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KATO’S INEQUALITY AND FORM BOUNDEDNESS OF KATO

POTENTIALS ON ARBITRARY RIEMANNIAN MANIFOLDS

BATU GÜNEYSU

(Communicated by Varghese Mathai)

Abstract. Let M be a Riemannian manifold and let E → M be a Hermitian
vector bundle with a Hermitian covariant derivative ∇. Furthermore, let H(0)
denote the Friedrichs extension of ∇∗∇/2 and let V : M → End(E) be a
potential. We prove that if V has a decomposition of the form V = V1 − V2

with Vj ≥ 0, V1 locally integrable and |V2| in the Kato class of M , then one
can define the form sum H(V ) := H(0)� V in ΓL2 (M,E) without any further
assumptions on M . Applications to quantum physics are discussed.

1. Introduction

Let M be a smooth Riemannian m-manifold,1 equipped with the Riemannian
volume measure vol(•). The usual scalar Laplace Beltrami operator will be written
as Δ = −d∗d. Let E → M be a smooth (finite dimensional) Hermitian vector
bundle with a Hermitian covariant derivative ∇. The symbol ‖•‖x stands for the
norm and the operator norm corresponding to the Hermitian structure (•, •)x on
each fiber Ex. For any section Ψ in E or in End(E), we will use the notation

|Ψ| : M −→ [0,∞), |Ψ| (x) := ‖Ψ(x)‖x .
The smooth sections in E with compact support will be denoted by ΓC∞

0
(M,E),

and ΓL2(M,E) stands for the Hilbert space of (equivalence classes of) measurable
sections f in E such that

‖f‖2 :=

∫
M

‖f(x)‖2x vol(dx) < ∞,

with scalar product

〈f1, f2〉 =
∫
M

(f1(x), f2(x))xvol(dx).(1)

The Hermitian covariant derivative ∇ induces the Bochner Laplacian

∇∗∇ : ΓC∞
0
(M,E) −→ ΓC∞

0
(M,E),(2)

which is a second order elliptic differential operator. Here, ∇∗ stands for the formal
adjoint of∇ with respect to (1), where T∗M is (complexified and) equipped with the
fixed Riemannian structure. The assignment (2) defines a symmetric nonnegative
operator in ΓL2(M,E). Throughout, let V : M → End(E) be a potential; that is,
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V is a measurable section in End(E) such that V (x) : Ex → Ex is self-adjoint for
almost every (a.e.) x ∈ M .

The nonrelativistic quantum mechanical description of the energy of atoms cor-
responds to the spectral theory of self-adjoint operators in ΓL2(M,E) that are
formally given by ∇∗∇ + V , where V may locally have a very singular behavour.
This is certainly well-known in the Euclidean Rm, but recently it has been realized
[6], [5], [9] that it is also possible to formulate analogous quantum mechanical prob-
lems on general nonparabolic Riemannian manifolds. Two typical situations that
we have in mind are described in the following example:

Example 1.1. Let M be nonparabolic. Then there is a natural analogue of the
usual Euclidean Coulomb potential, namely, the minimal positive Green’s func-
tion G : M × M → (0,∞]. G has a singular behaviour near diag(M), which is
comparable with the Coulomb singularity.

1. If one neglects spin, then the energy of atoms with one electron is described
by operators of the form ∇∗∇− κG(•, x0)1 in ΓL2(M,E), where rankE = 1, where
κ ≥ 0, and where the nucleus is considered as fixed in y with respect to the electron.

2. If one takes the electron’s spin into account (assuming now that M has a

spinC structure), then the energy of an atom as above is described by an operator

of the form D2−κG(•, x0)1 in ΓL2(M,E), where now E is a spinC bundle and D is
the corresponding Dirac operator. By the Lichnerowitz formula, this operator has
a unique representation of the form ∇∗∇+ V .

In view of these considerations, the proper definition of self-adjoint realizations in
ΓL2(M,E) of operators that are formally given by∇∗∇+V , with V possibly singular
and M arbitrary, is a very natural question in the nonrelativistic description of
atoms. The aim of this paper is to show how one can use quadratic form methods
to define such a canonic self-adjoint realization (“the form sum”) without any further
assumptions on M and under very weak assumptions on V , which are, nevertheless,
usually easy to check in applications through Lp-type criteria, as we will show below.
Analogously to the well-known case of scalar Schrödinger operators in Euclidean
space, this quadratic form approach has the advantage of not being restricted to
L2loc-potentials.

We proceed as follows in order to carry out this approach: First, we use the
KLMN theorem together with semigroup domination to prove that the form sum
H(V ) := H(0)�V of the Friedrichs realizationH(0) of∇∗∇/2 and V is well-defined,
if there are potentials V1, V2 ≥ 0 with V = V1 − V2 such that |V1| ∈ L1loc(M) and
such that |V2| is −Δ/2-form bounded with bound < 1 (see Theorem 2.4). This
abstract result shows that it is essentially enough to consider scalar problems, but
it is still a difficult task to check the latter “scalar” condition. In the Euclidean
Rm, however, it is well-known that a scalar potential v : Rm → R is −Δ/2-form
bounded with bound < 1 if v is in the Euclidean Kato class K(Rm). There are two
equivalent definitions of K(Rm): The original analytic one, which first appeared
in T. Kato’s paper [12], and the probabilistic one using Brownian motion which
we know from the Aizenman-Simon paper [1]. The essential observation now is
that both definitions make sense2 on arbitrary Riemannian manifolds (in fact, both
definitions can even be extended [13], [17] to arbitrary metric Dirichlet spaces) and

2Although now they will only be equivalent under certain assumptions on the underlying
Riemannian structure; see Theorem 2.9.
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that by taking the probabilistic one as the definition of K(M), one can use an
abstract result on Dirichlet spaces by P. Stollmann and J. Voigt [17] to show that
v : M → R is −Δ/2-form bounded with bound < 1, if v ∈ K(M). This is carried
out in the proof of Theorem 2.13, which is our main result, and which states that
if there is a decomposition V = V1 − V2 with potentials Vj ≥ 0, |V1| ∈ L1loc(M) and
|V2| ∈ K(M), then Theorem 2.4 is applicable; that is, H(V ) = H(0) � V is well-
defined. We believe it is a remarkable fact that we do not have to make any kind of
completeness or boundedness assumptions on the underlying Riemannian structure
in order to prove this result and that the global Kato assumption on maxσ(V2(•))
can be checked effectively in applications through Lp-criteria (see Proposition 2.8,
Theorem 2.9, and Corollary 2.11). Furthemore, our results are strong enough to deal
with Coulomb type singularities, even on a large class of nonparabolic Riemannian
manifolds (see Remark 1.2 and Remark 2.12).

Remark 1.2. Although Theorem 2.13 is modelled for potentials that need not be in
L2loc, this result has an important consequence for essential self-adjointness results:
In the situation of Theorem 2.13, the operator ∇∗∇+V is semibounded from below
on ΓC∞

0
(M,E), and this semiboundedness is a typical assumption for essential self-

adjointness criteria corresponding to operators of the form ∇∗∇ + V with |V | ∈
L2loc(M) [2]. Indeed, we have combined Theorem 2.13 with results from [2] in order
to prove [9] the essential self-adjointness of the atomic Schrödinger operators from
Example 1.1.

This paper is organized as follows: We first recall some abstract facts about
quadratic forms in Hilbert spaces and then use these results together with prob-
abilistic semigroup methods to prove Theorem 2.4. Next we introduce the Kato
class K(M) corresponding to the Riemannian manifold M (see Definition 2.6) and
collect several criteria (in particular Lp-type criteria) for functions on M to be in
K(M). Then we will prove Theorem 2.13 and, as an additional result, we will use
a result of O. Milatovic [15] to prove Proposition 2.14, which states that if M is
geodesically complete, then ΓC∞

0
(M,E) is a form core for H(V ) under the assump-

tions of Theorem 2.13. Here, the geodesic completeness enters the proof through
the existence of appropriate cut-off functions.

2. Main results

We first recall some well-known facts from the perturbation theory of quadratic
forms: Let H be a Hilbert space. If q1 and q2 are quadratic forms in H , then their
sum q1 + q2 is defined on D(q1 + q2) := D(q1) ∩ D(q2), and q1 + q2 is semibounded
from below and closed if q1 and q2 are semibounded from below and closed. If
H ≥ c is a self-adjoint operator in H and if c′ ≤ c, then the densely defined, closed
quadratic form q ≥ c corresponding to H can be defined by

D(q) = D
(
(H − c′)

1
2

)
, q(f) =

∥∥∥(H − c′)
1
2 f

∥∥∥2
H

+ c′ ‖f‖2H ,(3)

and (3) does not depend on c′. Conversely, if q ≥ c is a densely defined, closed
quadratic form, then there is a unique self-adjoint operator H ≥ c with (3) for all
c′ ≤ c.

One often applies these considerations in the following situation: If H ′ ≥ c
is a symmetric operator in H , then the quadratic form q′(f) := 〈Hf, f〉H with
D(q′) := D(H ′) is closable, and its (minimal) closure q ≥ c corresponds uniquely
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in the above sense to a self-adjoint operator H ≥ c, the Friedrichs extension of H ′.
We refer the reader to [11] for details on these facts.

Let q ≥ 0 be a densely defined, closed quadratic form in H and let H ≥ 0 be
the corresponding self-adjoint operator. We will use the usual extension q(f) := ∞
if f ∈ H \ D(q). Using spectral calculus, q can be easily further characterized as
follows:

D(q) =

{
f

∣∣∣∣f ∈ H , lim
t↘0

〈
f − e−tHf

t
, f

〉
H

< ∞
}

,

q(f) = lim
t↘0

〈
f − e−tHf

t
, f

〉
H

.(4)

Next, we state a well-known perturbation theorem ([11], Theorem 3.4 on p. 338):

Theorem 2.1 (KLMN theorem). Let q̃ be a real-valued quadratic form on H which
is q-bounded with bound < 1, that is, one has D(q) ⊂ D(q̃) and there are constants
0 ≤ C1 < 1 and C2 ≥ 0 such that

|q̃(f)| ≤ C1q(f) + C2 ‖f‖2H for all f ∈ D(q).(5)

Then the quadratic form q+ q̃ is semibounded from below and closed. In particular,
there is a unique self-adjoint semibounded from below operator which corresponds
to q + q̃ in the sense of (3).

We return to our manifold setting: As we have already remarked, the operator
∇∗∇/2 with domain of definition D(∇∗∇/2) = ΓC∞

0
(M,E) is a nonnegative sym-

metric operator in ΓL2(M,E), and the Friedrichs extension of this operator will be
denoted by H(0) ≥ 0. With a slight abuse of notation, we will continue to denote
the Friedrichs extension of −Δ/2 in L2(M) by −Δ/2 ≥ 0. The quadratic forms
that correspond to H(0) in ΓL2(M,E) and to −Δ/2 in L2(M) will be written as
qH(0) and q−Δ/2, respectively. Furthermore, the potential V defines a quadratic
form in ΓL2(M,E) by setting

D(qV ) =
{
f
∣∣∣ f ∈ ΓL2(M,E), (V f, f) ∈ L1(M)

}
,

qV (f) =

∫
M

(V (x)f(x), f(x))x vol(dx).(6)

For our probabilistic considerations, let M := (Ω,F ,F∗,P) be a filtered prob-
ability space which satisfies the usual assumptions. We assume that M is chosen
in a way such that for any x ∈ M , M carries a Brownian motion B(x) with re-
spect to the Riemannian manifold M , starting from x (a possible choice for M and
B(x) which uses the Nash embedding theorem can be found in [7] and the references
therein). If ζ(x) : Ω → [0,∞] is the lifetime of B(x) and if [0, ζ(x))×Ω ⊂ [0,∞)×Ω
stands for the half open stochastic interval of all (t, ω) with 0 ≤ t < ζ(x)(ω), then
B(x) : [0, ζ(x))× Ω → M .

With these preparations, we can prove the following technical result, which will
directly imply Theorem 2.4 below.
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Proposition 2.2. Assume that V has a decomposition V = V1−V2 into potentials
V1, V2 ≥ 0 such that q|V2| = qmaxσ(V2(•)) is q−Δ/2-bounded with bound < 1. Then
qV2

is qH(0)-bounded with bound < 1, one has

D(qH(0) + qV ) = D(qH(0)) ∩ D(qV1
),(7)

and the quadratic form qH(0) + qV is closed and semibounded from below.

Remark 2.3. 1. Note that we do not make any (completeness or boundedness)
assumptions on the Riemannian structure of M .

2. The crucial point for the proof of Proposition 2.2 is the semigroup domination〈
e−tH(0)Ψ,Ψ

〉
≤

〈
e

t
2Δ|Ψ|, |Ψ|

〉
L2(M)

for any Ψ ∈ ΓL2(M,E), which will be proved with probabilistic methods. Explicitly,
we will use a geometric Feynman-Kac type path integral formula from [4]. In fact,
we have combined the results from [4] with the results of this note to generalize the
cited path integral formula to Schrödinger type operators with singular potentials
in [8].

Proof of Proposition 2.2. For any t > 0 the stochastic parallel transport with re-
spect to (B(x),∇) will be written as

//xt : Ex −→ EBt(x) in {t < ζ(x)} ⊂ Ω.

The construction of //xt is not important for the following considerations; we will
only need the following fact: The map

//xt |ω: Ex −→ EBt(x)(ω)

is unitary for P-a.e. ω ∈ {t < ζ(x)}.
Exhausting M with a sequence of relatively compact open subsets in order to

deal with the possible explosion in a finite time of B(x), the following Feynman-Kac
formulae have been proven in [4]: For any t > 0, Ψ ∈ ΓL2(M,E), ψ ∈ L2(M) and
a.e. x ∈ M one has

e−tH(0)Ψ(x) =

∫
{t<ζ(x)}

//x,−1
t Ψ(Bt(x))dP, e

t
2Δψ(x) =

∫
{t<ζ(x)}

ψ(Bt(x))dP.

In particular, applying these formulae with ψ := |Ψ| implies the semigroup domi-

nation
∥∥e−tH(0)Ψ(x)

∥∥
x
≤ e

t
2Δ|Ψ|(x), so that〈

e−tH(0)Ψ,Ψ
〉
≤

〈
e

t
2Δ|Ψ|, |Ψ|

〉
L2(M)

.(8)

If f ∈ D(qH(0)), then by (4) and the latter inequality one has

∞ > qH(0) = lim
t↘0

〈
f − e−tHf

t
, f

〉
≥ lim

t↘0

〈
|f | − e

t
2Δ |f |
t

, |f |
〉

L2(M)

= q−Δ/2(|f |),

so that

|f | ∈ D(q−Δ/2) and qH(0)(f) ≥ q−Δ/2(|f |).(9)
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Finally,

qV2
(f) ≤ q|V2|(|f |) ≤ C1q−Δ/2(|f |) + C2 ‖f‖2

≤ C1qH(0)(f) + C2 ‖f‖2

for some 0 ≤ C1 < 1 and some C2 ≥ 0, which follows directly from the assumptions
and (9), so that qV2

is qH(0)-bounded with bound < 1.
Now (7) follows from D(qH(0)) ⊂ D(qV2

) and V = V1 −V2, and the last assertion
is implied by the KLMN theorem: Indeed, we have qH(0) + qV = qH(0) − qV2

+ qV1

and the KLMN theorem implies that qH(0) − qV2
is closed and semibounded from

below on D(qH(0)). On the other side, qV1
is closed and nonnegative by the above

abstract considerations (this is the quadratic form corresponding to the nonnegative
multiplication operator defined by V1), so that qH(0)+qV is closed and semibounded
from below. �

Proposition 2.2 has the following important consequence:

Theorem 2.4. Assume that V has a decomposition V = V1 − V2 into potentials
V1, V2 ≥ 0 such that |V1| ∈ L1loc(M) and such that q|V2| is q−Δ/2-bounded with bound
< 1. Then one has (7), and the quadratic form qH(0)+qV is densely defined, closed

and semibounded from below. In particular, the form sum3 H(V ) := H(0) � V is
well-defined.

Proof. We only have to prove that D(qH(0) + qV ) is dense. But clearly the local
integrability of V1 implies ΓC∞

0
(M,E) ⊂ D(qH(0))∩D(qV1

), so that the claim follows
from (7). �

We also state the following corollary to the proof of Proposition 2.2 separately.
It is a quadratic form version of Kato’s inequality [2]:

Corollary 2.5. One has |f | ∈ D(q−Δ/2) and qH(0)(f) ≥ q−Δ/2(|f |) for any f ∈
D(qH(0)).

In general, it is a difficult task to determine large explicitly given classes of
potentials V that ensure that qV is qH(0)-bounded with bound < 1. However, it is
well-known that the latter condition is satisfied for scalar Schrödinger operators in
the Euclidean Rm if the potential is in the Kato class of the underlying Riemannian
structure.4 As an application of Theorem 2.4, we are going to extend this classical
result to our general setting.

To this end, let pt(x, y) denote the minimal positive heat kernel of M . For
example, pt(x, y) can be defined as the smooth integral kernel corresponding to

e
t
2Δ ∈ L (L2(M)) [3]:

e
t
2Δf(x) =

∫
M

pt(x, y)f(y)vol(dy).

3H(V ) is, by definition, the self-adjoint semibounded from below operator corresponding to
qH(0) + qV . This is a slightly nonstandard notion.

4To be more exact [17], one should actually write “...of the underlying Dirichlet space
structure”.
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The basic properties of pt(x, y) that we are going to use here are pt(y, x) =
pt(x, y) > 0 and ∫

M

pt(x, y)vol(dy) ≤ 1,(10)

and then finally the Chapman-Kolmogorov identity

pt+s(x, y) =

∫
M

pt(x, z)ps(z, y)vol(dz),

valid for all s, t > 0 and x, y ∈ M .

Definition 2.6. A measurable function5 v : M → C is said to be in the Kato class
K(M) of M if

lim
t↘0

sup
x∈M

∫ t

0

∫
M

ps(x, y) |v(y)| vol(dy)ds = 0.(11)

By a usual abuse of notation, the obvious dependence of the linear space K(M)
on the underlying Riemannian structure does not appear in our notation.

Definition 2.6 is probabilistic in its nature: Since one has ([10], Proposition 4.1.6)

P{Bt(x) ∈ N, t < ζ(x)} =

∫
N

pt(x, y)vol(dy) for any Borel set N ⊂ M,(12)

it follows that∫ t

0

∫
M

ps(x, y) |v(y)| vol(dy)ds =
∫ t

0

∫
{s<ζ(x)}

|v(Bs(x))|dPds

for all t > 0, x ∈ M and any measurable function v : M → C.
If v ∈ L∞(M), then (10) implies∫ t

0

∫
M

ps(x, y) |v(y)| vol(dy)ds ≤ Ct

for some essential bound C > 0 of v, so that one always has

L∞(M) ⊂ K(M).(13)

We also note the following facts:

Proposition 2.7. Let v : M → C be measurable.

a) For any r, t > 0 one has(
1− e−rt

)
sup
x∈M

∫ ∞

0

e−rs

∫
M

ps(x, y)|v(y)|vol(dy)ds

≤ sup
x∈M

∫ t

0

∫
M

ps(x, y) |v(y)| vol(dy)ds

≤ ert sup
x∈M

∫ ∞

0

e−rs

∫
M

ps(x, y)|v(y)|vol(dy)ds.(14)

In particular, one has v ∈ K(M) if and only if

lim
r→∞

sup
x∈M

∫ ∞

0

e−rs

∫
M

ps(x, y)|v(y)|vol(dy)ds = 0.(15)

5In typical applications, v will be real-valued of course.
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b) If for any compact K ⊂ M there is a εK > 0 with

sup
x∈M

∫ εK

0

∫
K

ps(x, y) |v(y)| vol(dy)ds < ∞,

then one has v ∈ L1loc(M). In particular, one has K(M) ⊂ L1loc(M).

Proof. a) This assertion follows from a straightforward application of the Chapman-
Kolmogorov identity. Details can be carried out as in the proof of Lemma 3.1 in
[14] (where the authors consider measure perturbations of Dirichlet forms) if one
defines a Kato type measure by setting μ(dx) := |v(x)|vol(dx).

b) Let K ⊂ M be compact and fix some CK > 0 such that for all s ∈ [εK/2, εK ]
and all x, y ∈ K one has ps(x, y) > CK . Then

CK

(
εK − εK

2

)∫
K

|v(y)| vol(dy)

≤ sup
x∈M

∫
K

∫ εK

0

ps(x, y)ds |v(y)| vol(dy),(16)

which is finite. �

We now turn to criteria for functions to be in the Kato class. The first one is an
abstract Lp type criterion:

Proposition 2.8. Assume that there is a C > 0 and a t0 > 0 such that for all
0 < t < t0 one has

sup
x,y∈M

pt(x, y) ≤
C

t
m
2
.(17)

Then for any p such that p ≥ 1 if m = 1 and p > m/2 if m ≥ 2, one has

Lp(M) + L∞(M) ⊂ K(M).

Proof. It is sufficient to prove Lp(M) ⊂ K(M), so let v ∈ Lp(M), 0 < t < t0, x ∈ M
and 1/p+ 1/q = 1. Then using Hölder’s inequality we get∫ t

0

∫
M

ps(x, y)v(y)vol(dy)ds ≤ ‖v‖Lp(M)

∫ t

0

‖ps(x, •)‖Lq(M) ds.(18)

Since (17) and (10) give(∫
M

ps(x, y)
q−1ps(x, y)vol(dy)

) 1
q

≤ C
1
p

s
m
2p

,

one has that (18) is

≤ ‖v‖Lp(M) C
1
p

∫ t

0

1

s
m
2p
ds,

which tends to 0 as t ↘ 0. �

Let d(x, y) stand for the geodesic distance of x, y ∈ M and let Kr(x) stand for
the open geodesic ball with radius r around x. For p ≥ 1 let Lpu,loc(M) denote
the space of uniformly locally p-integrable functions on M ; that is, a measurable
function v : M → C is in Lpu,loc(M) if and only if

sup
x∈M

∫
K1(x)

|v(y)|p vol(dy) < ∞.(19)
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Again, the dependence of this space on the Riemannian structure will not be indi-
cated in our notation. Note the trivial inclusions

Lp(M) ⊂ Lpu,loc(M) ⊂ Lploc(M).

With the following control on the Riemannian structure, one has an equiva-
lent analytic characterization of K(M) and a large class of Kato functions can be
constructed:

Theorem 2.9. Let M be geodesically complete with Ricci curvature bounded from
below and assume that there is a C > 0 and an R > 0 such that for all 0 < r < R
and all x ∈ M one has

vol(Kr(x)) ≥ Crm.(20)

a) A measurable function v : M → C is in K(M) if and only if

v ∈ L1u,loc(M), if m = 1,

and

lim
r↘0

sup
x∈M

∫
Kr(x)

|v(y)|hm(d(x, y))vol(dy) = 0, if m ≥ 2.

Here, hm : [0,∞] → [−∞,∞] is the function given by

hm(r) :=

{
r2−m, if m > 2,

log(r−1), if m = 2.
(21)

b) For any p such that p ≥ 1 if m = 1 and p > m/2 if m ≥ 2, one has
Lpu,loc(M) ⊂ K(M).

Remark 2.10. If M is geodesically complete with Ricci curvature bounded from
below and a positive injectivity radius, then M satisfies the assumptions of Theo-
rem 2.9. This is explained in [13, p. 110] and the references therein.

Proof of Theorem 2.9. These assertions are included in [13, p. 110] in the follow-
ing sense: There, the authors assume that M is geodesically complete with Ricci
curvature bounded from below and a positive injectivity radius (which, according
to the remark above, is a slightly stronger assumption), but the assumption on the
injectivity radius is only used to deduce (20). �

The analytic characterization of K(M) from Theorem 2.9 coincides with the
original form of the Kato assumption in the Euclidean Rm, which first appeared as
condition (1.5) in [12].

Using Bishop-Gromov’s volume comparison theorem, we get:

Corollary 2.11. Let M be geodesically complete with Ricci curvature bounded from
below.

a) For any p ≥ 1, one has

Lp(M) + L∞(M) ⊂ Lpu,loc(M).

b) Assume that there is a C > 0 and an R > 0 such that for all 0 < r < R and
all x ∈ M one has

vol(Kr(x)) ≥ Crm.(22)

Then for any p such that p ≥ 1 if m = 1 and p > m/2 if m ≥ 2, one has

Lp(M) + L∞(M) ⊂ K(M).
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Proof. a) Assume that κ ∈ R is chosen such that Ric ≥ (m − 1)κ and let lm,κ :
(0,∞) → (0,∞) be given as

lm,κ(r) = Cm

∫ r

0

(
sin(s

√
κ)√

κ

)m−1

ds, if κ > 0,

lm,κ(r) = Cm

∫ r

0

(
sinh(s

√
−κ)√

−κ

)m−1

ds, if κ < 0,

lm,0(r) = Cm

∫ r

0

sm−1ds,

(23)

with Cm the Euclidean volume of the unit sphere Sm−1 ⊂ Rm. Note that lm,κ(r) is
just the volume of a geodesic ball with radius r in the m-dimensional model space
with constant sectional curvature κ, so that Bishop-Gromov’s volume comparison
theorem [16] states that for all x ∈ M and all r > 0 one has vol (Kr(x)) ≤ lm,κ(r).
In particular, for v = v1 + v2 ∈ Lp(M) + L∞(M),∫

K1(x)

|v(y)|p vol(dy)

≤ 2p−1

∫
K1(x)

|v1(y)|p vol(dy) + 2p−1

∫
K1(x)

|v2(y)|p vol(dy)

≤ 2p−1 ‖v1‖pL∞(M) lm,κ(1) + 2p−1 ‖v2‖pLp(M) ,

which proves the assertion.

b) This follows from part a) and Theorem 2.9 b). One can also use Proposition 2.8
to deduce this result; namely, it is included in [13, p. 110] that (17) is satisfied in
this situation. �

Remark 2.12. The class K(M) is big enough to include Coulomb type singularites:
If M is the Euclidean R3, then Corollary 2.11 obviously implies that the function
v : R3 → R, v(x) := C/ |x|

R3 if x �= 0 and v(x) := 0 if x = 0 is in K(R3) for any
C ∈ R. Of course, this can also be seen from Proposition 2.8. More generally, one
can use the latter result to show that if M is three dimensional and geodesically
complete such that pt(x, y) satisfies a Gaussian upper bound for all times, then M
is nonparabolic and the corresponding Coulomb potential G(, x0) : M → [0,∞] is
in K(M) [9].

Remarkably, we do not have to make any kind of completeness or boundedness
assumption on the underlying Riemannian structure in order to prove our main
result:

Theorem 2.13. Assume that V has a decomposition V = V1 − V2 into potentials
V1, V2 ≥ 0 such that

|V1| ∈ L1loc(M) and |V2| ∈ K(M).

Then one has (7), and the quadratic form qH(0) + qV is densely defined, closed and
semibounded from below so that the form sum H(V ) = H(0)� V is well-defined.

Proof. By Theorem 2.4 it is sufficient to prove that with

0 ≤ v := |V2| ∈ K(M),

it holds that qv is q−Δ/2-bounded with bound < 1.
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To this end, we will use an abstract result from the theory of measure perturba-
tions of regular Dirichlet forms from [17]: By definition, C∞

0 (M) is a core for the
quadratic form q−Δ/2. Furthermore, one has6

C∞
0 (M) ⊂ C0(M) ∩ D(q−Δ/2),

and C∞
0 (M) is dense in C0(M) with respect to ‖•‖∞. In particular, (10) implies

that q−Δ/2 is a regular Dirichlet form in L2(M). For any r > 0 let

Cr(v) := sup
x∈M

∫ ∞

0

e−rs

∫
M

ps(x, y)v(y)vol(dy)ds.(24)

It follows from Proposition 2.7 a) that Cr(v) < ∞ for some/all r > 0. As a

consequence, the Kato type measure μ(dx) := v(x)vol(dx) is in the class ŜK from
[17], so that Theorem 3.1 in [17] implies

qv(u) =

∫
M

|u(x)|2v(x)vol(dx) ≤ Cr(v)q−Δ/2(u) + rCr(v) ‖u‖2L2(M)(25)

for all r > 0, u ∈ D(q−Δ/2). Finally, we may use (15) to take r large enough with
Cr(v) < 1 in the last inequality to complete the proof. �

Finally, we show that under geodesic completeness, ΓC∞
0
(M,E) is a form core

for H(V ) in the setting of Theorem 2.13:

Proposition 2.14. In the situation of Theorem 2.13, assume that M is geodesically
complete. Then ΓC∞

0
(M,E) is a form core for H(V ).

Proof. Since the proof Theorem 2.13 actually shows that qV2
is qH(0)-bounded with

bound < 1, we can assume V2 = 0. But in this case, the result has been proven
in [15, Lemma 2.2]. As we have already mentioned in the introduction, the geo-
desic completeness assumption enters the proof of the latter assertion through the
existence of appropriate cut-off functions. �
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