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APPROXIMATION BY STRONGLY ANNULAR SOLUTIONS

OF FUNCTIONAL EQUATIONS

R. DAQUILA

(Communicated by Walter Van Assche)

Abstract. A major result of this paper is that the set of all functions g(z)
such that g is strongly annular and is a solution of a Mahler type of func-
tional equation given by g(z) = q(z)g(zp) where p ≥ 2 is an integer and q is
a polynomial with q(0) = 1 is a dense first category set in the set of all holo-

morphic functions on the open unit disk with the topology of almost uniform
convergence. A second result is that strongly annular solutions of these types
of functional equations are dense in the space of holomorphic functions with
Maclaurin coefficients of ±1 with the same topology.

1. Introduction

A function g holomorphic on the open unit disk is said to be strongly annular if
there exists a strictly increasing sequence of positive real numbers {rn} converging
to 1 such that the minimum modulus of g goes to infinity on circles centered at
the origin of radius rn. Bonar [2] has summarized much of the development of the
subject of annular functions. A non-constant holomorphic function g is a solution to
the Mahler type of functional equation if there is an integer p ≥ 2 and a polynomial
q with q(0) = 1 such that g satisfies the functional equation

(1.1) g(z) = q(z)g(zp).

It has been shown by Daquila [5] that if

(1.2) q(0) = 1 and lim inf
r→1−

min
|z|=r

|q(z)| > 1,

then the unique solution g of (1.1) for which g(0) = 1 is a strongly annular function.
The focus of this paper is to show that any function holomorphic on the open

unit disk can be approximated by a solution to a Mahler type of functional equation
(1.1). We denote all the solutions to the functional equation (1.1) as M . The set M
can be characterized as the set of all non-constant holomorphic functions g on the
unit disk such that, for some integer p, p ≥ 2, the meromorphic function g(z)/g(zp)
is actually a polynomial whose value at the origin is 1.

In the second section of this paper we show that the set of all functions g which
are strongly annular and are in the set M form a dense first category set in the
set of all functions holomorphic on the open unit disk with the topology of almost
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uniform convergence. This result is not intuitively obvious based on the bound
found by Becker [1] in estimating the rate of growth of polynomial combinations of
solutions to this functional equation. It has been proven by Bonar and Carroll [3]
that annular functions form a residual set with this same topology.

In the third section of this paper we show that if we consider only holomorphic
functions whose Maclaurin coefficients are ±1, then the set of strongly annular
solutions with coefficients of ±1 that are solutions to the set of functional equations
is dense in the topology of almost uniform convergence. The set of strongly annular
functions with coefficients of ±1 has been studied by Howell [7], who was able to
show that this set of functions forms a residual set. We note that the set of solutions
to the functional equations (1.1) where q is a polynomial with coefficients ±1 and
p ≥ 2 is an integer is countable and obviously of first category.

2. Holomorphic functions

The solution of a functional equation of type (1.1) for a given q and p is uniquely
determined up to a multiplicative complex constant. The focus of this section
is approximating a holomorphic function by a solution of equation (1.1) that is
strongly annular. A version of Runge’s theorem is stated as follows.

Theorem 2.1 (Runge’s theorem). The polynomials with complex coefficients are
dense in the set of all functions holomorphic on the open unit disk with the topology
of almost uniform convergence. (See Conway [4] p. 198.)

To show that the set of functions M is dense it is enough to show that the set M
is dense in the set of polynomials described above. It is important to note that if a
stongly annular function is multiplied by a non-zero constant the resulting function
is strongly annular.

Lemma 2.2. The set of functions {cq(z) : c ∈ C, c �= 0, q is a polynomial satifying
(1.2)} is dense in the set of all functions holomorphic in the open unit disk with the
topology of almost uniform convergence.

Proof. Since polynomials are dense in this topology by Runge’s theorem, it suffices
to prove that the set of functions described in Lemma 2.2 is dense in the set of
polynomials.

Let K be a compact subset of the open unit disk, and let ε > 0 be given. Let
h(z) be an arbitrary polynomial with coefficients aj :

h(z) =

n∑

j=0

ajz
j .

Choose a number b0 �= 0 such that |a0− b0| < ε/2. Set bi = ai for i = 1, 2, . . . , n.
Define the numbers cj = bj/b0 for j = 0, 1, 2, . . . , n. A number A ∈ C can be chosen
such that the following inequality is satisfied:

(2.1) |A| −
n∑

j=0

|cj | > 1.

Choose a positive integer m > n = deg h such that |b0| |A| |z|m < ε/2 on K. The
polynomials b(z) and q(z) are defined below such that the coefficients of h(z) are
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equal to the coefficients of b(z) (except for the constant term) and the coefficients
of the polynomial b0q(z) are equal to b(z) (except for the zm term):

b(z) =

n∑

j=0

bjz
j and q(z) =

n∑

j=0

cjz
j +Azm.

The polynomial q(z) has been constructed so that it satisfies the conditions of
(1.2). It is clear from the choice of coefficients that the value of q(z) at the origin
is 1. The minimum modulus of the polynomial q on the boundary of the unit disk
can be estimated using inequality (2.1):

min
|z|=1

|q(z)| ≥ |A| −
n∑

j=0

|cj | > 1.

The polynomial b0q(z) approximates the function h(z) on the compact set K.
That is, for all z in K we have the following inequality:

|h(z)− b0q(z)| ≤ |h(z)− b(z)|+ |b(z)− b0q(z)|
= |a0 − b0|+ |b0| |A| |z|m < ε.

Thus we have shown, for any polynomial h and compact subset K of the open
unit disk and an ε > 0, that we can find c �= 0 and a polynomial q such that
|h(z)− cq(z)| < ε, for z ∈ K. �

Theorem 2.3. The set of strongly annular functions that satisfy equation (1.1) is
dense in the set of all functions holomorphic on the open unit disk with the topology
of almost uniform convergence.

Proof. It is enough to show that the set of polynomials can be approximated almost
uniformly by such functions. Let h(z) be a polynomial with complex coefficients,
let K be a compact subset of the open unit disk, and let ε > 0 be given. By
Lemma 2.2 there is a polynomial q satisfying (1.2) and a constant c �= 0 so that
|h(z)− cq(z)| < ε/2 on K.

Define the functions Lp for each positive integer p ≥ 2 as

Lp(z) =
∞
Π

k=0
q(zp

k

).

It was shown by Daquila [5] that this product converges uniformly on compact
subsets of the open unit disk. Hence, for each positive integer p ≥ 2, Lp is holo-
morphic in the open unit disk. It was also shown in [5] that Lp satisfies (1.1) and is
a strongly annular function. It is important to notice that as p → ∞ the sequence
of functions Lp(z

p) converges to the function a(z) ≡ 1 uniformly on K.
Choose p > deg q(z) and large enough so that for all z ∈ K we have a bound of

|cq(z)(1− Lp(z
p))| < ε/2. Then for z ∈ K we have the estimate

|h(z)− cLp(z)| = |h(z)− cq(z)Lp(z
p)|

≤ |h(z)− cq(z)|+ |cq(z)(1− Lp(z
p))|

< ε.

Hence the strongly annular solutions of equation (1.1) are dense in the set of all
holomorphic functions on the open unit disk with the topology of almost uniform
convergence. �
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Theorem 2.4. The set M is a first category set in the topology of almost uniform
convergence of all functions holomorphic on the open unit disk.

Proof. For each integer p ≥ 2 and n ≥ 1, define Mn,p to be the collection of all
solutions g of the functional equation (1.1) such that q is a polynomial of degree at
most n. The set M is then the countable union of the sets Mn,p. We will show that
M is of first category by showing that eachMn,p is nowhere dense. To do this we will
show that the closure of each Mn,p contains no non-constant polynomials. As the
non-constant polynomials are dense in the topology of almost uniform convergence
this gives us that each Mn,p is nowhere dense.

Suppose g is a non-constant polynomial contained in the closure of Mn,p for
some p ≥ 2 and n ≥ 1. Let gj be a sequence of functions in Mn,p that converges
almost uniformly to g. It follows then that gj(z

p) converges almost uniformly to

g(zp). Since g(z)
g(zp) is a polynomial of degree between 1 and n for each j ∈ N, we

may conclude that
gj(z)
gj(zp) is a polynomial of degree between 0 and n. Call this

polynomial q. Note that q �≡ 0 since each polynomial
gj(z)
gj(zp) takes on the value 1 at

the origin. Therefore, we have g(z) = q(z)g(zp), which is a contradiction since the
degrees of the polynomials on each side of this equation are different. In particular,
deg g �= deg q + p · deg g. �

Combining Theorem 2.3 and Theorem 2.4 yields the main result of this section,
which we now state.

Theorem 2.5. The subset of M that consists of strongly annular functions is
a dense first category subset of functions holomorphic on the unit disk with the
topology of almost uniform convergence.

3. Functions with coefficients ±1

The existence of polynomials with Maclaurin coefficients ±1 and whose minimum
modulus is greater than 1 on |z| = 1 has been studied by Carroll, Eustice and Figiel
[6]. We use the following example. The polynomial function

(3.1) P (z) = 1− z + z2 + z3 + z4

whose coefficients are all ±1. If we make the substitution z = eiθ and compute the
square of the modulus we get the expression

|P (z)|2 = |P (eiθ)|2 = 5 + 2 cos(2θ) + 2 cos(4θ).

One may check that the minimum value of this expression is
√
11/2.

The first lemma of this section gives a construction of a sequence of polynomials
with coefficients ±1 with various properties whose minimum modulus on the unit
circle has a positive lower bound.

Lemma 3.1. Let Q(z) be a polynomial of degree m − 1 with coefficients ±1 and
Q(0) = 1. Define the sequence of polynomials Qn recursively by

Q1(z) = Q(z) =

m−1∑

j=0

δjz
j

Qn+1(z) = Qn(z
m)Q(z),

where each δj = ±1. The polynomials Qn satisfy each of the following conditions:
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(i) Qn(z) is of degree mn − 1.
(ii) Qn(z) has coefficients of ±1.

(iii) Qn(z) =
n−1∏
ν=0

Q(zm
ν

).

(iv) Qn(z)−Q(z) has a zero of order m at the origin for n ≥ 2.
(v) If min

|z|=1
|Q(z)| > α, then min

|z|=1
|Qn(z)| ≥ αn.

Proof. The proof is by induction where the case n = 1 is obvious by the definition
of Q1 = Q. Assume for the purpose of induction that

Qn(z) =

n−1∏

ν=0

Q(zm
ν

) =

μ∑

ν=0

ενz
ν ,

where εν = ±1 and the degree of Qn is μ = mn − 1. We apply the definition of
Qn+1 and get the following expression:

Qn+1(z) = Qn(z
m)Q(z) = Q(z)

n−1∏

ν=0

Q(zm
ν+1

) =
n∏

ν=0

Q(zm
ν

)

=

μ∑

ν=0

ενz
mνQ(z) =

μ∑

ν=0

ενz
mν

m−1∑

j=0

δjz
j =

μ∑

ν=0

m−1∑

j=0

ενδjz
mν+j .

The degree of the polynomialQn+1 ism
n+1−1, which we obtain when ν = μ = mn−

1 and j = m−1 are substituted in the last term. Clearly the exponentsmν+j in the
last written sum are distinct and assume all values in the set {0, 1, . . . ,mn+1 − 1},
so we can write

Qn+1(z) =

μ0∑

k=0

γkz
k,

where γk = ενδj = ±1 and μ0 = mn+1 − 1.
The order of the zero at the origin can be obtained by considering the definition

of Qn:

Qn+1(z)−Q(z) = Qn(z
m)Q(z)−Q(z) = Q(z)(Qn(z

m)− 1).

Since Q(0) = 1 and all terms of the polynomial Qn(z
m) − 1 are of degree m or

higher, the order of the zero at the origin is m.
The bound on the minimum modulus in (v) follows easily from the expression

in (iii). �

Lemma 3.2. Given a polynomial h(z) =
∑m0

j=0 εjz
j with coefficients εj = ±1, there

exists a polynomial q(z) =
∑m

j=0 δjz
j, with coefficients δj = ±1, m > m0, δj = εj

for 0 ≤ j ≤ m0 and

min
|z|=1

|q(z)| > 1.

Proof. Consider the sequence of polynomials Qn constructed in Lemma 3.1 with
Q1 = P given by (3.1). Let α =

√
11/2 and choose a natural number n0 large

enough so that αn0 > 2(m0 + 1) + 1. Consider the polynomial

Qn0
(z) =

m∑

k=0

γkz
k,
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where γk = ±1 and m = 5n0 −1. We note that m > m0. Define the set K of indices
0 ≤ k ≤ m0 such that γk �= εk. Because γk and εk are either ±1 we have γk = −εk
when k ∈ K.

Define the polynomials q0 and q(z) by:

q0(z) =
∑

k∈K
γkz

k

q(z) = Qn0
(z)− 2q0(z) =

m∑

k=0

δkz
k.

It remains to show that δk ∈ {−1, 1} for k = 0, 1, . . . ,m, that δk = εk for
k = 0, 1, . . . ,m0, and that |q(z)| > 1 when |z| = 1. For k /∈ K we get δk = γk = ±1
and for k ∈ K we have δk = −γk = ∓1; hence all coefficients are±1. For 0 ≤ k ≤ m0

we have δk = γk = εk for k /∈ K and δk = −γk = εk for k ∈ K. Consider |z| = 1 in
the estimate for q below:

|q(z)| = |Qn0
(z)− 2q0(z)|

≥ |Qn0
(z)| − |2q0(z)|

≥ αn0 − 2
∑

k∈K
|γkzk|

> 2(m0 + 1) + 1− (2(m0 + 1)),

since there are no more than m0 + 1 terms in the sum for q0. Hence the minimum
modulus condition is satisfied. �

We next state and prove the major result of this section.

Theorem 3.3. The set of strongly annular solutions of the functional equations
given by (1.1) where q(z) is a polynomial with coefficients of ±1 with q(0) = 1
and the Maclaurin coefficients of g(z) are all ±1 is a dense set in the set of all
holomorphic functions in the open unit disk with Maclaurin coefficients of ±1 in
the topology of almost uniform convergence.

Proof. Let K be a compact set in the open unit disk, let H(z) be a holomorphic
function with Maclaurin coefficients of ±1 and let ε > 0 be given. Since K is
compact there exists r with 0 < r < 1 such that |z| < r for all z ∈ K. Choose a
natural number N such that if n > N , then 2rn/(1 − r) < ε. Let n0 > N and let
h(z) be the Taylor polynomial of degree n0 for H(z) (i.e. the Maclaurin coefficients
of h and H are equal for terms of degree n0 or less).

For now let us assume that h(0) = H(0) = 1. By Lemma 3.2 there exists a
polynomial q(z) with coefficients ±1 of degree m > n0 whose minimum modulus on
|z| = 1 is greater than 1, and all of the coefficients of h are equal to the corresponding
coefficients of q. Let p = m+ 1 and define the function g as

g(z) =
∞∏

ν=0

q(zp
ν

) = lim
n→∞

n∏

ν=0

q(zp
ν

).

The infinite product converges almost uniformly on compact subsets of the open
unit disk and thus represents a holomorphic function. The function g is a strongly
annular solution to the functional equation (1.1) since q satisfies conditions (1.2).
It follows from Lemma 3.1 that the Maclaurin coefficients of g are all ±1 and that
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all coefficients of h agree with the corresponding coefficients of g. If z ∈ K, then
|z| < r and hence

|H(z)− g(z)| ≤ |H(z)− h(z)|+ |h(z)− g(z)| ≤ 2rn0

1− r
< ε.

In the case that h(0) = H(0) = −1, replace h by −h and obtain the function g
as above. If g is strongly annular and a solution to (1.1), then the function −g will
have both properties.

Hence the solutions of (1.1) are dense. �
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