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MAXIMALITY THEOREMS FOR FRÉCHET ALGEBRAS
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(Communicated by Juha M. Heinonen)

Abstract. The algebra of unbounded holomorphic functions
⋂

p≥1 Hp(∂D)

that is contained in the algebra
⋂

p≥1 Lp(∂D) is studied. For f in
⋂

p≥1 Lp(∂D)

but not in
⋂

p≥1 Hp(∂D), we show that the algebra generated by
⋂

p≥1 Hp(∂D)

and f is dense in Lp(∂D) for all p ≥ 1.

1. Introduction

In what follows, let 1 ≤ p < ∞ and let D be the unit disk in the complex plane
C. We are interested in the Fréchet algebra H =

⋂
p≥1 Hp(∂D), where Hp(∂D)

denotes the usual Hardy class of all functions f ∈ Lp(∂D) for which∫ 2π

0

f(eiθ)einθdθ = 0 for all n > 0.

For any f in the Fréchet algebra L defined by L =
⋂

p≥1 Lp(∂D) but not in H,
we form the algebra A generated by H and f in L. Our main result is that A
is dense in Lp(∂D) for every p ≥ 1. Hence the algebra H is maximal in L. We
use the F. and M. Riesz Theorem along with Beurling’s inner and outer function
factorization of functions in Hardy classes. In fact our method gives another proof of
Wermer’s Maximality Theorem [W] without using the Banach algebra techniques:
The algebra of functions continuous on D and holomorphic in D is maximal in the
algebra of continuous functions on ∂D. We are sure that these results are true for
finitely connected domains and many infinitely connected domains, and this proof
can be easily extended. We intend to return to this topic in an expository paper
later on.

Maximality theorems were fashionable a long time ago, and we would like to
explain how we were led to this theorem at this particular time. In fact the path
that led us to this is even more interesting. Hoffman [H] showed that for f in
L∞(∂D)\H∞(∂D), the norm closed subalgebra of L∞(∂D) generated by H∞(∂D)
and f (usually denoted by H∞(∂D)[f ]) contains the algebra of continuous functions
C(∂D). However Axler and Shields [AS] proved that for f a bounded harmonic
function in D that is not holomorphic, H∞(D)[f ] contains C(D). This theorem was
later generalized by Bishop [B] for more general domains.

These theorems of Axler-Shields and Bishop played an important role in a prob-
lem involving Toeplitz operators on the Bergman space L2

a(Ω). Here Ω denotes a
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bounded domain in C and let dA denote the Lebesgue area measure on Ω. The
Bergman space Lp

a(Ω) is the space of all functions f holomorphic on Ω that satisfy∫
Ω

|f |pdA is finite. The space L2
a(Ω) is a closed subspace of L2(Ω, dA). So there

exists the orthogonal projection P from L2(Ω) onto L2
a(Ω). For a bounded mea-

surable function φ on Ω, the Toeplitz operator Tφ is the operator on L2
a(Ω) defined

by Tφ(f) = P (φf).
In [AČR] it was shown that if φ is a nonconstant bounded holomorphic function

on Ω and ψ is a bounded measurable function on Ω such that TφTψ = TψTφ, then
ψ must be holomorphic too. An important ingredient in the proof was the theorem
of Bishop [B] (or Axler and Shields [AS] for the open unit disk only).

It is well known that Toeplitz operators on L2
a(Ω) could be bounded even if

their symbols are unbounded. Pat Ahern asked if the Axler-Čučković-Rao theorem
holds in this situation. For that reason he asked for the following replacement of
the Axler-Shields theorem in their proof:

If A =
⋂

p≥1 Lp
a(Ω) and f ∈ A is not constant, is the algebra generated by A

and f dense in Lp(Ω) for any p > 1? We could not answer this question, but by
replacing Lp

a(Ω) by Hp(∂D) and Lp(Ω) by Lp(∂D), we asked the same question and
answered positively.

Thus the original question of Ahern is still open. Also the following problems
are open:

Let A =
⋂

p≥1 Lp
a(D) and L =

⋂
p≥1 Lp(D). Further let f ∈ L be nowhere

holomorphic in D. Then is the algebra generated by A and f dense in L?
Can the unit disk D be replaced by an arbitrary domain Ω in the above?

2. Main theorem: Statement and proof

Theorem 1. Algebra A is dense in Lp(∂D) for any p ≥ 1.

Proof. Fix a p ≥ 1. Let α be any continuous linear functional on Lp(∂D) which
vanishes on A. We wish to show that α = 0. By hypothesis

(1) α(zkfn) = 0 for all k ≥ 0, n ≥ 0.

Further by the Riesz Duality, α is given by a function g ∈ Lq(∂D) where
1
p

+
1
q

= 1

and

α(h) =
∫ 2π

0

h(eiθ)g(eiθ)dθ

for every h ∈ Hp. Now by the F. and M. Riesz theorem and (1), we get that gfn

belongs to H1(∂D) for all n ≥ 0. If we write gfn = µn, we have g = µ0 and gf = µ1

so that
µ0f = µ1 on ∂D.

Using Beurling’s inner and outer function factorization of Hardy class functions,
we can write

µn = BnSnOn

where Bn is Blaschke, Sn is singular, and On is outer. So we have

B0S0O0f = B1S1O1.

From the equation gfn = µn, we obtain

(2) B0S0O0B
n
1 Sn

1 On
1 = Bn

0 Sn
0 On

0 BnSnOn on ∂D for all n ≥ 0.
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By taking logarithms of the absolute value on both sides of (2), we get

O0O
n
1 = On

0 On.

Now cancelling the outer functions in (2), by the uniqueness of factorization of
Hardy class functions, we conclude that

(3) B0B
n
1 = Bn

0 Bn, S0S
n
1 = Sn

0 Sn.

Now we claim that B0 divides B1. For any point z in the unit disk and any
function h holomorphic in the unit disk, let O(z, h) denote the order of vanishing
of h at z. So from (3), we get O(z, B0) + nO(z, B1) = nO(z, B0) + O(z, Bn) for all
z and n ≥ 0, from which it follows that

O(z, B0) + nO(z, B1) ≥ nO(z, B0).

Dividing by n and letting n go to ∞, we have O(z, B1) ≥ O(z, B0) for all z and
hence B0 divides B1.

Let νn denote the associated singular measure of the singular function Sn. Again
from (3), we obtain

ν0 + nν1 = nν0 + νn for all n ≥ 0,

which means

(4) ν0 + nν1 ≥ nν0 for all n.

Now again, dividing (4) by n and letting n → ∞, we get

ν1 ≥ ν0.

Thus S0 divides S1 and hence B1
B0

is Blaschke, S1
S0

is singular. Further since O1
O0

is
outer, we have that

f =
B1

B0

S1

S0

O1

O0

is the boundary value of a holomorphic function in the Nevanlinna class and since
f ∈ Lp(∂D), it also belongs to the Hardy class Hp(∂D) (see [R], p. 371, Th.17.16),
which is a contradiction to the assumption

f ∈ L\H.

Therefore g ≡ 0 and A is dense in all Lp(∂D) and so dense in L as a Fréchet
subalgebra. �

Wermer’s Maximality Theorem. The algebra of functions f continuous on D

and holomorphic in D is maximal in the algebra C(∂D) of complex-valued continu-
ous functions on ∂D.

Proof. The proof is exactly the same. �
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