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POSITIVSTELLENSATZ FOR SEMI-ALGEBRAIC SETS

IN REAL CLOSED VALUED FIELDS

NOA LAVI

(Communicated by Mirna Džamonja)

Abstract. The purpose of this paper is to give a characterization for polyno-
mials and rational functions which admit only non-negative values on definable
sets in real closed valued fields. That is, generalizing the relative Positivstellen-
satz for sets defined also by valuation terms. For this, we use model theoretic
tools, together with existence of canonical valuations.

1. Introduction

A “Nichtnegativstellensatz” in real algebraic geometry is a theorem which gives
an algebraic characterization of those polynomials admitting only non-negative val-
ues on a given set. The original Nichtnegativstellensatz is the solution by Artin
in [1], Theorem 45, to Hilbert’s seventeenth problem: a polynomial taking only
non-negative values can be written as a sum of squares of rational functions. Later
on A. Robinson [8] generalized the theorem to any real closed field using the model
completeness of real closed fields [9], a model theoretic property which means that
any formula is equivalent to an existential formula in the language of rings. For
proof see [6, Theorem 5.1, p. 49, and Theorem 5.7, p. 54]. In real algebra, valua-
tions come very naturally into the picture. A real closed field K admits a canonical
valuation which is non-trivial if and only if the field is non-archimedeam, that is,
not embeddable into R. The canonical valuation ring is defined to be the convex
hull of Z inside K, and its maximal ideal is exactly the set of the infinitesimal
elements known from nonstandard analysis.

An ordered valued field is an ordered field with a convex valuation ring. In
this paper we will consider a real closed field with some convex valuation and its
field of multi-variable rational functions. For some real closed valued field K, one
could consider semi-algebraic sets defined by valuation inequalities (in addition
to ordinary polynomial inequalities), which we also refer to as “valuative semi-
algebraic sets” in this paper. That is,

Sq̄ =
{
x̄ ∈ Kn|ν(q̄(x̄)) ≥ 0

}
,

where q̄ ⊂ K(X̄). The valuation ring is an example of such a set, as it is defined
by the formula ν(X̄) ≥ 0. In [3], Dickmann proved what may be paraphrased as
the following:

Theorem 1.1 ([3, Theorem 2, p. 132]). Let K be a real closed valued field, let
OK be its valuation ring and M its set of infinitesimal elements. Then for every
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p ∈ OK [X̄], p is non-negative OK if and only if

p =
∑ f2

i (1 +miti)

g2i (1 + niwi)
,

where fi, gi, ti, wi ∈ OK [X̄] and mi, ni ∈ M.

In this paper we generalize the above result by proving a relative Positivstel-
lensatz for valuative semi-algebraic sets. This could be seen as the analogue of
the work done in [4], and was, as a matter of fact, the reason for working on the
problem in the first place.

Theorem 1.2. Let K be a real closed valued field, and let f1, ...fk, h1, ..., hl ∈
K(X̄), g1, ..., gk′ , u1, ..., ul′ ∈ K[X̄]. We define the valuative semi-algebraic set

Sf̄ ,h̄,ḡ,ū =
{
x̄ ∈ Kn|ν(f̄(x̄)) ≥ 0, ν(h̄(x̄)) > 0, g(x̄) ≥ 0, u(x̄) > 0

}
.

Then for every p ∈ K[X̄], p is non-negative on Sf̄ ,h̄,ḡ,ū if and only if

p =
∑ a2i ci(1 +miti)(1 + si)

b2i di(1 + niwi)(1 + ri)
,

where ai, bi ∈ K[X̄], ti, wi are in the OK-algebra generated by f̄ and h̄, and ci, di
are in the multiplicative monoid generated by ḡ, ū, and si, ri are in the multiplicative
monoid generated by OK and h̄, and mi, ni ∈ M.

We also prove a strict Positivstellensatz for such sets.

Theorem 1.3. Let K be a real closed valued field, and let f1, ...fk, h1, ..., hl ∈
K(X̄), g1, ..., gk′ , u1, ..., ul′ ∈ K[X̄]. For every p ∈ K[X̄], we have p strictly positive
on Sf̄ ,h̄,ḡ,ū if and only if

p =
∑ 1 + a2i ci(1 +miti)(1 + si)

b2i di(1 + niwi)(1 + ri)
,

where ai, bi ∈ K[X̄], ti, wi are in the OK-algebra generated by f̄ and h̄, and ci, di
are in the multiplicative monoid generated by ḡ, ū, and si, ri are in the multiplicative
monoid generated by OK and h̄, and mi, ni ∈ M.

We finish by characterizing the ordered fields that have such Positivstellensatz,
and prove that those are exactly the ordered fields which are dense in their real
closure.

2. Preliminaries

We begin by defining the class of fields which we shall work on in this paper.

Definition 2.1. An ordered valued field (or OV F ) 〈K, ν,≤〉 is a valued field with
an order satisfying: for every x, y ∈ K if 0 < x ≤ y then ν(y) ≤ ν(x).

An OV F -valuation will be a valuation ν on a field K such that there exists some
ordering ≤K on K such that 〈K, ν,≤K〉 |= OV F .

Definition 2.2. A real closed valued field (or RCV F ) is an order valued field which
is also real closed.

A main tool that we use is the relative canonical valuation of an ordered field.
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Definition 2.3. Let K be a field and P be the set of all the positive elements
of K according to some order ≤P on K. The canonical valuation induced by P ,
denoted by OP , is the ring of all elements x ∈ K such that there exists n ∈ N

such that −n ≤P x ≤P n. Let F ⊂ K a subfield with OF a valuation ring which
makes F together with the induced order from ≤P an ordered valued field. Then
the canonical valuation relative to OF is the ring of all elements x ∈ K such that
there exist a, b ∈ OF such that a ≤P x ≤P b, i.e., the convex hull of OF in K. We
denote it by V alOF

(P ).

We recall also the definition of the cone generated by a subset of a field.

Definition 2.4 ([7, Definition 1.1.6, p. 10]). Let L be some commutative ring with
a unit, T ⊆ L some subset. The cone generated by T is the minimal set containing
T ∪ (L×)2 which is closed under addition and multiplication. We denote it here as
Cone(T ). For such a cone P we denote P ∩−P by suppP . When P ∪−P = L and
suppP is a prime ideal, we say that P is a positive cone. The real spectrum of L,
denoted by SperL is the set of all positive cones of L.

In order to prove our theorem, we use elementary properties of ordered and real
closed valued fields. In [2, Theorem 4B, p. 218] G. Cherlin and M. Dickmann proved
that RCV F is the model companion of OV F . This means that if L = 〈L, ν̃,≤L〉 |=
OV F is an extension of the real closed valued field K = 〈K, ν,≤K〉, then for every
formula φ(X̄) with parameters from K, if there exists v̄ ∈ Ln such that L |= φ(v̄)
then there exists b̄ ∈ Kn such that K |= φ(b̄). This plays the role of the model
completeness of Th(R) in the proof of Hilbert’s 17th problem.

Definition 2.5. Let Lovring denote the language of Lring enriched by symbols for
order and valuation. We call a quantifier free formula in Lovring a generalized semi-
algebraic formula if it is a conjunction of order and valuation inequalities. That is,
in addition to the ordinary order inequalities, we have also conditions of the form
ν(p(X̄) ≥ ν(q(X̄)) and ν(p(X̄)) > ν(q(X̄)).

3. Positivstellensatz for valuative semi-algebraic sets

over real closed valued fields

By [1], we already know that if K is a real closed field, then a polynomial
p ∈ K[X̄] is non-negative on Kn if and only if there exists f1, ..., fk ∈ K(X̄) such

that p =
∑k

i=1 fi
2. Suppose K is a real closed valued field. It is easy to see

that 1 +mp(x̄) is non-negative on for every m ∈ M (=the maximal ideal of OK),
x̄ ∈ On

K and p(X̄) ∈ OK [X̄]. In [3], Dickmann has shown that these sum up to
all the positive elements on OK among OK [X̄]. In order to generalize the above
result, we start by proving the following lemma:

Lemma 3.1. Let K be an ordered valued field, f ∈ K(X̄) and b̄ ∈ Kn. If f is
defined on b̄ we have:

f(b̄) ∈ OK if and only if 1 +mf(b̄) > 0 for every m ∈ MK .

Proof. One direction is obvious. For the other direction, suppose f(b̄) /∈ OK .
Without loss of generality we assume f(b̄) > 0. Since ν( 1

f(b̄)
) > 0, taking m =

− 1
f(b̄)

∈ MK we have 1 +mf(b̄) = 0, a contradiction. �

Remark. We note that the same thing works if we require f(b̄) ∈ MK and m ∈ OK

instead of f(b̄) ∈ OK and m ∈ MK .
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We now quote the general abstract Positivstellensatz theorem which we use to
prove the results of this paper.

Theorem 3.2 ([7, Theorem 4.2.1, p. 86]). Let A be some commutative ring with a
unit. For subsets F,G,H ⊂ A, let I(F ) denote the ideal generated by F and

∏
G

the multiplicative monoid of A generated by G. Then, the following are equivalent:
(i) There is no P ∈ SperA, for which the following conditions hold simultane-

ously: F ⊆ suppP , G ⊆ A− suppP , H ⊆ P .
(ii) There are b ∈ I(F ), c ∈

∏
G, and t ∈ Cone(H) such that c2 + t = b.

Now we generalize the transfer principle at Theorem 4.2.8 at [7] so it will fit also
for real closed valued fields.

Theorem 3.3. Let K be a real closed valued field and let φ(X̄) a generalized semi-
algebraic formula in the language Lovring with parameters from K. There exists
some b̄ ∈ Kn such that K |= φ(b̄) if and only if there exists some P ∈ Sper(K[X̄])
such that

〈K[X̄]/suppP , νP ,≤P/suppP 〉 |= φ(X̄/suppP),

where νP is the canonical valuation V alOK
(≤P/suppP ).

Proof. For one direction, let b̄ ∈ Kn be such that K |= φ(b̄). Let us define P
exactly as in the proof of transfer principle in Theorem 4.2.8 in [7], that is, P :=
{a ∈ K[X̄]|a(b̄) ≥ 0}. For atomic sub-formula of φ of the form “v ≥ 0” or “v > 0”,
it is clear. For every atomic sub-formulas of φ of the form “ν(v) ≥ ν(w)” we
obtain by Lemma 3.1 ν(p(b̄)) ≥ ν(q(b̄)) if and only if for every m ∈ M we have
q(q +mp)(b̄) > 0, hence if and only if q(q +mp) ∈ P and q(q +mp) /∈ suppP . The
same thing applies for any atomic sub-formula of the form “ν(v) > ν(w)”. Again,
by Lemma 3.1 we get

〈K[X̄]/suppP , νP ,≤P/suppP 〉 |= φ(X̄/suppP).

For the other direction, we move to the real closure of 〈K[X̄]/suppP , ≤̃P/suppP 〉, that
we shall denote by K̃. Let ν̃P and ≤̃P/suppP be the corresponding extensions of νP
and ≤P/suppP to K̃. Then we have

〈K̃, ν̃P , ≤̃P/suppP 〉 |= φ(X̄/suppP).

Hence, from model-completeness of RCV F [2], there exists some b̄ ∈ Kn such that
〈K, ν,≤〉 |= φ(b̄). �

We are now ready to prove the main result of the paper.

Proof of Theorem 1.2. For one direction, a straightforward computation using
Lemma 3.1 shows that any such polynomial is, indeed, non-negative on Sf̄ ,h̄,ḡ,ū.
For the other direction, let

H =
{
1 +mifi|1 ≤ i ≤ k,mi ∈ M

}
∪
{
1 + oihi|1 ≤ i ≤ l, oi ∈ OK

}
∪Q ∪

{
− p

}
,

where Q =
{
g1, . . . , gk′ , u1, . . . , ul′

}
, G =

{
u1, . . . , ul′

}
∪
{
p
}
and F =

{
0
}
. Then

according to Theorem 3.2 the following are equivalent:
(i) There is no P ∈ Sper(K[X̄]) such that H ⊆ P and p /∈ suppP .
(ii) There exists c ∈ ΠG and t ∈ Cone(H) such that c2 + t = 0.
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Hence, (i) is equivalent to the existence of

t1, t2 ∈ Cone(
{
1 +mifi|1 ≤ i ≤ k,mi ∈ M

}
∪
{
1 + oihi|1 ≤ i ≤ l, oi ∈ OK

}
∪Q),

and c ∈
∏

G such that c2 + t1 − pt2 = 0. That is, p = c2+t1
t2

. As c2 is a square

and hence belongs to Cone(H), p has, indeed, the required form. If p is not of this
form, then there exists P ∈ Sper(K[X̄]) such that

{
1 +mifi|1 ≤ i ≤ k,mi ∈ M

}
∪
{
1 + oihi|1 ≤ i ≤ l, oi ∈ OK

}
∪Q ⊆ P,

as well as −p ∈ P and p /∈ suppP . Hence

〈K̃, ν̃P , ≤̃P/suppP 〉 |= ν(f̄(X̄/suppP)) ≥ 0 ∧ ν̄(h(X̄/suppP)) > 0 ∧ ḡ((X̄/suppP)) ≥ 0

∧ū((X̄/suppP)) ≥ 0 ∧ ū((X̄/suppP)) �= 0 ∧ p(X̄/suppP) < 0.

Hence, by Theorem 3.3, p cannot be non-negative on Sf̄ ,h̄,ḡ,ū if it doesn’t have
required form. �

We may also deduce a strict Positivstellensatz in the very same way.

Proof of Theorem 1.3. We let H and F be the same as in the proof of Theorem

1.2, and G =
{
u1, . . . , ul′

}
∪
{
1
}
. Then we get p = c2+t1

t2
, where c ∈

∏
G. As

c2 ∈ Cone(H) we get p = 1+t1
t2

. The proof continues as in the proof of Theorem
1.2. �

3.1. Ordered valued fields with Positivstellensatz. In [5, Theorem 2, p. 223],
McKenna has characterized the fields admitting the characterization in Hilbert 17th
problem, denoted by “Hilbert property”. He showed that those fields are exactly
those ordered fields which are dense in their real closure. Following him, we call
the characterization of Theorem 1.2 on Sf̄ ,h̄,ū (that is, open sets), the “Relative
Hilbert Property” (RHP), and show that an ordered valued field has this property
if and only if it is dense in its real closure.

Proposition 3.4. Let 〈K, ν,≤〉 |= OV F . Then K has RHP if and only if K is
dense in its real closure.

Proof. Suppose K is not dense in its real closure, denoted by K̃. In [5] it is proved

that there exists p ∈ K[x] such that p is positive definite on K but not in K̃. Hence,

there exists a1, a2 ∈ K such that p changes sign in [a1, a2] inside K̃ but not inside
K. Let Bγ be a closed ball containing [a1, a2], where γ ∈ ΓK . As Bγ is defined by
the formula “ν(x) ≥ ν(c)” where c ∈ K is such that ν(c) = γ, then p cannot be of
the form in Theorem 1.2, as this would imply that p is positive definite on Bγ in

K̃. Hence, K doesn’t have RHP.
Suppose K is dense in its real closure K̃. Let S ⊆ Kn be a set of the form in

Theorem 1.2 and assume p ∈ K[X̄] is not of the form in Theorem 1.2. Applying
Theorem 3.2 with suitably chosen sets F,GH ⊂ K[X̄], there exists some P ∈
Sper(K[X̄]) such that ≤P/suppP makes p negative and all the polynomials appearing

in the definition of S positive. The order ≤P/suppP extends, of course, to K̃[X̄]. Due

to density of K in K̃, for every m ∈ MK̃ we have 1 +mfi≥̃P/suppP0, and for every

o ∈ OK̃ we have 1+ ori≥̃P/suppP0. Hence, by Theorem 3.3, p is not positive definite

on Sf̄ ,h̄,ū(K̃). Due to density, it is not positive definite on Sf̄ ,h̄,ū(K) either. �
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