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ABSTRACT. In this paper we show that any Bohr-zero non-periodic set B of
traceless integer-valued matrices, denoted by A, intersects non-trivially the
conjugacy class of any matrix from A. As a corollary, we obtain that the family
of characteristic polynomials of B contains all characteristic polynomials of
matrices from A. The main ingredient used in this paper is an equidistribution
result for an SLg(Z) random walk on a finite-dimensional torus deduced from
Bourgain-Furman-Lindenstrauss-Mozes work [J. Amer. Math. Soc. 24 (2011),
231-280)].

1. INTRODUCTION

Let us denote by Mat3(Z), d > 2, the set of integer-valued d x d matrices
with zero trace, and by T" n > 1, the n-dimensional torus R"/Z". Let G be a
countable abelian group. A set B C G is called a non-periodic Bohr set if there
exist a homomorphism 7 : G — T", for some n > 1, with 7(G) = T", and an open
set U C T™ satisfying B = 7=1(U). If the open set U contains the zero element of
T, then the set B is called a Bohr-zero set. We will also denote by SLg(Z) the
group of d x d integer-valued matrices of determinant one.

The main result of this paper is the following.

Main Theorem. Let d > 2, and B C Mat%(Z) be a Bohr-zero non-periodic set.
Then for any matric C € Mat%(Z) there exist a matrit A € B and a matriz
g € SLq(7Z) such that C = g~1Ag.

The same result has also been proved independently by Bjorklund and Bulinski
[4]. They use the recent works of Benoist-Quint [2] and [3] instead of the work of
Bourgain-Furman-Lindenstrauss-Mozes as the main ingredient in the proof. Use of
Bourgain-Furman-Lindenstrauss-Mozes” work enables us to prove a strong equidis-
tribution result for the random walk of SL4(Z) acting on Mat%(R)/Mat9(Z) by
the conjugation (see Theorem 22]). This result is interesting on its own and may
have other number-theoretic applications. This should be compared with Theorem
1.15 in [4], where the equidistribution is established for the Cesaro average of the
random walk (a weaker statement).

Corollary 1.1. Letd > 2, and B C MatY(Z) be a Bohr-zero non-periodic set. The
set of characteristic polynomials of the matrices in B coincides with the set of all
characteristic polynomials of the matrices in Matg(Z),

Received by the editors June 7, 2016 and, in revised form, June 20, 2016 and March 21, 2017.
2010 Mathematics Subject Classification. Primary 37A45; Secondary 11P99, 11C99.
Key words and phrases. Ergodic Ramsey theory, measure rigidity, analytic number theory.

(©2017 American Mathematical Society

625


http://www.ams.org/proc/
http://www.ams.org/proc/
http://dx.doi.org/10.1090/proc/13743

626 ALEXANDER FISH

The following number-theoretic statement is an immediate implication of Corol-

lary [T

Corollary 1.2. Let B C 7Z be a Bohr-zero non-periodic set. Then the set of the
discriminants over B defined by

D := {zy — 2*|z,y,2 € B}
satisfies that D = 7.

At this point we will define Furstenberg’s system corresponding to a set B of
positive density in a countable abelian group G. It is well known that in any
(countable) abelian group we can find sequences of almost invariant finite sets, so-
called Fglner sequences. A sequence of finite sets (F;,) in G is called Fginer if it is
asymptotically G-invariant; i.e., for every g € G we have W — 1, asn —

0o. We will say that B has posztwe density if upper Banach density of B is positive,
e., if
d*(B) = sup lim sup M
(F,)CG Fglner n—o0 |Fn‘
is positive. Furstenberg in his seminal paper [9] constructed a G-measure-preserving
systenﬂ X,n,0) and a clopen set B C X such that

e d*(BN(B+h))>n (Bﬂa(h)B) , for any h € G.

e 1(B) = d*(B).

Moreover, we can further refine the statement of the correspondence principleﬁ
and require the system to be ergodicE We will denote Furstenberg’s (ergodic)
system corresponding to B by Xp = (X, 1,0, B) Next, we will define the notion
of the spectral measure corresponding to a set B of a countable abelian group G
of positive density and its Furstenberg system Xp = (X,7,0, B). Denote by 1 B
the indicator function of the set B. Then by Bochner’s spectral theorem [8] there
exists a non-negative finite Borel measure v on G (the dual of G) which satisfies

(1z,0(h)1z) = /éx(h)dl/(x), for h € G.

The measure v will be called the spectral measure of the set B and its Furstenberg
system Xp, and we will denote by D(h) the right hand side of the last equation.
We are at the position to state the main technical claim of the paper (see section
[ for the proof).

Theorem 1.1. Let d > 2, and let B C Mat(Z) be a set of positive density such
that the spectral measureﬁ of B has no atoms at non-trivial characters having finite
torsion. Then for every C € Mat3(Z) there exist A€ B — B and g € SLq4(Z) with
C=g1Ag.

LA triple (X, n,0) is a G-measure-preserving system if X is a compact metric space on which
G acts by a measurable action denoted by o, n is a Borel probability measure on X, and the
action of G preserves 7.

2The proof of Correspondence Principle IT of Appendix I in [5] will work also for the finite
intersections and therefore will imply the claim.

3A G-measure-preserving system is ergodic if any G-invariant measurable set has measure
either zero or one.

4We assume the existence of some Furstenberg system Xpg corresponding to the set B, such
that the associated spectral measure satisfies the requirement of the theorem.
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Theorem [[] is an extension of the following result that has been proved in [5]
by use of the equidistribution result of Benoist-Quint [IJ.

Theorem 1.2. Let d > 2, and let B C Mat4(Z) be a set of positive density. Then
there exists k > 1 such that for any matriz C' € kMat3(Z) there exist A€ B — B
and g € SL4(Z) with C = g~ Ag.

We would like to finish the introduction by stating the piecewise version of the
Main Theorem. We recall that a set B C G is called a piecewise (non-periodic)
Bohr set if there is a (non-periodic) Bohr set By C G and a (thick) set T' C G of
upper Banach density one, i.e., d*(T) = 1 such that B = By N'T. Theorem [L.1]
implies the following result (see the proof in section [)).

Theorem 1.3. Let d > 2, and let B C MatY(Z) be a piecewise Bohr non-periodic
set. Then for every C € MatY(Z) there exist A € B— B and g € SLq(Z) with
C =g tAg.

Let us show that Theorem [[L3] implies the Main Theorem.

Proof of Main Theorem. Let B C Mat%(Z) be a Bohr-zero non-periodic set. Notice
that there exists By C M atg(Z)7 a Bohr-zero non-periodic set with the property
that

By — By C B.
Now, we apply Theorem [[3]for the set By and as a conclusion obtain the statement
of the theorem. O

Organisation of the paper. In section2lwe establish the consequences of the equidis-
tribution result of Bourgain-Furman-Lindenstrauss-Mozes [7] related to the adjoint
action of SLy4(Z) on Mat%(R)/Mat%(Z). In section Bl we prove Theorems [[LT] and
Lol

2. CONSEQUENCES OF THE WORK OF
BOURGAIN-FURMAN—LINDENSTRAUSS-MOZES

We start by recalling the property of strong irreducibility of an action of a discrete
group. Let I' be a countable group and V be a finite-dimensional real space. We
say that an action p : I' — End(V) is strongly irreducible if for every finite index
subgroup H of I', the restriction of the action of p to H is irreducible. We also
will be using the notion of a proximal element. An operator T' € End(V') will be
called proximal if there is only one eigenvalue of the largest absolute value, and
corresponding to it eigenspace is one-dimensional.

Assume that a countable group I' acts on a compact Borel measure space (X, v).
Let p be a probability measure on I'. Then the convolution measure p * v on X is
defined by

[ty = [ (S Hgouto) | avto). tor any £ e €.

gel

We will denote the Dirac probability measure at a point € X by d,. For every
k > 2, we define the probability measure p** on I' by

W)= Y plg)lge) .- mlge).

g1 gk=g
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The main ingredient in the proofs of all our main results is the following seminal
equidistribution statement due to Bourgain-Furman-Lindenstrauss-Mozes [7].

Theorem 2.1 (Corollary B in [7]). Let T' < SL,(Z) be a subgroup which acts
totally irreducibly on R™ and having a prozimal element. Let u be a finite generating
probability measure on I'. Let x € T™ be a non-rational point. Then the measures
W s 6, converge in weak*-topology as k — oo to Haar measure on T™.

In this note, the acting group will be I' = SL4(Z). The group I' acts by the
conjugation on the real vector space V = MatY(R) of real valued d x d matrices
with zero trace. So, an element g € SL4(Z) acts on v € V by Ad(g)v = g~ lvg, and
such action is called the adjoint action of SL4(Z). Notice that V is isomorphic to

R% -1 and for any element g of SLy(Z), the endomorphism of V obtained by the
conjugate action of g has determinant one. The next claim will allow us to apply
Theorem 2] in our setting.

Proposition 2.1. The adjoint action of SLq(Z) on Mat(R) is strongly irreducible,
and SL4(Z) contains an element which acts proximally.

Proof. Tt is proved in [5, Corollary 5.4] that the adjoint action of SL4(Z) on
Mat§(R) is strongly irreducible. Therefore, it remains to prove that there is at
least one element of SLy(Z) which acts on Mat9(R) proximally. Proposition
below finishes the proof of the statement. |

1 -1
me L]
acts (by conjugation) on Mat3(R) prozimally. For d > 3, the matriz

1 -1 025 (a—2)
By = —1 2

0(4—2)x(2) | Id(a—2)x(a-2)

Proposition 2.2. The matriz

acts prozimally on Mat9(R).

Proof. Tt is straightforward to check that the operator By : Mat3(R) — Mat3(R)
can be written in the matrix form a

3 =2 1
—4 4 -1
2 -1 1

The characteristic polynomial of this operator is xg,(A) = (1 — A\)(A%2 — TA + 1).
Since all eigenvalues are distinct by their absolute value, it follows that the operator
acts proximally.

In the case d > 3, notice that the action of By on Mat)(R) is decomposed into
4 orthogonal spaces: the actions on the 2 x 2 upper left corner, 2 x (d — 2) upper
right corner, (d — 2) x 2 bottom left corner, and the identity action on the bottom

5We use the identification between Mat9(R) and R3 by

[ Y } — [z,y, 2"
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right (d — 2) x (d — 2) corner. Correspondingly, the dimensions of the spaces are
4,2-(d—2),(d—2)-2, and (d—2)2 — 10
The four-dimensional left upper corner part can be written in the matrix form
a
2 =2 1 -1
-2 4 -1 2
1 -1 1 -1
—1 2 -1 2
Its characteristic polynomial is (A — 1)2(A? — 7\ + 1). Therefore there is a unique

%\/57 and it has multiplicity

highest eigenvalue by the absolute value equal to
one.
The operator By acts on the upper right corner in the following way:

t

1 Y 21 + 1 1+ Y1
T Yo N 222 + Yo T2 + Yo
Ti—2 Yd—2 2T4-2 +Yd—2 Tq—2 + Yd—2

It is clear that it has two eigenvalues with multiplicity d — 2. These eigenvalues
correspond to the eigenvalues of the matrix

2 1
- { 2 1 ] |
These eigenvalues are the roots of the characteristic polynomial of the matrix C'
which are 32—‘/5
The operator B, acts on the bottom left corner in the following way:

T Y1 T1— Y1 -1+ 211
) Y2 . To — Y2 —x9 + 2y
Td—2 Yd—2 Tg—2 —Yd—2 —Tq—2+ 2Yq—2

Therefore it has two eigenvalues of the matrix C~1, each one having multiplicity
d — 2. Tt is immediate to check that C~! has the same characteristic polynomial
as C; therefore the eigenvalues of the operator By acting on the bottom left corner
are 3i2‘/5, each one having multiplicity d — 2.

As the conclusion of the previous considerations we find that the eigenvalues
of the operator By are 7+§.\/g7 3+2‘/5, 1, 77;‘/5, 3*2‘/5 with corresponding algebraic
multiplicities equal to 1,2(d — 2),[(d — 2)? — 1] +2,1,2(d — 2). This implies that
By acts proximally on Mat3(R). O

Let us denote Aq = V/A, where A = MatY(Z). Notice that A, is isomorphic

to Tdtl, and it is the dual group of A. The adjoint action of SL4(Z) leaves A
invariant. Therefore, SL4(Z) also acts on Ay. Proposition 2] implies by Theorem
2.1 the following statement.

SWe identify the vector space Mat%(R) with R4* -1 by omitting the (d, d)-entry of matrices in

Mat9(R).
"We choose the standard basis for Mata(R):
0 0 0 0
1T 0’0 1|

i
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Proposition 2.3. Let p be a probability measure on SLy(Z) with finite generating
support. Let x € Ay be a non-rational point. Then the measures p** x 8, converge
as k — oo in the weak™ topology to the normalised Haar measure on Ag.

We will be using Proposition [2.3] to prove the following:

Theorem 2.2. Let p be a probability measure on S Ly(Z) with finite generating sup-
port. Let v be a probability measure on Ay with no atoms at rational points. Then
the measures % x v converge as k — oo in the weak® topology to the normalised
Haar measure on Ag.

Proof. Let v be a probability measure on Ay with no atoms at rational points, and
let & be a probability measure on I' = SL4(Z) with finite generating support. By
Proposition 3 for every non-rational = € A4 the measures p** % 6, converge in
weak*-topology as k — oo to the Haar measure on A,;. Let f be a continuous
function on Ay. Denote by A, the set of all non- rational points of Ay. Notice that
v(A)) = 1. Then for every € A we have that fy(z) := [ fd (u**xd,) — [ f.

‘We have to show that
/ fd(u*k*y) —>/f
Ad

By Egorov’s theorem, for every e > 0, there exists X’ C A/, with v(X’) > 1—¢ and
K () with the property that for every z € X’ and every k > K (¢) we have

Jr(z f‘<5

Notice that

[t ) =3 [ oot = [ | 3 faoto) | dvla)

gerl gel

_/(/fd (u*k*ax)> dv(x) :/fk(x)dV(x)

Let 6 > 0. Denote M = || f||~, and take € > 0 so small that eM < 26 and € < 4.

Then we have
/fd(u*’“*V)—/f‘ -| [ (80 [ 1))

for k > K (e). Since § can be chosen arbitrarily small, we have shown that

/fd(y*k*u)%/f.

This finishes the proof because the function f was an arbitrary continuous function
on Ad. [l

<(1—-¢e)e+eM < 30,

3. PrROOFs OoF THEOREMS [LLT] anD [[3]
First, we will prove a very useful statement.

Lemma 3.1. Let G be a countable abelian group, and let (F,) C G be a Folner
sequence. Let x € G be a non-trivial character. Then we have

|F|Z g) — 0, asn — oo.
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Proof. Let (ng) be a sequence along which the limit of
1
7 2 X(9)
Ful 2
exists. Let us denote the limit by F(x). For every h € G we have
1 1
=1 > Xgth) =x(W = Y x(9) = x(WF (X
| nk|gan ‘ nk'gEF
On the other hand, by use of the Fglner property of (F,,) we obtain
1 1
71 2 Xgth) =0 > x(9) = F(x).
[Fo] n"|g€F | "k|geF,+h
Therefore, we have for every h € G:
F(x) = x(h)F(x)-

Since x # 1, we get that F(x) = 0. The statement of the lemma follows, since our
conclusion is independent of the subsequence (ny). ]

Recall that A = Mat%(Z), and we denote I' = SL4(Z). We make the identifi-
cation of the dual space of A with the torus A4 = Mat)(R)/Mat9(Z) ~ T4 =1 by
corresponding for every x € A, the character y, on A given by

Xz (h) = exp (2mi(x, h)), for h € A.
Notice that the trivial character on A corresponds to the zero element 04, of Ay,

and characters having finite torsion correspond to the rational points of Ag.

Proof of Theorem [LI]. Let B C A be a set of positive density with Furstenberg’s
system Xp = (X, 7,0, B) and such that the spectral measure of B has no atoms at
non-trivial characters. Denote by v the spectral measure of B; i.e., for every h € A
we have

(1) (15,0(h)15) = /A exp (2mi{z, h))dv (z).

By the assumptions of the theorem, v has no atoms at the rational points. We will
show that for every h € A there exists g € I" such that

7(g7" hg) = (15,0(97 " hg)15) > 0.
This will imply the claim of the theorem by the first property of Furstenberg’s
system Xp. Assume that, on the contrary, there exists h € A such that for all
g € I' we have

(2) (g~ hg) = 0.
Since for h = 05 we have g='0pg = 0p and D(05) = n(B) > 0, we conclude that

there exists a non-zero h € A such that (2) holds for all g € T
For any Fglner sequence (F, ) in A,

(3) |F| Z

Z exp (2mi(x, h))dv(z) — v({oa,}), as N — oc.
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In the last transition, we have used Lebesgue’s dominated convergence theorem
and Lemma[3.Il By ergodicity of Furstenberg’s system and von-Neumann'’s ergodic
theorem it follows that the left hand side of (8] satisfies

7 |Z 5) = n(B)?, as n — oco.

Altogether it implies that

v({oa,}) =n(B)* > 0.
Let u be a probability measure on I" having finite generating support. By Propo-
sition the measures p** x v converge as k — oo in weak*-topology to

0(B) (1= n(B)) ma, +n(B)?5,,,

where m 4, stands for the normalised Haar measure on A4. Notice that I' also acts
on Ag by g-x = (¢*)"tagt, for g € I'. The action of I' on A4 and the adjoint action
of I" on A are related by the following:

((g-x),h) = (x, Ad(g)h), for every g e T h € A,z € Aq.
Notice that

—

w xv(h) = /A exp (2mi(z, h))d (u** « v) (2)

= [ | Zewritta-a.muto) | dvta)

gel’

-> ] e emita. (o “he))ivta) ) 1™ 0) = X ol ko)

ger ger
Recall that we assumed there exists a non-zero h € A such that 7(g~'hg) = 0, for
all g € T. Therefore, we have p** x v(h) = 0, for all k¥ > 1. On the other hand,
since ma, (h) =0 and o, (h) = 1, we have

p*/k*\z/(h) —n(B)? >0, as k — co.
Thus, we have a contradiction. This finishes the proof of the theorem. O

Proof of Theorem [L3l We will use the following statement, which will be proved
below.

Proposition 3.1. Let B C A be a non-periodic piecewise Bohr set corresponding
to a Jordan measurabld open set in a finite-dimensional torus. Then there exists
a spectral measure associated with B that does not have atoms at non-zero rational
points of Ag.

Let B C A be a piecewise non-periodic Bohr set given by B = 7= 1(U) N T,
where 7 : A — T" is a homomorphism with a dense image, U C T" is an open
set, and T' C A is a set with d*(T)) = 1. Then U contains an open ball U,, and
mpn (OU,) = 0, where mpn denotes the Haar normalised measure on T™. Denote
B' = 771 (U,)NT C B. The statement of Theorem for the non-periodic

8A set A in a topological space X equipped with a measure mx is Jordan measurable if
— o
mx (0A) =0, where 0A = A\ A.
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piecewise Bohr set B’ follows from Proposition [3.1] and Theorem [Tl The latter
implies the statement of the theorem for the set B. O

Proof of Proposition BIl We are given a piecewise Bohr non-periodic set B C A
corresponding to a Jordan measurable open set in a finite-dimensional torus. This
means that B = B, N T, where T C A with d*(T) = 1, and B, = 7 1(U,) C A,
where 7 : A — T"™, for some n > 1, is a homomorphism with a dense image,
and U, C T™ is an open Jordan measurable set. We will construct an ergodic
Furstenberg A-system Xp = (X, 7,0, B) corresponding to the set B and will show
that the spectral measure of the function 1z has no atoms at the rational non-zero
points of Ay := A.

Let X = T", n be the Haar normalised measure on X, ox(x) := x 4+ 7(h) for
z € X,heA, and B=U,. We will denote Xp := (X,n,0, B). Tt remains to show
that:

e For every h € A we have d* (BN (B + h)) > n(BNoy(B)).
o 7(B) = d*(B).

e The spectral measure of 15 has no atoms at non-zero rational points of A4.
The first two properties will follow from the statement that for every h € A,

d* (BN (B+h))=n(Bnon(B)).

First, notice that for every h € A the set U, N oy (U,) is Jordan measurable. The
uniqueness of the o-invariant probability measure on X implies the unique ergod-
icity of Xp. Therefore, for every Folner sequence (Fy) in A and any h € A we
have

1 . .
A ; Loron(ws) (94(0x)) — /X Lu,a0n ) (@)dn(@) =1 (B a Uh(B)) :

as k — oo. Since the left hand side of the last equation is equal to w,

we obtain
B, N (B, + h) N EF
W 1By (B + ) 1 Fy
| k|

Since B C By, the latter implies that for every h € A we have
(5) n(Bﬂah(B)) > d* (BN (B +h)).

%n(éﬂah(é)), as k — oo.

On the other hand, for any Fglner sequence (Fj) which lies inside the thick set T
by identity () we have for every h € A,
|BN (B + h)N Fy|
| F|
By use of the Fglner property of the sequence (F}), we have that
|[BN (Bo+h)NFx| [(B—h)NBoN Fyl
| F| |F|
But, since Fy, C T it follows that for every k > 1 we have
(B—h)NByNF| |(B—h)NBN Fyl
| F| - |F| '

%n(Bﬂoh(B)), as k — oo.

— 0, as k — oo.
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Finally, since
(B—h)NBNF,| |BN(B+h)N(Fy+h)
| F| B ||
and the Fglner property implies that
BN (B+h)N(F,+h)|  |[BN(B+h)NF
| F| |F|

— 0, as k — oo,

we obtain that
|BN (B +h)N F
| F|
This establishes that for every h € A,
d* (BN (B +h) > n(Bon(B)).
Together with the identity (B this implies that for every h € A we have
d* (BN (B+h)) =n(BnNaoy(B)).

It remains to prove that the spectral measure corresponding to 15 and the system
X p has no atoms at non-zero rational points of A;. We will be abusing the notation
and will also use T to denote the Koopman operator on L?(X) corresponding to o.
Let us list two important properties of the system Xp:

%n(éﬁah(é)), as k — oc.

(1) Xp is totally ergodic; i.e., every subgroup H < A of a finite index acts
ergodically on Xp.

(2) For every f € L?(X) there exists the spectral measure us of f on Aq
satisfying

770) = [ exp b 2)dng (@) = (T

Moreover, if f > 0, then py is non-negative.

The first property follows from Lemma 3.3 while the second property is Bochner’s
spectral theorem; see [8]. To prove Lemma B3] we will need the following result.

Lemma 3.2. Let H < A be a subgroup of a finite index. Then for every point
x € X, the H-orbit of x, i.e., {op(x)|h € H}, is dense in X.

Proof. It 7(H) # X, then since H < A has a finite index, it follows that finitely

many translates of 7(H) cover X. But X is connected, and we get a contradiction.
O

Lemma 3.3. Let H < A be a subgroup of a finite index. The restriction of the
A-action of X to H is uniquely ergodic.

Proof. Tt follows from Lemma that any H-invariant Borel probability measure
on X is also X-invariant. The uniqueness of the Haar normalised measure on X
implies the statement of the lemma. (Il

Let f € L?(X). Then by the ergodicity of Xp (property () it follows that for
any Folner sequence (Fy),>1 of finite sets in A we have

T ST S IR, as ko

|E] hEFy,
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On the other hand, it follows from Bochner’s spectral theorem, Lebesgue’s domi-
nated convergence theorem and Lemma [3.1] that

TP ETOW

hEF},

which implies that

(6) (01 = pr(oasd)-

Let zy € A4 be a non-zero rational point with the least common denominator equal
to g. Then the stabiliser of xy in A is H;, = gA. Using the ergodicity of H,, action
on Xp (property (), we obtain

: Z<f’thf>_> |<f,1>\2, as k — oo.

|Fk| heFy,

On the other hand, we have

1 . 1, qr=o04
— exp (2mwi(h, qx)) — ’ d
| F| h%;k xp (2mith, gz) { 0, qr#oa,.

Therefore, by Lebesgue’s dominated convergence theorem we obtain

(7) (LD = > (s}

qr=o04,

If we know in addition that f > 0, then by property (@), the spectral measure p is
non-negative. Therefore, by use of equations (@) and () we get that for all non-zero
points ¢ € Ay with gz = 04, we have

pr({z}) = 0.
In particular, we have that ps({zo}) = 0. This finishes the proof of Proposition
2.2] if we choose f = 153.

ACKNOWLEDGEMENTS

The author is grateful to Ben Green and Tom Sanders for fruitful discussions
on the topic of the paper. He is also grateful to Benoist Quint for explaining
certain ingredients of [3], and to Shahar Mozes for insightful discussions related to
the paper [7]. Finally, the author would like to thank an anonymous referee for
valuable suggestions improving the presentation in the paper.

REFERENCES

[1] Yves Benoist and Jean-Francois Quint, Mesures stationnaires et fermés invariants des espaces
homogénes (French, with English and French summaries), Ann. of Math. (2) 174 (2011), no. 2,
1111-1162, DOI 10.4007/annals.2011.174.2.8. MR2831114

[2] Yves Benoist and Jean-Frangois Quint, Stationary measures and invariant subsets of homo-
geneous spaces (II), J. Amer. Math. Soc. 26 (2013), no. 3, 659-734, DOI 10.1090/S0894-0347-
2013-00760-2. MR3037785

[3] Yves Benoist and Jean-Francois Quint, Stationary measures and invariant subsets of ho-
mogeneous spaces (III), Ann. of Math. (2) 178 (2013), no. 3, 1017-1059, DOI 10.4007/an-
nals.2013.178.3.5. MR3092475

[4] M. Bjorklund and K. Bulinski, Twisted patterns in large subsets of ZN | to appear in Com-
mentarii Methematici Helvetica.

[5] M. Bjorklund and A. Fish, Plinnecke inequalities for countable abelian groups. To appear in
Journal fiir die reine und angewandte Mathematik (Crelle’s Journal).


http://www.ams.org/mathscinet-getitem?mr=2831114
http://www.ams.org/mathscinet-getitem?mr=3037785
http://www.ams.org/mathscinet-getitem?mr=3092475

636 ALEXANDER FISH

[6] Michael Bjorklund and Alexander Fish, Characteristic polynomial patterns in difference sets
of matrices, Bull. Lond. Math. Soc. 48 (2016), no. 2, 300-308, DOI 10.1112/blms/bdw008.
MR3483067

[7] Jean Bourgain, Alex Furman, Elon Lindenstrauss, and Shahar Mozes, Stationary measures

and equidistribution for orbits of nonabelian semigroups on the torus, J. Amer. Math. Soc. 24

(2011), no. 1, 231-280, DOT 10.1090/S0894-0347-2010-00674-1. MR2726604

Gerald B. Folland, A course in abstract harmonic analysis, Studies in Advanced Mathematics,

CRC Press, Boca Raton, FL, 1995. MR1397028

Harry Furstenberg, Ergodic behavior of diagonal measures and a theorem of Szemerédi on

arithmetic progressions, J. Analyse Math. 31 (1977), 204-256, DOI 10.1007/BF02813304.
MR0498471

=

[9

SCHOOL OF MATHEMATICS AND STATISTICS, UNIVERSITY OF SYDNEY, SYDNEY, NSW, 2006
AUSTRALIA

E-mail address: alexander.fish@sydney.edu.au


http://www.ams.org/mathscinet-getitem?mr=3483067
http://www.ams.org/mathscinet-getitem?mr=2726604
http://www.ams.org/mathscinet-getitem?mr=1397028
http://www.ams.org/mathscinet-getitem?mr=0498471

	1. Introduction
	2. Consequences of the work of Bourgain-Furman–Lindenstrauss-Mozes
	3. Proofs of Theorems 1.1 and 1.3
	Acknowledgements
	References

