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2-SELMER GROUPS OF QUADRATIC TWISTS

OF ELLIPTIC CURVES

GEORGE BOXER AND PETER DIAO

(Communicated by Ken Ono)

Abstract. In this paper we investigate families of quadratic twists of elliptic
curves. Addressing a speculation of Ono, we identify a large class of elliptic
curves for which the parities of the “algebraic parts” of the central values

L(E(d)/DQ, 1), as d varies, have essentially the same multiplicative structure
as the coefficients ad of L(E/DQ, s). We achieve this by controlling the 2-
Selmer rank (à la Mazur and Rubin) when the Tamagawa numbers do not
already dictate the parity.

1. Introduction

Let E/Q be an elliptic curve and let L(E/Q, s) be its L-function. The famous
conjecture of Birch and Swinnerton-Dyer predicts that

L(E/Q, 1) =

{ |X(E/Q)|ΩE

∏
p cp

|ETor|2 if rank(E/Q) = 0

0 if rank(E/Q) > 0,

where |X(E/Q)| denotes the order of the Shafarevich-Tate group (which we will
temporarily assume is finite), cp denotes the Tamagawa number at p, ΩE denotes
the period of E, and |ETor| is the size of the group of rational torsion points of E.
For convenience we define:

Lalg(E/Q, 1) :=
L(E/Q, 1)

ΩE
,(1.1)

LBSD(E/Q, 1) :=

{ |X(E/Q)|
∏

p cp

|ETor|2 if rank(E/Q) = 0

0 if rank(E/Q) > 0.
(1.2)

The Birch and Swinnerton-Dyer conjecture predicts that Lalg = LBSD. We consider
elliptic curves overQ withoutQ-rational 2-torsion and investigate the parity of these
quantities (even if they aren’t integers) in families of quadratic twists. If E/Q is
an elliptic curve and d �= 1 is a squarefree integer, then recall that the quadratic
twist E(d)/Q of E by d is the unique elliptic curve over Q that is not isomorphic to

E but becomes isomorphic to E over Q(
√
d). The question of how rank(E(d)/Q)

varies with d is an extremely important one and is the subject of many conjectures.
Perhaps the most notable is Goldfeld’s conjecture, which predicts that E(d)/Q has
rank 0 half the time and rank 1 half the time.
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This problem has been studied by Ono and Skinner [OS, O], who use Wald-
spurger’s theory to study the nonvanishing of central values of L-functions by in-
vestigating the power of 2 dividing Lalg. More recently it has been studied in the
work of Mazur and Rubin [MR] from the point of view of controlling 2-Selmer ranks,
which can essentially be interpreted as studying the parity of LBSD. In principle, by
combining these two works one can hope to prove the “Birch and Swinnerton-Dyer
conjecture mod 2” for many elliptic curves in a family of quadratic twists.

Our work is motivated by the beautiful example of E = X0(11). Let

f(z) =

∞∑
n=1

anq
n = η(z)2η(11z)2 = q

∞∏
n=1

(1− qn)
2 (

1− q11n
)2

be the weight 2 level 11 modular form associated toX0(11), where q = e2πiz. By the
theory of Shimura, Waldspurger, and Kohnen, there is a weight 3/2 modular form
F =

∑∞
n=1 Bnq

n associated to E whose Fourier coefficients encode the central L-
values of negative quadratic twists of E. More precisely we have Kohnen’s formula

(1.3) L(E(−d)/Q, 1) =
π〈f, f〉
2〈F, F 〉

B2
D√
D
, for (d, 11) = 1

where D = −disc(Q(
√
−d)) and the 〈·, ·〉 are the relevant Petersson inner products

for Γ0(11) and Γ0(44). In this case, F has the following nice description [Sh]. We

have that Bn = B̂4n, where B̂n is defined by

F̂ (z) =
∞∑

n=1

B̂nq
n = θ(11z)η(2z)η(22z)

=

( ∞∑
n=−∞

q11n
2

)(
q

∞∏
n=1

(
1− q2n

) (
1− q22n

))
.

Since F̂ ≡ f (mod 2), with a little work we see from Kohnen’s formula (1.3)
that for d > 0 squarefree with (d, 11) = 1, the parity of Lalg(E(−d)/Q, 1) has a very
nice description:

(1.4) Lalg(E(−d), 1) ≡ ad (mod 2).

Using the arithmetic description of f , we have that for d odd and squarefree, ad is
odd if and only if for every prime p dividing d, E has no rational 2-torsion modulo
p.

This leads to two natural questions:

(1) Can one directly prove (1.4) for LBSD(E(−d), 1)?
(2) Is this an example of a general phenomenon? In particular does the Birch

and Swinnerton-Dyer conjecture predict (1.4) for a general class of elliptic
curves?

We answer these questions for certain curves which we now define. We call an
elliptic curve E/Q good if it satisfies all of the following:

(1) The 2-Selmer rank of E is 0.
(2) The discriminant ∆ of E is negative.
(3) If p is any prime for which E has bad reduction, then E has multiplicative

reduction at p and vp(∆) is odd.
(4) E has good reduction at 2 and the reduction of E mod 2 has j-invariant 0.
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Remark. Condition (4) is equivalent to E having a minimal model

E : y2 + y = x3 + a2x
2 + a4x+ a6.

Furthermore note that this implies that the reduction of E mod 2, Ẽ(F2), has no
2-torsion.

Remark. There are many good elliptic curves. For example, an elliptic curve is good
if it has 2-Selmer rank 0, v2(j) > 0, and discriminant that is negative, squarefree,
and prime to 2.

In the course of this paper, the following condition arises sufficiently often that
we give it a name. If E/Q is an elliptic curve, we shall refer to a squarefree integer
d as 2-trivial for E if E has no rational 2-torsion mod p for every odd prime p|d.
For good E, such as X0(11), we prove the following theorem for 2-trivial integers.

Theorem 1.1. Let E/Q be a good elliptic curve. If d is a squarefree 2-trivial
integer with (d,∆) = 1, then

dimF2
(Sel2(E

(d))) =

{
0 if d is odd

1 if d is even.

In particular for such odd d we have that rank(E(d)/Q) = 0.

Remark. Mazur and Rubin [MR, Prop. 4.2] show that for an arbitrary elliptic curve
E/Q with 2-Selmer rank 0, if 0 < d ≡ 1 (mod 8∆) is a 2-trivial squarefree integer,
then E(d)/Q has 2-Selmer rank 0 as well. We show that with some assumptions
on E/Q, we can control the 2-Selmer rank of E(d)/Q for all 2-trivial squarefree
integers d prime to ∆.

Remark. If we consider the set Cr(X) of squarefree integers |d| < X with r prime
factors, as considered in [OS], then the Chebotarev density theorem implies that
for an elliptic curve E with no rational 2-torsion,

#{d ∈ Cr(X) | d is 2-trivial for E} �r |Cr(X)|.
Since the implied constants tend to 0 as r → +∞, this result falls short of proving
that a positive proportion of quadratic twists have rank 0. On the other hand we
still have

#{0 < d < X | d is squarefree and 2-trivial for E} � X

(logX)1−α

for some α > 0.

It is important to relate Theorem 1.1 to the parity of LBSD(E(d), 1) for all d that
are squarefree (positive or negative).

Theorem 1.2. Let E/Q be a good elliptic curve, and let an be defined by

L(E/Q, s) =

∞∑
n=1

an
ns

.

If d is a squarefree integer, then{
LBSD(E(d), 1) ≡ a|d| (mod 2) if (d,∆) = 1

LBSD(E(d), 1) ≡ 0 (mod 2) if (d,∆) > 1.
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Remark. Strictly speaking, the statement of this theorem presumes the conjectural
finiteness of |X(E/Q)|. However, we can define the parity of |X(E/Q)| in order
to avoid this issue. We say that |X(E/Q)| has odd order if and only if its 2-part is
trivial. Thus when suitably interpreted, this theorem can be stated unconditionally.

This paper is structured as follows. In Section 2 we recall the work of Mazur and
Rubin and derive conditions which imply the conclusion of Theorem 1.1. We carry
out calculations in Section 3 to obtain Theorem 1.1. The deduction of Theorem
1.2 from Theorem 1.1 amounts to calculating Tamagawa numbers, which is done in
Section 4.

2. Preliminaries

We now recall the recent work of Mazur and Rubin [MR] which allows us to
prove the following key criterion.

Theorem 2.1. Let E/Q be a good elliptic curve. If d is a squarefree 2-trivial
integer with (d,∆) = 1, then the following are true:

(1) If d ≡ 1 (mod 4), then dimF2
(Sel2(E

(d))) = 0.
(2) Otherwise, we have

(2.1) dimF2
(Sel2(E

(d)/Q)) ≤ dimF2
(E(Q2)/2E(Q2))

and

(2.2) dimF2
(Sel2(E

(d)/Q)) ≡ dimF2
(E(Q2)/N

Q2(
√
d)

Q2
E(Q2(

√
d))) (mod 2).

2.1. Mazur and Rubin’s results revisited. The problem of calculating Mordell-
Weil groups reduces to calculating orders of 2-Selmer groups and 2-torsion in the
Shafarevich-Tate group. Under the standard 2-descent this is easiest when E has
full rational 2-torsion. The approach of Mazur and Rubin for studying the 2-Selmer
rank of quadratic twists is more versatile as it works without any assumption on
the 2-torsion.

We restrict our attention to Q even though most of this discussion holds for a
general number field. Let v be a place of Q. There is a short exact sequence of
Gal(Qv/Qv)-modules

0 → E(Qv)[2] → E(Qv)
2−→ E(Qv) → 0.

Taking Galois cohomology one obtains the Kummer map δ:

0 → E(Qv)/2E(Qv)
δ−→ H1(Qv, E[2]).

Following [MR] we denote the image of the Kummer map by H1
f (Qv, E[2]). For

each v there is a localization map

locv : H1(Q, E[2]) → H1(Qv, E[2]),

and the 2-Selmer group Sel2(E/Q) is defined to be the subgroup of H1(Q, E[2]) of
elements whose images under locv are in H1

f (Qv, E[2]) for all v.

Now let E(d) be a quadratic twist of E. There is a natural isomorphism of
Gal(Q/Q)-modules, E[2] ∼= E(d)[2]. This suggests a natural way of studying how
the 2-Selmer group varies in quadratic twists, namely: we can view Sel2(E/Q) and
Sel2(E

(d)/Q) as living in the same space H1(Q, E[2]) but being cut out by different
local conditions. Thus the question of how the 2-Selmer group varies in families
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of quadratic twists can be reduced to studying how these local conditions change.
This is the point of view taken in [MR].

In fact, if E and E(d) are as above, then there is a finite set of places T of Q,
depending on d (see Proposition 2.4 below), such that for all places v not in T ,

H1
f (Qv, E[2]) = H1

f (Qv, E
(d)[2]).

Now following [MR, Def. 3.1] we define two additional subgroups of H1(Q, E[2])
cut out by local conditions. We define the relaxed 2-Selmer group ST to be the
subgroup of H1(Q, E[2]) of elements whose images under locv are in H1

f (Qv, E[2])
for all places v outside of T . Additionally we define the strict 2-Selmer group ST

to be the subgroup of ST of elements which additionally are killed by locv for all
places v in T . More succinctly there are exact sequences

0 → ST → H1(Q, E[2]) →
⊕
v �∈T

H1(Qv, E[2])/H1
f (Qv, E[2]),(2.3)

0 → ST → ST →
⊕
v∈T

H1(Qv, E[2]),(2.4)

By definition we have

ST ⊂ Sel2(E/Q) ⊂ ST and ST ⊂ Sel2(E
(d)/Q) ⊂ ST .

In light of this the following result bounds the 2-Selmer rank of E(d).

Proposition 2.2 ([MR, Lemma 3.2]). If T , ST , and ST are as above, then

dimF2
(ST /ST ) =

∑
v∈T

dimF2
(H1

f (Kv, E[2])).

Then the following congruence of Kramer provides a “local formula” for com-
paring the parity of the 2-Selmer rank of a curve E and that of its quadratic twist
E(d).

Theorem 2.3 (Kramer [Kr]). We have that

dimF2
(Sel2(E

(d)/Q)) ≡ dimF2
(Sel2(E/Q)) +

∑
v

δv(E, d) (mod 2),

where the sum is taken over all places of Q and the local factor δv(E, d) is defined
by

δv(E, d) = dimF2
(E(Qv)/N

Qv(
√
d)

Qv
E(Qv(

√
d))).

In view of these results, we recall the following criteria for the equality of
H1

f (Qv, E[2]) and H1
f (Qv, E

(d)[2]) and the triviality of δv(E, d).

Proposition 2.4 ([MR, Lemma 2.5]). Let E(d) be a quadratic twist of E/Q and

let F = Q(
√
d) be the corresponding quadratic extension. Let v be a place of Q

satisfying at least one of the following conditions:

(1) v is a finite place where E has good reduction and F/Q is unramified.
(2) v is a finite place where E has multiplicative reduction and ordv(∆E) is

odd, and F/Q is unramified at v.
(3) v is the real place and ∆E < 0.
(4) v is a finite place other than 2 and E(Qv)[2] = 0.

Then H1
f (Qv, E[2]) = H1

f (Qv, E
(d)[2]) and δv(E, d) = 0.
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2.2. Proof of Theorem 2.1. We claim that for all places v of Q other than
the prime 2, we have that H1

f (Qv, E[2]) = H1
f (Qv, E

(d)[2]) and δv(E, d) = 0. We
consider three cases. If v is the real place, then this follows from the fact that ∆ < 0
and case (3) of Proposition 2.4. If v is a finite place of multiplicative reduction,

then by assumption ordv(∆) is odd and Q(
√
d) is unramified at v (since (d,∆) = 1),

and so the claim follows from case (2) of Proposition 2.4. Now assume that v �= 2 is
a finite place of good reduction, corresponding to the prime p. If v is unramified in
Q(

√
d), then the claim follows from case (1) of Proposition 2.4. Finally if v ramifies

in Q(
√
d), then p divides d and so by assumption E has no 2-torsion mod p and

thus the claim follows from case (4) of Proposition 2.4.
To prove the first statement of the theorem, observe that if d ≡ 1 (mod 4), then

2 does not ramify in Q(
√
d), and since E has good reduction at 2, Proposition 2.4

implies that H1
f (Q2, E[2]) = H1

f (Q2, E
(d)[2]). Thus the local conditions defining

Sel2(E/Q) and Sel2(E
(d)/Q) agree, so dimF2

(Sel2(E
(d)/Q)) = 0.

Now we prove the second statement. Note that (2.2) follows immediately from
Theorem 2.3 and the fact that dimF2

(Sel2(E/Q)) = 0. As for (2.1), the local condi-
tions defining Sel2(E/Q) and Sel2(E

(d)/Q) agree at all places except v = 2. Thus
with the notation as above, we can take T = {2} and consider the corresponding
strict and relaxed 2-Selmer groups. Since ST ⊂ Sel2(E/Q) = 0, Proposition 2.2
implies that

dimF2
(ST /ST ) = dimF2

(ST ) = dimF2
(E(Q2)/2E(Q2)).

Since Sel2(E
(d)/Q) ⊂ ST , the result follows. �

3. Proof of Theorem 1.1

In view of Theorem 2.1, we see that the proof of Theorem 1.1 is reduced to the
calculation of the dimension of E(Q2)/2E(Q2) and the local factors δ2(E, d). In
this direction we first prove the following:

Proposition 3.1. Let E/Q2 be an elliptic curve with good reduction at 2 and with
E mod 2 having j-invariant 0. Then we have

dimF2
(E(Q2)/2E(Q2)) = 1.

Proof. Let E have a minimal model

E : y2 + y = x3 + a2x
2 + a4x+ a6.

We recall a few standard facts about elliptic curves over local fields (see [S1, p. 174]).
There is an exact sequence

0 → E1(Q2) → E(Q2) → Ẽ(F2) → 0,

where Ẽ is the reduction of E mod 2. Since Ẽ(F2) is finite and has order prime to
2, there is an isomorphism

E(Q2)/2E(Q2) ∼= E1(Q2)/2E1(Q2).

The group E1(Q2) has a description in terms of the formal group of E. More
precisely, there is a formal power series with coefficients in Z2,

F (z1, z2) = z1 + z2 − a1z1z2 − a2(z
2
1z2 + z1z

2
2) + · · · ,
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that endows the set 2Z2 with a group structure F(2Z2). Then there is an iso-
morphism of groups E1(Q2) ∼= F(2Z2). Furthermore by [S1, p. 126] the sub-
group F(4Z2) is isomorphic to 4Z2 under addition. In particular this implies that
2F(4Z2) = F(8Z2). Now given an arbitrary element c12+d of 2Z2, with c1 ∈ {0, 1}
and d ∈ 4Z2, we have by the formal group law that

2 · (c12 + d) = 4c1 +O(23).

Thus 2F(2Z2) = F(4Z2) and the result follows. �

Remark. The assumption that the reduction of E mod 2 has j-invariant 0 is essential
here. If E/Q2 had good reduction and the reduction mod 2 had j-invariant 1, then
we would have dimF2

(E(Q2)/2E(Q2)) > 1.

Remark. An alternative way to prove Proposition 3.1 is to use the standard fact that
E(Q2) ∼= Z2 × E(Q2)Tor and then observe that the assumptions of the proposition
imply that E(Q2) has no 2-torsion by [Se, Prop. 12].

Turning to the local δ factors we have the following.

Proposition 3.2. Let E/Q2 be an elliptic curve with good reduction at 2 and with
E mod 2 having j-invariant 0. If K/Q2 is a ramified quadratic extension, then

dimF2
(E(Q2)/N

K
Q2
E(K)) =

{
0 if K = Q2(

√
d) with d = 3, 7

1 if K = Q2(
√
d) with d = 2, 6, 10, 14.

Proof. Let E have a minimal model

E : y2 + y = x3 + a2x
2 + a4x+ a6.

For brevity we denote NK
Q2

by N . We have a commutative diagram

0 −−−−→ E1(K) −−−−→ E(K) −−−−→ Ẽ(F2) −−−−→ 0⏐⏐N

⏐⏐N

⏐⏐2

0 −−−−→ E1(Q2) −−−−→ E(Q2) −−−−→ Ẽ(F2) −−−−→ 0,

from which we obtain an isomorphism E(Q2)/NE(K) ∼= E1(Q2)/NE1(K). Let π
denote a uniformizer for K and let OK denote its ring of integers. Then again
by [S1, p. 126] we have isomorphisms F(π3OK) ∼= π3OK and F(4Z2) ∼= 4Z2.
Furthermore these isomorphisms are given by the same convergent power series
with coefficients in Q2. Thus there is a commutative diagram

F(π3OK)
N−−−−→ F(4Z2)⏐⏐ ⏐⏐

π3OK

TrKQ2−−−−→ 4Z2.

Since Trπ3OK = 8Z2, we have F(8Z2) ⊂ NF(πOK). Now consider the element
2 ∈ F(πOK). Using the formal group law we compute its norm

N(2) = F (2, 2) = 4−O(23).

Thus NF(π2OK) = F(4Z2).
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To complete the proposition it remains to compute N(π). Now we split into two

cases. First suppose K = Q2(
√
d) with d = 3 or 7. Then we can take π = 1 +

√
d.

By the formal group law we have

N(π) = F (π, π) = π + π +O(π3) = 2 +O(22).

Thus in this case NF(πOK) = F(2Z2) as required. Now if we have K = Q2(
√
d)

with d = 2, 6, 10, or 14 we can take π =
√
d and we have

N(π) = F (π, π) = π + π +O(π3) = 0 +O(22).

Thus in this case NF(πOK) = F(4Z2), which has index 2 in F(2Z2), completing
the proof. �
Proof of Theorem 1.1. Let d prime to ∆ be a squarefree, 2-trivial integer for E.
If d ≡ 1 (mod 4), then the result is immediate from the first part of Theorem
2.1. Otherwise, the second part of Theorem 2.1 implies that dimF2

(Sel2(E
(d))) ≤

dimF2
E(Q2)/2E(Q2) = 1 with the second equality following from Proposition 3.1.

Thus dimF2
(Sel2(E

(d))) is determined by its parity, which is computed as a result
of Theorem 2.1 and Proposition 3.2. �

4. Proof of Theorem 1.2

The proof of Theorem 1.2 uses the following calculation of Tamagawa numbers
for quadratic twists.

Proposition 4.1. Let E/Q be a good elliptic curve and let d be a squarefree integer.
The following are true:

(1) If (d,∆) = 1, then the Tamagawa factor
∏

p cp(E
(d)) is odd if and only if

d is 2-trivial for E.
(2) If (d,∆) > 1, then the Tamagawa factor

∏
p cp(E

(d)) is even.

Proof. First we prove (1). If p is a prime of bad reduction, then by assumption
p is odd; also E has multiplicative reduction at p and vp(∆E) is odd. Then since

(d,∆) = 1, E(d) retains multiplicative reduction at p and vp(∆E) = vp(∆E(d)),
so the Tamagawa factor cp(∆E(d)) is odd (it is either 1 or vp(∆E) depending on

whether E(d) has split or non-split multiplicative reduction at p [S2, p. 366]).
Next we consider the prime 2. We claim that c2 is always 1. By assumption, E

has a minimal Weierstrass model of the form

E : y2 + y = x3 + a2x
2 + a4x+ a6.

First suppose d is even and make the change of variables

x =
x′

d
, y =

y′

d3/2
− 1

2
.

This yields a Weierstrass equation for E(d),

E(d) : y2 = x3 + a′2x
2 + a′4x+ a′6,

with coefficients

a′2 = da2,

a′4 = d2a4,

a′6 = d3
(
a6 +

1

4

)
.
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Since d is even, the a′i are integers and we apply Tate’s algorithm. Since a′6 ≡ 2
(mod 4) the algorithm terminates at step 3 of [S2, p. 366] and we see that E(d) has
Kodaira symbol II at 2 and c2 = 1.

Now suppose d is odd. This time make the change of variables

x =
x′

4d
, y =

y′

8d3/2
+

1

2d3/2
− 1

2

to obtain a Weierstrass equation for E(d) of the form

E(d) : y2 + 8y = x3 + a′2x
2 + a′4x+ a′6

with coefficients

a′2 = 4da2,

a′4 = 16d2a4,

a′6 = 64d3a6 + 16(d3 − 1).

If d ≡ 1 (mod 4), then 64|a′6 and we can make the change of variables x = 4x′ and
y = 8y′ to see that E(d) has good reduction at 2 and thus c2 = 1. On the other
hand if d ≡ 3 (mod 4), then 32 is the largest power of 2 dividing a′6, and following
Tate’s algorithm we end up in step 10 of [S2, p. 368]; thus E(d) has Kodaira symbol
II∗ at 2 and c2 = 1.

If p is an odd prime of good reduction and (p, d) = 1, then E(d) has good
reduction at p and so cp = 1. If p divides d, then we can easily compute cp using
Tate’s algorithm. Since p is odd, E has a model which is minimal at p of the
form y2 = f(x). Then the quadratic twist of E by d is given by the equation
E(d) : y2 = d3f(x/d). Following Tate’s algorithm we end up in step 6 of [S2,
p. 367], and it tells us that E(d) has Kodaira symbol I∗0 at p and that cp is equal to
1 plus the number of roots of the polynomial (d′)3f(x/d′) where d′ = d/p. But this

is just the number of 2-torsion of E(d′) mod p, which is the same as the number of
2-torsion of E mod p. The claim follows.

Now we prove (2). Take any p|(∆, d). Then E has multiplicative reduction at p.
Let n = vp(∆). Then by [S2, p. 365], E(d) has Kodaira symbol I∗n at p, and by [S2,

p. 367], cp = 2 or 4. Thus the Tamagawa product for E(d) is even as claimed. �

Proof of Theorem 1.2. First we characterize the parity of a|d| for d squarefree. Since
E is assumed to have good reduction at 2 and has no 2-torsion modulo 2, a2 is even.
Thus for d even, a|d| is even by multiplicativity. On the other hand if d is odd, then
a|d| is odd if and only if d is 2-trivial for E.

Now we consider LBSD(E(d), 1). In the case where (d,∆) > 1, either rank(E(d)) >
0 or rank(E(d)) = 0 and part (2) of Proposition 4.1 implies that the Tamagawa fac-
tor for E(d) is even. Either way LBSD(E(d), 1) is even.

Now assume (d,∆) = 1. We split into two cases. First suppose d is not 2-
trivial. Then either rank(E(d)) > 0 and LBSD(E(d), 1) = 0 or rank(E(d)) = 0 and
LBSD(E(d), 1) is still even as the Tamagawa product is even by Proposition 4.1.

Now suppose d is 2-trivial. If d is odd, then by Theorem 1.1 E(d) has 2-Selmer
rank 0. Thus rank(E(d)) = 0 and |X(E(d))| is odd. Furthermore the Tamagawa
product is odd by Proposition 4.1 and so LBSD(E(d), 1) is odd in this case. Finally
if d is even, then by Theorem 1.1 E(d) has 2-Selmer rank 1. Thus either the rank
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of E(d) is 1 or |X(E(d))| is even, and either way LBSD(E(d), 1) is even (of course
conjecturally only the first situation can occur). �
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