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AN EXAMPLE OF NON-COTORSION SELMER GROUP

KING FAI LAI, IGNAZIO LONGHI, KI-SENG TAN, AND FABIEN TRIHAN

(Communicated by Matthew A. Papanikolas)

Abstract. Let A/K be an elliptic curve over a global field of characteristic
p > 0. We provide an example where the Pontrjagin dual of the Selmer group
of A over a Γ := Zp-extension L/K is not a torsion Zp[[Γ]]-module and show
that the Iwasawa Main Conjecture for A/L holds nevertheless.

1. Setting

Let K be a global field of characteristic p > 0 and let A/K be a non-isotrivial
semistable elliptic curve of analytic rank 0 with split multiplicative reduction at a
place v0 of K. Let L/K be a Γ = Zp-extension and k ⊂ K be a subfield such that
K/k is a separable quadratic extension with Gal(K/k) = {1, τ}. We denote for any
n, Kn/K the Z/pn-extension and set Γ(n) := Gal(L/Kn) and Γn = Gal(Kn/K).
We assume that L/K is anticyclotomic with respect to k, i.e. L/k is Galois and
Gal(L/k) is dihedral in the sense that we have a decomposition

Gal(L/k) � Gal(L/K)�Gal(K/k)

such that for any σ ∈ Gal(L/K) we have τστ−1 = σ−1 (where τ is abusively
identified with its lift to Gal(L/k)).

Let us assume moreover that L/K is totally ramified above v0 and unramified
elsewhere. Furthermore, A is assumed to be already defined over k and to have
split multiplicative reduction at the restriction of v0 to k.

Remark 1.0.1. There are many known instances of elliptic curves satisfying these
hypotheses. For example, let F be a finite field of characteristic p > 2 and consider
the function fields k = F(s) and K = F(t), with s = t2. Let A be defined by the
Weierstrass equation

(1) A : y2 = x(x+ 1)(x+ s) = x(x+ 1)(x+ t2).

This is an elliptic curve having split multiplicative reduction at t = 0, t = ∞ and
(if −1 is a square in F) t = ±1, and good reduction at all other places. Therefore,
as a divisor of K the conductor n of A/K is the sum of these four places. The
elliptic curve A/K is well known to have Hasse-Weil L-function L(A/K, s) ≡ 1 :
one way to prove it is to observe that A is associated with a modular form and apply
the corollary of [Tan93, Proposition 3]; another approach (closer to the methods of
[Ta66]) is explained in [Shi92].
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Equation (1) is an instance of Beauville surface: they exist in all characteristics
and always satisfy the hypotheses. See [Lan91] for a full discussion and classifica-
tion.

1.1. Let i : Apn ↪→ A be the group scheme of pn-torsion of A. The pn-Selmer group
Selpn(A/K) is defined to be the kernel of the composition

(2) H1
fl(K,Apn)

i∗−−−−→ H1
fl(K,A)

locK−−−−→
⊕

v H
1
fl(Kv, A) ,

where H•
fl denotes the flat cohomology and locK is the localization map to the direct

sum of local cohomology groups over all places of K. The same definition works
over any finite extension F/K. Taking the direct limit as n → ∞, we get

(3) Selp∞(A/F ) := Ker
(
H1

fl(F,Ap∞)−→
⊕
all v

H1
fl(Fv, A)

)

whereAp∞ is the p-divisible group associated withA. The Selmer group Selp∞(A/L)
is then defined by taking the inductive limit over all finite subextensions. The Galois
group Γ acts on Selp∞(A/L) turning it into a Λ := Zp[[Γ]]-module. We denote

Xp(A/L) := Selp∞(A/L)∨

the Pontrjagin dual of this Λ-module.
Similarly, we define for any finite extension F/K the Tate-Shafarevich group of

A/F as

(4) X(A/F ) := Ker
(
H1

fl(F,A)−→
⊕
all v

H1
fl(Fv, A)

)

and X(A/L) as the inductive limit of X(A/F ) over all finite intermediate exten-
sions.

In this short note, we study the Iwasawa theory of A/L as formulated by [Maz72].
According to the Iwasawa Main Conjecture (see [SU13] for the best result so far in
the number field case), the characteristic ideal of the finitely generated Λ-module
Xp(A/L) should coincide with the ideal generated by an element of Λ called the
p-adic L-function and having the property to interpolate the values at s = 1 of
the Hasse-Weil L-function of A/K twisted by characters. Here we provide under
our assumptions on A and L/K, a proof of the Iwasawa Main Conjecture in the
following sense: we show in §2 that Xp(A/L) is a finitely generated non-torsion Λ-
module with therefore a trivial characteristic ideal. In §3, we show that the p-adic
L-function of A/L is zero proving as a consequence the Iwasawa Main Conjecture
for A/L.

In the following, with a slight abuse of notation we shall often use the same
symbol to denote places in different fields: e.g., Lv0 will be the completion of L at
the only place above v0. Also, for v a place of K put Γv := Gal(Lv/Kv). Since Γv0

can be identified with Γ, we won’t distinguish between the two. Various restriction
maps will be used. Among them, ResL/Kn

and resL/Kn
are respectively the maps

H1
fl(Kn, Ap∞) → H1

fl(L,Ap∞)Γ
(n)

and H1
fl(Kn, A) → H1

fl(L,A)Γ
(n)

.

2. The algebraic side

In the following, we fix a topological generator γ of Γ and put T := γ − 1 ∈ Λ;
then T is a generator of the augmentation ideal I. By abuse of notation, we also
identify γ with a generator of Γn for all n.
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Lemma 2.0.1. The groups A(K), X(A/K) and Selp∞(A/K) are all finite.

Proof. By [Ta66] (and [Mil75] for the p-part ofX - see also the comments on Milne’s
webpage http://www.jmilne.org/math/articles/index.html for p = 2) it is known
that analytic rank 0 implies that the full Birch and Swinnerton-Dyer conjecture
holds for A/K. �

Since A has split multiplicative reduction at v0, it is a Tate curve on the com-
pletion Kv0 : we denote the local Tate period by Q.

Lemma 2.0.2. One has Ator(K) = Ator(L). In particular, the group Ator(L) is
finite.

Proof. To see this, first notice that the constant field does not grow in Lv0/Kv0 ,
since it is a totally ramified extension. Besides, if a root Q1/n of Q is not already in
Kv0 , then it cannot belong to Lv0 , either because then Q1/n is not separable over
Kv0 (for n a power of p) or because L/K is a p-extension (for (p, n) = 1). The
explicit description of the torsion points of A(Lv0) in terms of roots of unity and
of Q then implies Ator(Kv0) = Ator(Lv0). To conclude, it suffices to observe that
L ∩Kv0 = K, exploiting once again the totally ramified hypothesis. �

Corollary 2.0.3. The groups H1(Γ(m), Ap∞(L)) are finite of bounded orders.

Proof. By the usual Herbrad quotient argument, for every n ≥ m,

|H1(Kn/Km, Ap∞(Kn))| = |Ĥ0
(Kn/Km, Ap∞(Kn))| ≤ |Ap∞(Km)| ≤ |Ap∞(L)|.

�

2.1. If v is in the Gal(K/k)-orbit of v0, then since L/k is Galois, v is ramified under
L/K, and hence by our ramification hypotheses, v = v0. Besides, we are assuming
that A is already a Tate curve over kv0 and thus we have Q ∈ k×v0 .

LetN ⊆ K×
v0 denote the group of universal norms of the local extension Lv0/Kv0 .

Write rec for the reciprocity map of local class field theory: then we have rec(τ (x)) =
τrec(x)τ−1 for any x ∈ K×

v0 , and hence τ (x) ≡ x−1 mod N . In particular Q ≡ Q−1

mod N , so that Q2 ∈ N . As K×
v0/N � Γ is torsion free, we deduce that Q ∈ N .

Lemma 2.1.1. Let v be a place of K. Then

H1(Γv, A(Lv)) �

⎧⎪⎨
⎪⎩

0 if v is a place of good reduction;

a finite group if v is an unramified place of bad reduction;

Qp/Zp if v = v0.

Proof. For unramified places, this is a consequence of [Mil86a, I, Proposition 3.8].
As for v0, observe that for any n we have A(Kn,v0) � K×

n,v0/Q
Z. We deduce the

exact sequence

H1(Γn,K
×
n,v0)−→ H1(Γn, A(Kn,v0))−→ H2(Γn, Q

Z)−→ H2(Γn,K
×
n,v0) ,

that we can rewrite

(5) 0−→ H1(Γn, A(Kn,v0))−→ QZ/QpnZ−→ K×
v0/NKn,v0

/Kv0
(K×

n,v0) .

Since Q ∈ N , the map QZ → K×
v0/NKn,v0

/Kv0
(K×

n,v0) is trivial. Thus we obtain

(6) H1(Γn, A(Kn,v0)) � p−nZ/Z .



2358 K. F. LAI, I. LONGHI, K.-S. TAN, AND F. TRIHAN

As n varies, this isomorphism is compatible with the inflation maps on the left and
the canonical inclusions on the right, thereby proving the assertion. �

Corollary 2.1.2. The group Selp∞(A/L)Γ is cofinitely generated over Zp of corank
at most one. The Λ-module XL is finitely generated.

Proof. Applying the snake lemma and the Hochschild-Serre spectral sequence
([Mil80, III, 2.21]) to the diagram

0 −−−−→ Selp∞(A/K) −−−−→ H1
fl(K,Ap∞) −−−−→

⊕
v H

1
fl(Kv, A)⏐⏐�

⏐⏐�
⏐⏐�

0 −−−−→ Selp∞(A/L)Γ −−−−→ H1
fl(L,Ap∞)Γ −−−−→

⊕
v H

1
fl(Lv, A)Γv

we get an exact sequence

H1(Γ, Ap∞(L))−→ H−→ Selp∞(A/L)Γ/ Selp∞(A/K)−→ H2(Γ, Ap∞(L)) = 0,

where H is a subgroup of ⊕v H
1(Γv, A(Lv)) and the equality on the right comes

from the fact that Γ has cohomological dimension 1. The claim follows from Lemma
2.1.1, since Ap∞(L) and Selp∞(A/K) are finite groups thanks to Lemmas 2.0.2 and
2.0.1. The second assertion is a consequence of the first by the usual topological
Nakayama Lemma. �

Remark 2.1.3. The group G := Gal(K/k) acts on H1
fl(K,A) and the other coho-

mology groups appearing in the above discussion. In particular, since v0 does not
split in K/k, G acts on H1(Γ, A(Lv0)). The connecting homomorphism in (5) is a
map of G-modules and so is the isomorphism (6), because Q ∈ kv. Therefore we
have

H1(Γ, A(Lv0)) = H1(Γ, A(Lv0))
G .

2.2. Consider the localization map:

locK : H1
fl(K,A)−→

⊕
v

H1
fl(Kv, A).

The generalized Cassels-Tate dual exact sequence of [GT07, Main Theorem] iden-
tifies, for any integer m, the cokernel of locK with the Pontryagin dual of

Tm Sel(At/K) := lim←− Selmn(At/K) .

In our case A is an elliptic curve, so A = At. Taking the inverse limit of the
sequence

0−→ A(K)/mnA(K)−→ Selmn(A/K)−→ X(A/K)[mn]−→ 0

we see that Tm Sel(A/K) is always finite, and trivial for almost every m, because
so are A(K) and X(A/K). Hence locK has finite cokernel and, by the inclusions

H1(Γ, A(Lv0)) ⊆ H1
fl(Kv0 , A) ⊆

⊕
v

H1
fl(Kv, A) ,

it follows that

H := H1(Γ, A(Lv0)) ∩ locK
(
H1

fl(K,A)
)

has finite index in H1(Γ, A(Lv0)). Since the latter is p-divisible, we must have

(7) H = H1(Γ, A(Lv0)) ⊆ locK
(
H1

fl(K,A)
)
.
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Write E := loc−1
K

(
H1(Γ, A(Lv0))

)
. We have an exact sequence

(8) 0−→ X(A/K)−→ E
locK−−−−→ H1(Γ, A(Lv0))−→ 0.

It follows that locL(resL/K(E)) = 0, because restriction and localization commute

and H1(Γ, A(Lv0)) has trivial image in ⊕v H
1
fl(Lv, A).

Let D be the divisible part of E: then D � Qp/Zp, since X(A/K) is a finite

group. By construction D is a subgroup of H1
fl(K,A), killed by locL ◦ resL/K : that

is,

(9) resL/K(D) ⊂ Xp∞(A/L)Γ.

2.3. For the proof that Xp(A/L) is not torsion, we are going to reason by contra-
diction. Thus in the following we assume that Xp(A/L) is torsion.

For each n, let Xp∞(A/Kn)div and Selp∞(A/Kn)div respectively denote the
p-divisible part of Xp∞(A/Kn) and Selp∞(A/Kn). Denote

bn = Xp∞(A/Kn)/Xp∞(A/Kn)div = Selp∞(A/Kn)/ Selp∞(A/Kn)div.

Let rnm : bm → bn and knm : bn → bm be the morphisms induced respectively from
the restriction

H1
fl(Km, A) −→ H1

fl(Kn, A)

and the co-restriction
H1

fl(Kn, A) −→ H1
fl(Km, A).

The Cassels-Tate pairing induces, for every n, a perfect alternating pairing:

〈 , 〉n : bn × bn−→ Qp/Zp .

Then the module b∞ := lim−→ bm is identified with the Pontryagin dual of b :=
lim←−n

bn. Set

Seldiv(A/L) := lim−→
n

Selp∞(A/Kn)div ,

Yp(A/Kn) := (Selp∞(A/Kn)div)
∨,

and
Yp(A/L) := lim←−

n

Yp(A/Kn) = Seldiv(A/L)∨.

Again, the notation •∨ denotes the Pontryagin dual of •. We have the following
short exact sequence:

(10) 0−→ b−→ Xp(A/L)−→ Yp(A/L)−→ 0.

In particular, if Xp(A/L) is a finitely generated torsion Λ-module, so are the mod-
ules b and Yp(A/L).

Definition 2.3.1. An element f ∈ Λ(Γ) is simple if there exist γ ∈ Γ − Γp and
ζ ∈ μp∞ such that

f = fγ,ζ :=
∏

σ∈Gal(Qp(ζ)/Qp)

(γ − σ(ζ)).

The following result was proved in [Tan12, Theorem 5],

Theorem 2.3.1. Suppose Xp(A/L) is a torsion Λ-module. Then there exist pair-
wise relatively prime simple elements f1, ..., fm (m ≥ 1) such that

f1 · · · fm · Seldiv(A/L) = 0.
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We will also need the following two lemmas:

Lemma 2.3.2. For n ≥ m the restriction map

Selp∞(A/Km)div −→ (Selp∞(A/Kn)
Γ(m)

)div

is surjective.

Proof. The commutative diagram of exact sequences

Selp∞(A/Km)div = Selp∞(A/Km)div
� � ��

j′

��
j

��

Selp∞(A/Km) �� ��

i

��

bm

r
n
m

��

(Selp∞(A/Kn)
Γ(m)

)div ⊂ (Selp∞(A/Kn)div)
Γ(m) � � �� Selp∞(A/Kn)

Γ(m)
�� b

Γ(m)

n

induces the exact sequence

Ker(rnm) −→ Coker(j) −→ Coker(i).

Since Ker(rnm) is finite while Coker(j′) is p-divisible, it is sufficient to show that
Coker(i) is annihilated by some positive integer. Consider the commutative diagram
of exact sequences

Selp∞(A/Km) �
�

��

i
��

H1
fl(Km, Ap∞)

locm ��

resnm
��

∏
all v H

1
fl(Kmv, A)

rnm
��

Selp∞(A/Kn)
Γ(m) � � �� H1

fl(Kn, Ap∞)Γ
(m) locn ��

∏
all w H1

fl(Knw, A)Γ
(m)
w

that induces the exact sequence

Ker
(
Im(locm)

rnm �� Im(locn)
)
−→ Coker(i)−→ Coker(resnm) .

By the Hochschild-Serre spectral sequence, the right-hand term Coker(resnm) is a
subgroup of H2(Kn/Km, Ap∞(Kn)), and hence is annihilated by pd(n−m) = [Kn :

Km]. Similarly, the left-hand term, being a subgroup of
∏

v H
1(Knv/Kmv, A(Knv)),

is also annihilated by [Kn : Km]. �

Lemma 2.3.3. If Xp(A/L) is a torsion Λ-module, then there exists some N such
that

Selp∞(A/Kn)div = (Selp∞(A/Kn)div)
Γ(m)

= (Selp∞(A/Kn)
Γ(m)

)div

holds for all n ≥ m ≥ N .

Proof. The second equality is an easy consequence of the first one. The assumption
Γ = γZp implies that if f ∈Λ is simple, then f divides γpm−1 for somem. Therefore,

by Theorem 2.3.1, there exists an integer N such that (γpN −1) Seldiv(A/L)Γ
(n)

= 0

for every n. The kernel of the map Selp∞(A/Kn)div → Seldiv(A/L)Γ
(n)

is finite

since Ap∞(L) is finite. This implies that (γpN − 1) Selp∞(A/Kn)div must be trivial,
because it is both finite and p-divisible. �

Proposition 2.3.4. The Zp-rank of b/Tb equals 1.
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Proof. First, note that, by Lemma 2.3.2, the finiteness of Selp∞(A/K) implies
Selp∞(A/Kn)

Γ is finite for every n ≥ 0. Then Lemma 2.3.2 and Lemma 2.3.3
imply that for n � 0,

Seldiv(A/L)Γ = (Seldiv(A/L)Γ
(n)

)Γ = (Selp∞(A/Kn)div)
Γ ⊂ Selp∞(A/Kn)

Γ

is also finite. By duality, the Zp-module Yp(A/L)/TYp(A/L) is finite. This means
the characteristic ideal of Yp(A/L) is relatively prime to (T ). Hence, there is some
ξ ∈ Λ, relatively prime to T such that ξ ·Yp(A/L) is pseudo-null (finite). Replacing
ξ by some suitable pmξ, we can assert that ξ · Yp(A/L) = 0. Then Yp(A/L)[T ],
being annihilated by T and ξ, is also finite (hence trivial, because Yp(A/L), as a
submodule of the Zp-free part of Xp(A/L), is a free Zp-module of finite rank). Since
(10) and the snake lemma yield the exact sequence

Yp(A/L)[T ]−→ b/Tb−→ Xp(A/L)/TXp(A/L)−→ Yp(A/L)/TYp(A/L) ,

it follows from Corollary 2.1.2 that the Zp-rank of b/Tb is at most 1.
For the other inequality, consider the composition

(11) π : D
resL/K

�� Xp∞(A/L)Γ �� bΓ∞ .

Let Æ denote the preimage of D under the natural surjection from H1(K,Ap∞) to

the p-primary part of H1(K,A). Because A(K) is finite, the exact sequence

0−→ Qp/Zp ⊗A(K)−→ Æ−→ D−→ 0

implies that Æ�D is of corank 1 over Zp. It follows that ResL/K(Æ)⊂Selp∞(A/L)Γ

is also of corank 1 over Zp, since Ker(ResL/K) = H1(Γ, Ap∞(L)) is of finite order,
by Corollary 2.0.3. If the image of π were finite (and thus trivial, since D is p-
divisible), then ResL/K(Æ) would be contained in Seldiv(A/L)Γ, which has just

been shown to be finite. This is absurd. Therefore, the corank of bΓ∞ is at least 1,
and the desired inequality followed by the duality. �

Proposition 2.3.4 implies that there exist some r ≥ 1 and ξi ∈ Λ, i = 1, ..., s,
coprime to T such that b is pseudo-isomorphic to [b] := Λ /T r Λ⊕

⊕s
i Λ /ξi Λ. Since

[b] contains no non-trivial pseudo-null submodule, we actually have a short exact
sequence

(12) 0 −→ Λ /T r Λ⊕
s⊕
i

Λ /ξi Λ −→ b −→ N −→ 0,

with N pseudo-null. For each n, let rn : bn → b∞ and kn : b → nn be the natural
maps associated to the injective and projective limits. They are dual to each other.

Lemma 2.3.5. The kernel of rn and the cokernel of kn are of bounded orders as n
varies.

Proof. Suppose the natural projection Selp∞(A/Kn) �� �� bn sends each x to x̄.

Assume that x̄ ∈ Ker(rn). Then ResL/Kn
(x) ∈ Seldiv(A/L). Consider the restric-

tion map

Rn : Selp∞(A/Kn)div −→ Seldiv(A/L).

Since Selp∞(A/L) is cotorsion over Λ, the divisible subgroup Seldiv(A/L) must be
cofinitely generated over Zp . Thus for n sufficiently large, Rn is surjective. For
such n, there exists y ∈ Selp∞(A/Kn)div such that ResL/Kn

(y) = ResL/Kn
(x).
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Since x− y = x̄ and x − y is contained in Ker(ResL/Kn
(x)) = H1(Γ(n), Ap∞(L)),

by Corollary 2.0.3, the order of Ker(rn) is bounded. �

Lemma 2.3.6. Let r be as in (12). Then the indexes of the subgroups kn(b[T
r]) ⊂

bn[T
r] are bounded as n varies.

Proof. Lemma 2.3.5 implies that bn[T
r]/kn(b) ∩ bn[T

r], embedded as a subgroup
of bn/kn(b), is of bounded order. It is sufficient to show that en := kn(b) ∩
bn[T

r]/kn(b[T
r]) is also of bounded order. Denote fn := kn(b)/kn(b[T

r]). Then
en ⊂ fn[T

r]. Suppose the pseudo-null N in (12) is annihilated by some η coprime
to T . Then g = η ·ξ1 · · · · ·ξs is also coprime to T and we have g ·b ∈ [b][T r] ⊂ b[T r].
This implies g·fn = 0, and hence en is annihilated by some p-power pc ∈ (T r, g) ⊂ Λ.
Since b is Λ-torsion, it is a finitely generated Zp-module. We have the composition
of surjective homomorphisms Zl

p → b → kn(b) → fn for some l. Then 
−1(en)
is a free Zp-module of rank at most l and we have a surjective homomorphism

−1(en) → en. Therefore, en can be generated by a subset of cardinality at most l.
Hence its order is bounded by plc. �

2.4. In order to exploit the anticyclotomic assumption, we now consider the action
of G := Gal(K/k) = 〈τ 〉 on b. We lift G to a subgroup of Gal(L/k). Note that the
maps locK of (8) and π of (11) are both compatible with the action of G.

Lemma 2.4.1. There exists x ∈ b[T r]G such that [b[T r] : Λx] < ∞.

Proof. Remark 2.1.3 yields that (1 − τ )D is contained in Ker(locK) = X(A/K)
and hence is trivial (because D is divisible). Thus we have π(D) = π(DG) = π(D)G
and by duality (see the proof of Proposition 2.3.4) it follows that (b/Tb)G has rank
1 over Zp. Also the image of b[T r] in b/Tb is of Zp-rank 1, by (12), so there must
be y ∈ b[T r] such that y mod Tb is G-invariant and has infinite order. Choose
x := (1 + τ )y. Then x ∈ b[T r]G and Λx has finite index in b[T r] ∼ Λ /T r Λ since
x ≡ 2y (mod Tb) generates a free Zp-module in b/Tb. �

Let c := Λx and cn := kn(c).

Lemma 2.4.2. As n varies, the orders of the cokernels of the maps cn → bn[T
r]

and cn → bn → bn/T
rbn are bounded.

Proof. By (12) the cokernel of b[T r] → b → b/T rb is finite. Then apply Lemma
2.3.6 and Lemma 2.4.1. �

Lemma 2.4.3. We have

〈cn, cn〉n ⊂ (Qp/Zp)[2].

So 〈cn, cn〉n has at most 2 elements and it is trivial if p �= 2. Let # : Λ → Λ
denote the Zp-algebra isomorphism induced by γ �→ γ−1, γ ∈ Γ.

Proof. Write xn := kn(x). For any λ ∈ Λ we have

(13) 〈xn, λxn〉n = −〈λxn, xn〉n = −〈xn, λ
#xn〉n ,

using first the fact that 〈 , 〉n is alternating and then its Γ-equivariance. On the
other hand, the pairing is also G-invariant and x = τx implies

(14) 〈xn, λxn〉n = 〈τxn, τ (λxn)〉n = 〈xn, λ
#xn〉n ,
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because τ (λx) = (τλτ−1)τx and the action of τ on Λ is precisely λ �→ λ#, by the
anticyclotomic hypothesis. Equalities (13) and (14) together prove

2〈xn, λ
#xn〉n = 0

and this suffices, since cn = Λxn. �

2.5. Now we can finally obtain a contradiction. The Cassels-Tate pairing makes
bn[T

r] and bn/T
rbn dual to each other . Lemma 2.4.2 implies that the subgroup

〈cn, cn〉n ⊆ 〈bn[T r], bn/T
r
bn〉n

has bounded index as n varies. Since π(D) ⊆ b∞[T ] ⊆ b∞[T r] = lim−→n
bn[T

r] is

infinite, we must have ⋃
n

〈cn, cn〉n = Qp/Zp ,

a contradiction to Lemma 2.4.3.

3. The analytic side

In this example Xp(A/L) is non-torsion, whence its characteristic ideal is trivial.
In the spirit of the Iwasawa Main Conjecture one expects that the corresponding
p-adic L-function should be 0. Here we verify this.

In the function field setting, non-isotrivial elliptic curves are known to be modu-
lar: that is, there is a cuspidal automorphic function f associated with A; its level
is n, the conductor of A/K (as a divisor of K). For any n ≥ 0, let dn denote the
divisor nv0 and let K(dn)/K be the corresponding ray class field. It is shown in
[Tan93] how to construct a modular element Θdn,f ∈ Zp[Gal(K(dn)/K)], such that
for each ω ∈ Gal(K(dn)/K)∨ one has

(15) ω(Θdn,f ) = τω · L(A,ω, 1) ,

where τω is a Gauss sum.
By [Tan93, Proposition 2, 2.(d)], the maps

Zp[Gal(K(dn+1)/K)]−→ Zp[Gal(K(dn)/K)]

send the modular elements Θdn,f into each other, so that one can take their limit

Θ̃. Any abelian extension of K totally ramified above v0 and unramified elsewhere
is contained in ∪K(dn): in particular this holds for our L. Let Θ be the image of

Θ̃ under the projection

lim←−Zp[Gal(K(dn)/K)]−→ Λ .

Equation (15) shows that Θ satisfies the interpolation property required for the
p-adic L-function. Observe that Θdn,f is invariant under the action of Gal(K/k),
since the modular elements are already defined above k. Thus, as elements of
Zp[[Gal(L/k)]],

Θ = τ ·Θ · τ−1 = Θ#.

On the other hand, by [Tan93, Proposition 3] we have

Θdn,f = −Θ#
dn,f

· η,

where η ∈ Gal(K(dn)/K) corresponds to the divisor n′ = n− v0. This implies that
Θ = 0.
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