = (Zlvjl)a R (Zkajk) € Gka
Eo~ . .

v([7]) = 11,_1 G, forevery 7= (j1,..., k) € G’;.

Thus, we obtain a unique product measure W on GV x Gg such that
W(Ax B)=AA) -v(B) A€ By,B < Bs.
We know that words in T;, are pairwise incomparable and F,,0 € T, are

non-overlapping. However, it can happen that [0,(11)] X [aél)] and [0(52)] X [aéz)] are
overlapping. We use the following lemma to treat such overlapping cases.
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Lemma 3.1. For every o € T, ,, we write

Si(0) :=={r €Y :04 < Ta,00 < Tp}.
Then for Hi, as defined in B.2), we have

Y Wlra] x [n]) < Hi W ([oa] % [o0])-

TES1(0)

Proof. For every 7 € T, by [2.9), we have
(3.3) N En(0) < Ex(T) < it (o).
Suppose that |7]| > |o| + Hy, for some 7 € S1(0). We would have

Hy,rsr

E(r) T Enl0) < EN o).

This contradicts ([3)). Thus, for every 7 € S1(o), we have |7| < |o| + H1,. Hence,
Hy

(3.4) U a U Fh Ua ])

TESl( )
where, for every h > 1, the set 'y ([o4] X [03]) is defined by
{lp] x [w] C [oa] X [00] : p x w € G" x G}, |p| + |w| = || + I, [(Ip] + [w])0] = |p]}.
Note that the words in I'1([o,] X [0s]) take exactly one of the following two forms:
(o0 * (i, 7)) x [ov), or [oa] X [ow % j], (i.5) € G, j € Gy,
Using this fact and mathematical induction, for every A > 1, we obtain

(3-5) > W(Tn([oa] x [00])) = W([oa] X [00]).

pXweT ([oa] X[ob])

For distinct words oM, () € T; r, we have either o, ) # 04 2 , Or O'Z()l) #* U£2). So,
(3.6) olV x Uél) # 0 x 0152).
Thus, the lemma follows by (B.4))-(3.0]). O

Next, we show the finiteness of the upper quantization coefficient for u, by using
Lemma [3.1] and the auxiliary measure W.

Proposition 3.2. Let i be the measure as defined in (L2). Then Q. (1) < oo.
Proof. For a word o € Y, ., by the definition, it takes the form:
o = ((i1,41); - - - Giekys Jek))» Jek)+1s - - - - Jr) € QF
We associate o with the following subset of G x G?:
[0a] % [o0] = [(i1,51), - -+ Gegr) Jek))] X [Ty 15 - - -5 Jk)-
Note that for all k > 6=, we have P~ 1Q < Pg(k)Q(k &k)) < 1. We deduce
k

W([Ua] X [Ub]) = szh.?h H Ejjh
h=1

h=£(k)+1
— p~¢ k)Q (k— f(k))(M m \G\T)sﬁr

(3.7) { § (o)

<
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For distinct words 0(1), @ e T ; », we have either 0,(11) #+ 0,32) or aél) # 0’152). Thus,
they are associated to distinct subsets of GN x GIE. We write
Wi ={[os] X [op]: 0 =04 x0p €T, }.
We distinguish two cases:
Case (i). Either 01(11)70,(12) or, Uél), 0152) are incomparable. In this case, we have
1 2
(o] o3")) O ([0 x [03]) = 0.
Case (ii). Both 0,(11),0((12) and 0151),0£2) are comparable. Note that
[(|oa] + |ob])0] = |0al, forall o =04 *x0p € T,
Thus, whenever \oa )| > |0(2)| we have |a£1)| > \0(2)|. Hence, we may assume that
0'((1 ) < O'((f) and Ul(,l) =< Ué2).
In this case we have
1 2
(o8] x [o37]) > (o8] x [o3”).
Let Hy, be as defined in ([8:2). Then by the proof of Lemma [B1] we have
0@ < o] + Hy,p.

We may choose a subset Fj, of T, such that T;, = U’a'e}‘j B S1(0) and for every
pair of distinct words o,w € Fj ., we have

(3.8) ([5a] X [03]) N ([@a] x [wp]) = 0.

By Lemma Bl we have

(3.9) Y Wlwa] % [w]) < Hi, W([Ga] x [3])-
weS1 ()

Combining this with [8.7)-([3.8), we deduce

S &) < Y Wi x o)

O’E'rj)T UGTj,T

= Y > Wodx[o])

GEF,,r 0€51(T)

< Hy, Y Wz x 5)

ceF; »
(3.10) < Hi,.
This, together with (2.9]), implies
GHDsy
(3.11) Yjrn st < Hip, implying n>r+r < H1 17@r+7 Y, TST.

Using this, (3.10) and 2.I0), we have
Cperli) = D pam™ =3 E(0) o™ T

O’E’rjr UET]'T

> ot < 1 Fage,

c€Y;

IA
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By Lemma 1 in [12], we have ¢;, < 911, < (mn)f1r4p; .. For each k > vy,
there exists some j such that ¢, <k <1;11,. It follows that

Q) = limsupkiezm(u) §hmsup1/1ji“ezmm(u)
k—o00 Jj—oo
7'H1’T . \L .
< (mn)7o limsup¢ley (k)
j—o0
rHip 14 or
(3.12) < (mn) e Hy T

This completes the proof of the proposition. O

4. THE POSITIVITY OF THE LOWER QUANTIZATION COEFFICIENT FOR M
Let T, be as defined in (Z3). We write

kij == min |o|, koj := max |o|; Aj (k) :=T;, N Q.
o i oc€Y;

VR

For ¢ € G* and w € G}, we write o X w for the corresponding word in G* x G.

We consider words of G* x G which take the following form:
o xw, |o| +L(ki;) = L(o]| + |w| + k1;), 0 € G*,w € Gy.
Let H; . denote the set of all such words. Note that
o]+ lwl + ki —=1) = [(lo] +|w|+ ki = D] = (Jo| + |w] + ki; —1)0 — 1
= (|O" + |w\ + klj)t? — (1 +9) > |O" + [kljg] — 2.
Thus, ¢(|o|+ |w|+k1; — 1) takes two possible values: |o|+£(k1;), or, |o| +£(ki;)—1.
This allows us to define (o x w)” € H;
o [ ooxwT i Llo] +|w| + ki — 1) = |o] + £(kyy),
(4.1) (o xw)” = { o= xw if £|o]+ || + kis — 1) = |o] + £(k1y) — 1.

We write P(0 x w) := [0] x [w] and P((o x w)?) := [0] x [w™] or [07] x [w] in
accordance with ([@I). One can easily see

(42)  PrlpmEW(P(o xw)’) < W(P(0 x w)) < W(P(o x w)").

By the definition, for two words oV x w(® € H,, i = 1,2, if |oM| < |c@)],
we have [wM| < |w®|. Thus, whenever ¢ < ¢ and o # ¢®, we have
w® < w3,

We write o) x w® < ¢ x w® if ¢ < 63 and w® < w®; if neither
oW xw® < 6@ xw® nor oM xw® < 63 xw® then we say that ¢ x w® €
H;r i = 1,2 are incomparable. A finite set I' C H;, is called a finite maximal
antichain, if the words in I' are pairwise incomparable, and for every word o X w in
GN x Gg, there exists some word ¢’ x w’ € I such that ¢/ < ¢ and w’ < w. For a
finite maximal antichain I' in H; ,, we have

(4.3) U [o] x [w] =G" x G}
oxwel

For such a I" and every pair of distinct words o x w0 x w? T, we have

([0(1)] y [w(l)]) A ([0(2)] > [w(2)]) = (.
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In order to establish a lower bound for the lower quantization coefficient for u, we
will construct a family of subsets of GN x GET and associate them with approximate
squares. Recall that for two words o,w € Q*, 0 < w means F,, C F,. The following
lemma will be used to estimate the possible overlapping cases in this process.

Lemma 4.1. Let o0 € Q* and Hy, == P3Q, Q:ﬁ We write
(4.4) Sa(0) ={weN: 0 <w, & (w) > HQ_;ET(U)}.
Then there exists a constant Hs ., which is independent of o, such that
> E&(w) < Hs, &0 (0).
wESa (o)

Proof. Let 7, be as defined in Section 3. Write

Ao, h) ={w e Q* : |w| = o]+ h,0 <w}, h > 1;

M, :=min{h € N : ﬁrhi* < Hj '}

Then for every w € A(o, M,.), by (2.8), we have

Mysy

Er(w) <M EL(0) < H{;S’T(U).
By the hypothesis, we conclude that |w| < |o| + M,.. Hence,

M,

Sa(a) € | Ao, h).

h=0
Note that 0 < @, < 1. By (2.0)), we also have

> s < o ¥ (M) g
weA(r,1) i€Ga gy Qo1
P\
< max — E(T) =: £,.E,.(T).
< jecyie%; (qj> (1) =:&:Ex(T)

Using this fact and finite induction, we further deduce

M, M,
YooEwWSY T D Ew) <D a0
h=0

weSz (o) h=0weA(r,h)
Setting Hs , = 22/1;0 € the lemma follows. O

Using Lemma [£1] and the product measure W, we are now able to prove the
positivity of the lower quantization coefficient for p. The proof consists of the
following three steps.

First, we will construct a finite maximal antichain in GV x GSI and consider the
associated approximate squares. By using the preceding lemma, we will obtain a
non-overlapping family of approximate squares.

Secondly, benefiting from Lemma 2 of [12], we choose a pairwise disjoint family of
approximate squares of approximately equal “energy” &,.(o); this is done according
to the geometric structure of the carpet E and corresponding codings in terms of
words in Q*.
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Finally, the auxiliary measure W, together with our previous method, enables
us to show the positivity of the lower quantization coefficient. One may see [13] for
more details on the estimation for the upper and lower quantization coefficient.

Proposition 4.2. Let p be as defined in (L2). Then Q. (1) > 0.
Proof. For every 7 € O, \ Aj (K1), we set €(7) := Q# E.(t)~! and define
(1) :={o xwe M, : W(P((oc xw)’) >e(r) > W(P(o x w)}.

Then I'(7) is a finite maximal antichain in #; .. Using [@3)), we deduce

Y W(raxolxmxw])) = > Ara*ol)v([n *w))

oxwel(r) oxwel(r)

= > MmDM)v(in)v(w)

oxwel(T)

= W(rxn) Y W(o]x[w)
oXwel(T)
= W([Ta * Tb]).

For distinct o x w(® e I'(7),i = 1,2, we have distinct words which are location
codes for approximate squares (cf. (Z4))), namely,

(o % oW 5 (1 x WD) £ (1, % 7PD) % (7 % 0?).
Furthermore, by the definition of I'(7), (7,%0 ™) x (myxw™) and (7,%0?)) x (1pxw?)

are incomparable.
Also, for different 7(*) € ey \ Ay (F1y), and o xw® € T(r;),i = 1,2, we have

1 2
1= 172 1m0 = 1571

Since 7)) £ 7(2) | we have either 7,51), 7'52) are incomparable, or Tlfl), 7'152) are incom-

parable. It follows that (Tél) x oMY x (Tb(l) x w) and (7'52) x o) x (Tb(Z) * w®)
are incomparable and

GRET AP (Tél) s wD) £ (702 5 o)) & (752) s w@),
However, it may happen that
FT(gl)*o'(l))*(thl)*w(l)) c F‘r((lz)*a(?))*(féz)*w(?))'

We denote by L, (1) the set of all the words (74 %0 )* (7 *w) and words in A; . (k1;):

Lir(1):=Aj (k1) U ( U {(rax0)x (M *w):0xwe F(T)})

TElej \AJ',T(klj)
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For every 7 € Qg,; \ Aj,(k1;) and 0 x w € I'(7), using (3.7) and (4.2), we have

E((Tax0) % (T %W)) = (Hrysoys(ryrwym T re)In) 5
> Pr_lQTW([Ta *x 0] X [T * w])
= P7Q-W([ra] x [m))W ([o] x [w])
= PQW([ra] X [m])W(P(0 x w))
> P7QE(T)W(P(o x w))
> LQE (TP I W (P((0 x w)?))
> PUlQuE(r) P it S (r) T
= P2Qu e

Analogously, one can see that &.((7, * o) * (Tp*w)) < PTQT’lQ?%. In addition, for
every T € Aj »(ki;), by (29), one can see that

G4+Dsr

Thus, for all words p € £; (1), we have

G+D)s

(4.5) PR2Qun = < E.(p) < PQy i
We may choose a subset L;,(2) of £;,(1) such that £; (1) = U e, . (2) S2(p) and
F,,p € L;(2), are pairwise non-overlapping. By Lemma 1] and (3.7)),

Z E(p) > Hg: Z Z Er(w):Hgi Z Er(p)

pEL;,r(2) pPEL;r(2) wES2(p) pEL; (1)

> Hy!P7'Qr Y. W(lrd x 1))

TEN; ~(k1j)

+H; PQ, > > W([ra® 0] x 1% w])

TEQ  \Aj r (k1) oxwel(7)

Hy P7'Qr Y W] x [n)

TEN; »(k1j)

+H3, PrQ, > W([7a] x 7))

7€ \Nj r (k1)

(4.6) = Hy;P7'Qr Y W(rd x [n)) = H;  P'Qy

TEQkIJ

v

Analogously, by ([B.1), one may show that

(4.7) Y &)<t

PEL;(2)
We denote by ¢;, the cardinality of £;,(2). By EI)-T), we deduce

sr(i+

¢JT 2Qr77 ST+T <L ¢JTPQ 77““ >H 1P IQT
Set Hy, = P2Q- ! and Hs, = H3 P2Q2. Tt follows that

T

—sr(i+1)

(4.8) Hs, msﬁr < @y < Hagn ortr
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Now let H := 2([0~'] +2) and 6 := (n? +1)~'/2. Using the method in the proof
of Lemma 2 of [I2], we may choose a p for every word p € £; (2) such that
<7 <ol +H
and for every pair of distinct words p,w of £, (2), we have
d(Fp, Fi5) = 6 max{|Fl, [F5|}.

Let a € Cy,, »(pt). Then by Lemma 3 of [12], we can find a constant D > 0, which
is independent of j, such that

Gur) 2 30 [ iy dute = 3 / (¢, ) du(z)

pEL; r(2) pEE
(4.9) > D Z up’mf‘p‘TZD Z upmf\p\r’
PEL;,(2) PEL;,(2)

. H . [ . .
where D := Dp . Thus, by (6], ([.9) and Holder’s inequality with exponent less
than one, we further deduce

o) > 5( 3 <upm—'p"“>s#) o
pEL; r(2)
spdr
_ D< > er<p>) b7
pEL; r(2)
et -
Z D(HSTPQ ) ¢j’;r'

Unlike the cardinality of T ,, the relationship between ¢;, and ¢;41, is not
straightforward. We need to construct a new subsequence of (n)52; which enables
us to estimate the lower quantization coefficient. By (48], we may choose a smallest
integer Hg , such that for every j, we have

—(i+Hg r)sr —sr(i+1)

PjtHopor = Hort) 5037 > Han orim 2 @

For this integer Hg, and j > 1, we also have

—(+Hg rt1)sr “HertDsr  —jsy
¢j+H5,r,7‘ S H4’Tﬁ7" sp+r = H4’rﬁ7" sp+r Q;T+T

1 —6r 77
< H5’7~H4 Tﬂr srtr ¢j,r~

—Hg,p+Dsr

We set N, := ¢ig-14mH,,],r and Hr, := Hy Lo, v, ¥ . Then we have

§T+7‘

Nj.» < Njj1,r < H7,.Nj Njfi;ey\,j’ (1) > D(Hs,P.Q; 1Y)~
For each k > Ny, we choose j such that k € (Nj,, Nji1, +]. Then we have

Qi,(u) — hmlnfksr ek:T( ) > hrnlan% eNJ+1 T,T(IJ’)

k—o0 j—o0
> (Hq,) 11m mf N;_H PN ()

sr+7‘

> (Hq,) # D(Hs,P,Q; ") 5
This completes the proof of the proposition. O
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Proof of Theorem [L1l It is an immediate consequence of Propositions and

O
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