
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 137, Number 12, December 2009, Pages 4287–4294
S 0002-9939(09)09985-7
Article electronically published on July 16, 2009

EMBEDDING 3-MANIFOLDS WITH CIRCLE ACTIONS

J. A. HILLMAN

(Communicated by Daniel Ruberman)

Abstract. Constraints on the Seifert invariants of orientable 3-manifolds M
which admit fixed-point free S1-actions and embed in R4 are given. In partic-
ular, the generalized Euler invariant of the orbit fibration is determined up to
sign by the base orbifold B unless H1(M ;Z) is torsion free, in which case it
can take at most one nonzero value (up to sign). An H2×E1-manifold M with
base orbifold B = S2(α1, . . . , αr) where all cone point orders are odd embeds
in R4 if and only if its Seifert data S is skew-symmetric.

The question of which closed 3-manifolds M (other than homology spheres)
embed in R4 has received surprisingly little attention. (The relevant papers known
to us are [2, 3, 5–11].) In particular, it is not yet known which Seifert fibred 3-
manifolds embed, although in many other respects this is a well-understood class of
spaces, with natural parametrizations in terms of Seifert data. It was shown earlier
that if M embeds in R4, then it must be orientable and the torsion subgroup T (M)
of H1(M ;Z) must be a direct double: T (M) ∼= U ⊕U for some finite abelian group
U [8]. Moreover, the linking pairing �M on T (M) must be hyperbolic [13]. Most of
the known constructions give smooth embeddings, but these conditions must also
hold if M embeds as a TOP locally flat submanifold.

The first two sections establish our notation and summarize some basic facts
about compact 3-manifolds in R4. In §3 we shall observe that T (M) being a direct
double imposes strong constraints on the Seifert data of orientable 3-manifolds
which admit fixed-point free S1-actions and which embed in R4. The present simple
argument does not work for orientable Seifert fibred 3-manifolds with nonorientable
base orbifolds. These admit no compatible S1-action. However in [3] we used the
Z/2Z-index theorem to constrain the Euler invariants for such 3-manifolds. As a
consequence we were able to settle there the question of embeddability for manifolds
having one of the geometries S3, E3, Nil3, S2 × E1 or Sol3.

When the Seifert data is “skew-symmetric” (i.e., is a set of complementary
pairs) and all cone point orders are odd, the corresponding Seifert manifold em-
beds smoothly [3]. Such a manifold has generalized Euler invariant ε = 0 and so is
geometric of type E3, S2 ×E1 or H2 ×E1. In §4 we use the G-index theorem again
to obtain our main result, Theorem 4.4:
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Let M be an orientable Seifert fibred 3-manifold M whose base orbifold is a
marked 2-sphere B = S2(α1, . . . , αr), with all αi odd and ε = 0. Then M embeds
in R4 if and only if the Seifert data is skew-symmetric.
(There is a somewhat stronger result below, but we do not yet know whether skew-
symmetry is necessary for embeddability when g > 0.)

The final section gives some remarks on the cases not covered by our main result,
namely when the base orbifold is nonorientable or when ε �= 0.

1. Seifert data and bilinear pairings

An orientable 3-manifold admits a fixed-point free S1-action if and only if it is
Seifert fibred over an orientable base orbifold. Let Tg be the orientable surface of
genus g, and let M = M(g;S) be the orientable Seifert fibred 3-manifold with base
orbifold B = Tg(α1, . . . , αr) and Seifert data S = {(α1, β1), . . . , (αr, βr)}, where
1 < αi and (αi, βi) = 1, for all 1 ≤ i ≤ r. (Our notation is based on that of [11].
In particular, we do not assume that 0 < βi < αi.) If r = 1, we allow also the

possibility that α1 = 1. Let εS = −
∑i=r

i=1(βi/αi) be the generalized Euler invariant

of the Seifert bundle, and let Π =
∏i=r

i=1 αi. (Replacing each βi by ηβi + ciαi where
η = ±1 and

∑
ci = 0 gives a homeomorphic manifold.) As B is the connected sum

of Tg and S2(α1, . . . , αr) we have M = M(0;S)#fM(g; ∅) = M(0;S)#f (Tg × S1),
where #f denotes fibre sum.

We shall say that the Seifert data S = {(α1, β1), . . . , (αr, βr)} is skew-symmetric
if r is even and if α2i−1 = α2i and β2i−1 = −β2i for 1 ≤ i ≤ r/2.

IfM is a closed oriented 3-manifold, Poincaré duality determines a linking pairing
�M : T (M) × T (M) → Q/Z. This is symmetric, bilinear, and nonsingular in the

sense that the adjoint function �̃M : m �→ �(−,m) defines an isomorphism from
T (M) to Hom(T (M),Q/Z).

There are analogous pairings on covering spaces of M . In particular, if φ :
π1(M) → Z is an epimorphism with associated covering space Mφ, the homology
modules H1(Mφ;R) are RΛ-modules, where Λ = Z[Z] = Z[t, t−1] and RΛ = R⊗ZΛ,
for any coefficient ring R. LetHi(M ;QΛ) = Hi(Mφ;Q) andHi(M ;Q(t)) = Q(t)⊗Λ

Hi(M ;QΛ). There is a Blanchfield pairing bφ on the QΛ-torsion submodule of
H1(M ;QΛ) with values inQ(t)/QΛ which is nonsingular and hermitian with respect
to the involution sending t to t−1. When φ corresponds to a fibre bundle projection
from M to S1 with fibre F being a closed surface, then bφ is equivalent to the
isometric structure given by the intersection pairing IF on H1(F ;Q) together with
the isometric action of Z. (See Appendix A of [15].) Such a pairing is neutral if
the underlying QΛ-torsion module has a submodule which is its own annihilator
with respect to the pairing. (See Chapter 2 of [9].) Two such pairings are Witt-
equivalent if they become isomorphic after addition of suitable neutral pairings.
The Witt group of isometric structures on finite dimensional Q-vector spaces is the
set W (Q(t),QΛ) of Witt equivalence classes of such pairings, with the addition
induced by the direct sum of pairings. (See [16].)

2. Some basic observations on embeddings

A 3-manifold M embeds in R4 if and only if it embeds in S4. Since our arguments
are largely homological it is more natural to assume that M embeds in an homology
4-sphere Σ. The complement Σ\M has two components, and the closures X and Y
of these components have boundary M . The Mayer-Vietoris sequence of the triple
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(Σ, X, Y ) gives Hi(M ;R) ∼= Hi(X;R) ⊕ Hi(Y ;R) for i = 1, 2 and Hi(X;R) =
Hi(Y ;R) = 0 for i > 2, for any simple coefficients R. In particular, χ(X)+χ(Y ) =
2, and χ(X) ≡ χ(Y ) ≡ 1 + β1(M ;Q) mod (2).

Similar results apply for cohomology. Thus H1(M ;Z) ∼= H1(X;Z) ⊕H1(Y ;Z)
has a basis consisting of epimorphisms which extend on one side or the other,
while Alexander duality gives isomorphisms H1(X;R)∼= H2(Y ;R) andH2(X;R) ∼=
H1(Y ;R).

Let TX and TY be the kernels of the induced homomorphisms from T (M) to
H1(X;Z) and H1(Y ;Z), respectively. Then TM

∼= TX ⊕ TY . It follows easily from
Poincaré duality that the restriction of �M to each of these summands is trivial,
and so �M is hyperbolic [13]. In particular, T (X) ∼= Hom(T (Y ),Q/Z), which is
non-canonically isomorphic to T (Y ), and so T (M) is a direct double.

If a Seifert fibred 3-manifold M embeds in S4, then so does M#f (Tg × S1), by
Lemma 3.2 of [3]. For our main result we shall need to assume that M = M(0;S).
Thus it would be very convenient to have a converse to this stabilization result. (The
analogous implication in the case of nonorientable base orbifolds is not reversible.
See [3].)

3. The torsion subgroup

In this section we shall describe the torsion subgroup of H1(M ;Z) in terms of
the Seifert invariants of M = M(g;S).

Theorem 3.1. Let M = M(g;S) be an orientable 3-manifold which is Seifert
fibred over an orientable base orbifold B = Tg(α1, . . . , αr). Then H1(M ;Z) ∼=
Z2g ⊕ (

⊕
i≥0(Z/λiZ)), where λi is determined by {α1, . . . , αr} and is nonzero for

all i > 0, while |εS |Π = λ0

∏
j≥1 λj.

Proof. The fundamental group π = π1(M) has a presentation

〈a1, b1, . . . , bg, q1, . . . , qr, h |
∏

[ai, bi]
∏

qj = 1, qαi
i hβi = 1, h central〉.

Hence H1(M ;Z) ∼= Z2g ⊕ Cok(A), where the matrix A is given by

A =

⎛
⎜⎜⎜⎝

0 1 . . . 1
β1 α1 . . . 0
... 0

. . .
...

βr 0 . . . αr

⎞
⎟⎟⎟⎠ .

Let Ei(A) be the ideal generated by the (r + 1− i) × (r + 1 − i) subdeterminants
of A, and let δi be the positive generator of Ei(A). Then ∆0 = |det(A)| = |εS |Π.
Since the elements of each row are relatively prime, ∆i is the highest common
factor of the (r − i − 1)-fold products of distinct αjs if 0 < i < r, and ∆i = 1 if
i ≥ max{r − 1, 1}. (In particular, if r > 2, then ∆r−2 = hcf(α1, . . . , αr).) Thus ∆i

depends only on {α1, . . . , αr} and is nonzero for all i > 0. If we set λi = ∆i/∆i+1,
for i ≥ 0, then Cok(A) ∼=

⊕
i≥0(Z/λiZ) by the Elementary Divisor Theorem. In

particular, |εS |Π = λ0

∏
j≥1 λj . �

Note that T (M) ∼= T (M(0;S)) and the image of h is in T (M) if and only if
εS �= 0.
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Corollary 3.2. If ∆1 = 1, then T (M) is cyclic, and T (M) = 0 if and only if
εS = 0 or ±1/Π. If ∆1 > 1, then T (M) �= 0. Given {α1, . . . , αr} such that ∆1 > 1,
there is at most one value of |ε| for which the group T (M) is a direct double.

Proof. As ∆1 =
∏

i≥1 λi divides the order of T (M), this group is nonzero unless

∆1 = 1. If εS = 0, then T (M) ∼=
⊕

i≥1(Z/λiZ), and so is a direct double if and

only if λ2i−1 = λ2i for all i > 0. If εS �= 0, then T (M) ∼=
⊕

i≥0(Z/λiZ), and so is a

direct double if and only if λ2i = λ2i+1 for all i ≥ 0. In particular, εS = (∆1)
2/Π∆2.

Clearly these two systems of equations can both be satisfied only if λi = 1 for all
i > 0 and λ0 = 0 or 1, in which case T (M) = 0. �

The elementary divisors λi may be determined more explicitly by localization.
If p is a prime, an integer α has p-adic valuation v if α = pvq, where p does not
divide q.

Corollary 3.3. Let p be a prime and let vi ≥ 0 be the p-adic valuation of αi.
Assume that the indexing is such that vi ≥ vi+1 for all i. If εS = 0 and T (M) is a
direct double, then v2j−1 = v2j for all j ≥ 1.

Proof. The condition v1 = v2 follows immediately from the fact that pv2εS is an
integer. The p-adic valuation of λj is vj+2, for all j ≥ 1, and so v2j−1 = v2j for all
j ≥ 2 if

⊕
i≥1(Z/λiZ) is a direct double. �

If M is Seifert fibred over a nonorientable base, then T (M) �= 0 by Lemma 3.4
of [3]. Hence it follows from Theorem 3.1 that a Seifert fibred 3-manifold M is
a homology 3-sphere if and only if M = M(0;S) for some Seifert data S with
εSΠ = ±1. In particular, hcf{αi, αj} = 1 for all i < j ≤ r. Every homology
3-sphere embeds as a TOP locally flat submanifold of S4 [6].

Similarly, a Seifert fibred 3-manifold M is a homology S2 × S1 if and only if
M = M(0;S) for some Seifert data S with εS = 0 and hcf{αi, αj , αk} = 1 for
all i < j < k ≤ r. Our main result settles the question of which Seifert fibred
homology S2 × S1s embed when all cone point orders are odd; the answer is not
known in general. (If M is a homology S2 × S1, there is an (essentially unique)
degree-1 map f : M → S2 × S1. If such a map f induces an isomorphism with
local coefficients Λ = Z[Z], then M embeds as a TOP locally flat submanifold of
S4 [10]. However, this is not a necessary condition for embedding, and it can be
shown that if r > 2, then no such map with domain M(0;S) is ever a Λ-homology
equivalence.)

If r ≤ 2 and T (M) is a direct double, then εSΠ = 0 or ±1, and so M(0;S) ∼= S3

or S2 × S1. More generally, if r ≤ 2, then M = M(g;S) embeds in S4 if and only
if T (M) = 0, in which case M is a circle bundle over Tg with Euler invariant 0 or
±1.

4. H2 × E1
-manifolds with g = 0

If S is skew-symmetric, then εS = 0. If, moreover, the αis are all odd, a fibre
sum construction based on embeddings of punctured lens spaces shows thatM(g;S)
embeds smoothly in S4, for all g ≥ 0. (See Lemma 3.1 of [3].) Here we shall show
that when εS = 0 and g = 0, skew-symmetry is a necessary condition for M(0;S)
to embed in a homology 4-sphere.
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If M(g;S) embeds with one complementary domain X having a fixed-point free
S1-action, there is a direct, geometric argument as follows. The exceptional or-
bits with nontrivial isotropy subgroups have even codimension and are foliated by
circles. Therefore they are tori (in the interior of W ) and annuli with boundary
components that are exceptional fibres of M . Consideration of relative orientations
implies that the Seifert data of the boundary components of such annuli have the
form {(α, β), (α,−β)}. However, if X admits such an action, then χ(X) = 0.

Theorem 4.1. Let M = M(g;S) and let φ : π1(M) → Z be an epimorphism such
that φ(h) �= 0. If bφ is neutral, then S is skew-symmetric.

Proof. We note first that εS = 0, since the image of h in H1(M ;Z) has infinite
order. Let σ = |φ(h)|. Since h is central, φ−1(σZ) ∼= Ker(φ) × Z, and so the
covering space associated to this subgroup is a product F ×S1, where F is a closed
surface. Then M fibres over S1 with fibre F and monodromy θ of order σ, and so
the base orbifold B is the quotient of F by an effective action of G = Z/σZ.

Let ϕ : πorb(B) = π1(M)/〈h〉 → Z/σZ be the epimorphism induced by φ, and
let τ ∈ G have image ϕ(τ ) = [1]. Then F is the covering space associated to Ker(ϕ).
The points P with nontrivial isotropy subgroup GP lie above the cone points of B,
and the representation of the isotropy subgroup GP = 〈τσ/αi〉 on the tangent space
TP determines and is determined by the Seifert invariant (αi, βi) corresponding to
the ith cone point of B, since ϕ(qi) = −[σα i

βi], for all i ≤ r.
Since Mφ

∼= F × R the Blanchfield pairing bφ on H1(Mφ;Q) reduces to the
intersection pairing IF on the fibre F together with the isometric action of G =
Aut(F/B) ∼= Z/σZ. Let s(n, k) = |{i : αi = n, βi ≡ k mod (n)}| and K(m) = {k :
1 ≤ k < m/2, (k,m) = 1}. Then the equivariant signatures of Atiyah, Bott and
Singer are given by

sign(IF , τ
σ/m) = i

∑
k∈K(m)

(s(m,m− k)− s(m, k)) cot(
πk

m
),

if m > 2, by Theorem 6.27 of [1].
If bφ is neutral, its image in the Witt group W (Q(t),QΛ) is trivial. The equi-

variant signature sign(IF , τ
σ/m) is an invariant of the Witt class of bφ, for each

m|σ. (See page 75 of [16].) Since bφ is neutral these signatures are 0. If m > 2, the

algebraic numbers {cot(πkm ) : k ∈ K(m)} are linearly independent over Q [4]. Hence
s(m,m− k) = s(m, k) for all k ∈ K(m) and m > 2. Since we may modify each βi

by multiples of αi, subject to εS = 0, the Seifert data is skew-symmetric. �

The converse is also true, but we shall only sketch the argument, as we do not
need the result. Suppose that S = {(αi, βi) | i ≤ 2s} is skew-symmetric, and let
T = {(α2j , β2j) | j ≤ s}. Then M ∼= N#f − N#fM(g; ∅), where N = M(0;T ),
and φ induces nonzero homomorphisms φN : π1(N) → Z and ψ : π1(M(g; ∅)) → Z.
Let n(f) be an open tubular neighbourhood of a regular fibre of N , and let N0 =
N \ n(f). Then N#f − N = N0 ∪∂ −N0. If g = 0, then φN is an epimorphism
and the diagonal copy of H1(N0;QΛ) in H1(M ;QΛ) ∼= H1(N0;QΛ)⊕H1(N0;QΛ)
is a maximal self-annihilating submodule, so bφ is neutral. In general, φN and ψ
need not be onto, and we must allow for infinite cyclic covering spaces with finitely
many components.
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Lemma 4.2. Let X be a compact 4-manifold with connected boundary M such
that H1(X,M ;Q) = 0. Suppose that Φ : π1(X) → Z induces an epimorphism φ :
π1(M) → Z such that H1(M ;Q(t)) = 0. Then H2(X,M ;Q(t)) = 0 ⇔ χ(X) = 0.
If these conditions hold, then bφ is neutral.

Proof. Since H1(M ;Q(t)) = H0(M ;Q(t)) = 0 and Mφ is a connected open 3-
manifold, Hi(M ;Q(t)) = 0, for all i ≥ 0, and so Hi(X;Q(t)) = Hi(X,M ;Q(t)),
for all i > 0. Since H1(X,M ;Q) = 0 the module H1(X,M ;QΛ) is a torsion QΛ-
module, so H1(X;Q(t)) = 0 and H1(X,M ;Q(t)) = 0. Hence H3(X;Q(t)) = 0 by
Poincaré duality. Similarly, H4(X;Q(t)) = H0(X;Q(t)) = 0. Since χ(X) may be
calculated as the alternating sum of the dimensions of these Q(t)-vector spaces, it
follows that χ(X) = 0 if and only if H2(X,M ;Q(t)) = 0.

If these conditions hold, H2(W,M ;QΛ) is a QΛ-torsion module. Let P be its
image in H1(M ;QΛ). Then P is its own annihilator with respect to bφ, and so bφ
is neutral. (See Theorem 2.3 of [9].) �

Corollary 4.3. If M = M(g;S) embeds in a homology 4-sphere Σ = X∪M Y , with
χ(X) = 0 and h having nonzero image in H1(X;Q), then S is skew-symmetric.

Proof. Let Φ : π1(X) → Z be an epimorphism such that Φ(h) �= 0. The induced
homomorphism φ : π1(M) → Z is also an epimorphism, since H1(M ;Z) maps onto
H1(X;Z) and H1(M ;Q(t)) = 0. Thus bφ is neutral by Lemma 4.2, and so S is
skew-symmetric by Theorem 4.1. �

In particular, this corollary applies when g = 0.

Theorem 4.4. Let M = M(0;S), where ε = 0 and all cone point orders αi of
the base orbifold are odd. Then M embeds if and only if the Seifert data is skew-
symmetric.

Proof. Since H2(M ;Z) ∼= Z, we may assume that H2(X;Z) = 0 and H1(X;Z) ∼=
H1(M ;Z). Hence χ(X) = 0 and h has nonzero image in H1(X;Q). Thus skew-
symmetry is necessary by Corollary 4.3. It is also sufficient by Lemma 3.1 of [3]. �

If Σ = X∪M Y with H2(X;Z) = 0 and β = β1(M ;Q), the inclusions of M and of
∨βS1 into X induce isomorphisms on all the rational lower central series quotients
of the fundamental groups [17]. Hence these quotients are those of the free group
F (β). This is never true when M is an H2 × E1-manifold with β > 1, since the
centre has nonzero image in H1(M ;Q). From the observations in §2 it follows that
there is always a complementary component X with χ(X) = 0 if g ≤ 1. Does h
have nonzero image in H1(X;Q) when χ(X) = 0 and g = 1?

If g > 1, the condition χ(X) = 0 holds for neither complementary region of
M(g; ∅) = Tg × S1, when embedded in S4 as the boundary of a regular neighbour-
hood of an embedding of Tg. It remains possible that bφ is neutral when Φ(h) �= 0
for some Φ as above. (This would follow from the argument of Theorem 2.3 in [9]
if the torsion submodule of H2(X,M ;QΛ) maps onto the image of H2(X,M ;QΛ)
in H1(M ;QΛ).)

When r = 2 and εS = 0, the Seifert data S = {(α, β), (α,−β)} is skew-symmetric
and M = M(0;S) ∼= S2 × S1, with S1-action given by u.(w, z) = (uαw, uβz) for

u, z ∈ S1 and w ∈ Ĉ ∼= S2. If a regular fibre of M bounds a locally flat disc in
one complementary component of some embedding of M in S4, ambient surgery
gives an embedding of L# −L in S4, where L = L(α, β). This is only possible if
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α is odd [13]. Thus it is not clear whether a fibre sum construction can be used
to build up embeddings of other H2 ×E1-manifolds with some exceptional fibres of
even multiplicity.

If S = {(3, 1), (5,−2), (15, 1)}, then the αis are odd, εS = 0 and T (M(0;S)) = 0,
so �M is hyperbolic. Thus these conditions alone do not imply that S must be skew-
symmetric.

5. Some remarks on the other cases

We shall first make some comments on the results of [3] as they relate to H2×E1-
manifolds. Let Pk = #kRP 2 be a closed nonorientable surface with χ(Pk) = 2− k
and let M = M(−k, S) be the Seifert fibred 3-manifold with base orbifold B =
Pk(α1, . . . , αr) and Seifert invariants S = {(α1, β1), . . . , (αr, βr)}, for k ≥ 1. In
this case T (M) is again largely determined by the set {α1, . . . , αr}, but εS =

−
∑i=r

i=1(βi/αi) is not constrained at all by the condition that T (M) be a direct
double.

We shall assume that all cone point orders αi are odd. (Then M is an H2 ×E1-

manifold or a S̃L-manifold unless k+r ≤ 2.) Since εS is a rational number with odd
denominator, it has a well-defined image in Z/2sZ, for any s ≥ 0. In particular,
εS ≡

∑
βi mod (2) and εS ≡ −

∑
αiβi mod (4), since αi ≡ 1 mod (2) and

αi ≡ α−1
i mod (4) if αi is odd. Thus the invariants c and η used in Lemma 3.4 and

Theorem 3.7 of [3] are just the images of −εS in Z/2Z and Z/4Z (respectively).
Hence εS ≡ 2k mod (4) if �M is hyperbolic by Theorem 3.7 of [3].

If εS = 0, then T (M) ∼= (Z/2Z)2⊕
⊕

i≥1 Z/αiZ by Theorem 3.7 of [3]. Therefore

if T (M) is a direct double, the numbers #{i : vp(αi) = j} are even for all odd primes
p and exponents j ≥ 1. If, moreover, r = 3, then it follows from Lemma 3.6 of [3]
that �M is hyperbolic. Must S be skew-symmetric if εS = 0 and M(−k, S) embeds
in S4? The first cases to test are perhaps those with base P2(p, q, pq), where p
and q are distinct odd primes. (When k = 2, one complementary domain, X say,
has H1(M ;Q) ∼= H1(X;Q) and χ(X) = 0. However, the argument of Theorem 4.1
does not appear to apply usefully here, as we must first pass to the 2-fold cover of
M induced by the orientation cover of the base B before continuing to an infinite
cyclic cover homeomorphic to F×R. There is no obvious reason that the Blanchfield
pairing associated to the latter cover should be neutral.)

The situation is less clear when εS �= 0. If εSΠ = 1, then M(g;S) embeds in S4

for all g ≥ 0, since M(0;S) is a homology 3-sphere. It is easy to find such examples
for any r ≥ 1. Thus there is no reason to expect parity constraints for embedding
such manifolds. (However, the question of which Seifert fibred homology 3-spheres
embed smoothly is still open. See Problem 4.2 of [14].)
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