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SOME EXAMPLES OF TAUBERIAN OPERATORS

TERESA ALVAREZ AND MANUEL GONZALEZ

(Communicated by Palle E. T. Jorgensen)

Abstract. We study some examples of tauberian operators and show that the

second conjugate of a tauberian operator is not always tauberian, answering a

question of Kalton and Wilansky. Also we show that the class of tauberian

operators is not open, although tauberian operators in the boundary of the class

must have nonclosed range.

Introduction

Tauberian operators appeared in a problem of summability [4] and were

studied by Kalton and Wilansky [10] and other authors [1, 5, 7, 11, 12]. Recently

they have received some attention because they form a broader class than that

of isomorphisms (into), but yet they preserve some isomorphic properties of

Banach spaces [8, 9].

Let T* e L(Y*, X*) and J(X) denote the conjugate operator of a contin-

uous linear operator T e L(X, Y) and the immersion of a Banach space X

into the second dual X**. -i
T is tauberian when T**   J(Y) = J(X).

Upper semi-Fredholm operators (operators with closed range and finite-

dimensional kernel) are trivial examples of tauberian operators, since they are

isomorphisms up to finite-dimensional subspace.

The main source of nontrivial examples of tauberian operators is the cele-

brated factorization of Davis et al. (DFJP factorization) [3]. However, these

operators are still a very special class of tauberian operators.

In this paper, we show that all the conjugates of even order of the second

factor in the DFJP factorization are tauberian operators. Then, using a con-

struction of Bellenot [2], we obtain a Banach space and a tauberian operator T

in this space such that the second conjugate T** is not tauberian, answering

a question of Kalton and Wilansky [10]. Finally, we present a simple exam-

ple showing that the class of tauberian operators is not always open (another
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such example can be found in [11]), and we prove that tauberian operators with

closed range do not belong to the boundary of this class.

Tauberian operators in the DFJP factorization

Let || \\n   (n = 1, 2, ... ) be equivalent norms in a Banach space X.

We define Xn:=(X,\\ \\n),

l2(X„):={(xn):xneXnand^2\\xn\\2<œ},

and

D := {(xn) e l2(Xn) :xn = xx for every n).

It is clear that l2(Xn) is a Banach space and D is a closed subspace of l2(Xn) •

We shall denote by i the inclusion of D into l2(Xn) ; by P, the projection of

l2(Xn) onto Xx ; by j,  Pi; and by r    , the nth conjugate of an operator

TeL(X,Y): T{0) = T, T{1) = T*, T{2) = T**, .... The second factor in the

DFJP factorization is a particular case of j .

Proposition 1.  / "' is a tauberian operator for every n = 0, 1, 2, ... .

Proof. Note that the space D** can be identified with the second annihilator

D00 = {(Fn) e l2(X*n*) :Fn = Fx for every n), and l2(Xn)** = l2(X*n*). Then,

for every (F, F, F, ...)e D**, we have j**(F, F, ...) = P**(F ,F,...) =

F, and it is clear that j is tauberian. The same argument is valid for the

remaining conjugates of even order of j .

Tauberian operators with nontauberian second conjugate

For every operator T e L(X, Y), we can consider a canonically associated

operator Tq e L(X**/X, Y**/Y) given by

Tq(F + X) = T**F + Y       (FeX**).

This associated operator allows us to characterize tauberian operators in the

following way.

Proposition 2 [12; 6, §2.8].   T is tauberian if and only if Tq is infective.

Moreover, we can identify (T )** = (T**)  .

Observation 3. From the above characterization it is clear that given Banach

spaces X, Y with X**/X reflexive, we have that T e L(X, Y) is tauberian if

and only if T** is tauberian.

Now we shall present an example of a tauberian operator S such that S**

is not tauberian. In order to do that, we shall construct an injective operator

T e L(lx) such that T** is not injective, and a Banach space Z and S e L(Z)

in such a form that Z**/Z = lx and S  = T.

We use a particular case of a construction of Bellenot [2] giving a Banach

space Z such that Z**/Z is isometric to /, .
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We denote by en the unit vector basis of lx, by Xn the subspace of /,

generated by {ex, ... , en}, and by Pn the projection from lx onto Xn , and

we let

J(*n) - {(A) -¿n « *n, l*Jl - ° and U(*B)H/ < °°} »
where

,2\
- X„ + x„

nL nx< n2< ■■■ <nk

Theorem 4

(a) (J(Xn), || ||y) is a Banach space.

(b) /(*„)" - {(xj : x„ € *„ , ||(x„)||, < 00}.

(c) If (xn) e J(Xn)**, then {xn} is convergent in lx.

(d) J(Xn)**/J(Xn) is isometric to lx .

Proof, (a) It is standard.

(b) It is enough to note that {Xn} is a shrinking decomposition of J(Xn)

[2, §1.1].
(c) Suppose {xn} is not convergent in lx . Then there exists ô > 0 and

nx < mx < n2 < m2 < ■ ■ ■   such that \\xm - xn || > ô. Then we would have

IK*fl)lly = °° ' a contradiction.
(d) It is enough to verify that the map

U: (xn) + J(Xn) e J(Xn)**/J(Xn) - timxn e lx

is an isometry. We have left the details for the reader.

Now consider the operator T e L(lx), given by T(xn) := (xn/n). It is easy

to see that T is a compact operator. Then T* does not have dense range, since

/ is nonseparable; hence T** is not injective. Note that T leaves invariant

the subspaces Xn of /, considered above, and it commutes with the projections

Pn-
On the other hand, let us consider the operator S, defined in J(Xn) by

S(xn) = (Txn),       xnexn.

Proposition 5

(a) SeL(J(Xn)).
(b) Sq = T (up to an isometry).

(c) S is tauberian, but S** is not tauberian.

Proof, (a) From \\Txn    - Txn \\ < \\T\\ \\xn    -xn \\ and the definition of || ||y ,

it follows easily that \\S\\ < \\T\\.
(b) Take (xn) e J(Xn)**, and let U be the isometry in the proof of Theorem

4:  U((xn) + J(Xn)) = Hmxn . We define u := limxn .

Note that (P„u) + J(Xn) = (xn) + J(Xn), since both sequences have the

same limit. Then we have TU((xn) + J(Xn)) = Tu = U((PnTu) + J(Xn)) =

U(S(Pnu) + J(Xn)) = USq((Pnu) + J(Xn)) = USq((xn) + J(Xn)).
(c) This is a consequence of (b) and the properties of T.
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Observation 6. Denote by WCo the class of all weakly compact operators. The

following characterization of tauberian operators was obtained in [7]: An op-

erator T e L(X, Y) is tauberian if and only if, for every space Z and A e

L(Z ,X), TAe WCo => A e WCo .
We can consider a dual definition: T e L(X, Y) is cotauberian if and only

if, for every space Z and B e L(Y, Z), BT e WCo ^ Be WCo.

We obtain that T e L(X, Y) is cotauberian if and only if T* is tauberian

[6], [7]. In fact, cotauberian operators were introduced in [6] (see also [11]) as

operators whose conjugates are tauberian, and the above definition is a char-

acterization in [7]. Moreover, it is easy to see that T* cotauberian implies T

tauberian. However, the above example shows that the remaining implication

is not true.

Operators in the boundary of the set of tauberian operators

In general, the class of tauberian operators is not open in L(X, Y). This

fact has been observed by Tacon [11]. We now present a very easy example

showing it.

Let X be a nonreflexive Banach space, and consider the operator defined by

T:(xk)el2(X)^(k->xk)el2(X).

Since l2(X)** can be identified with l2(X**), and T** acts in the same

form as T, it is clear that T and all its conjugates of even order are tauberian.

However, we can approximate T by the operators Tn given by

Tn : (xk) e l2(X) - (xx, lXx2 ,...,n~[xn,0,0,...)e l2(X).

In fact we have \\TH - T\\ = l/n , but Tn is not tauberian since its kernel is

not reflexive.

In some situations we can assure that the class of tauberian operators has a

nonempty interior.

Proposition 7. Tauberian operators with closed range do not belong to the bound-

ary of the class of tauberian operators.

Proof. If T e L(X, Y) is tauberian with closed range, then the associated op-

erator Tq e L(X**/X, Y**/Y) is injective with closed range [12, §2.6]. More-

over, \\(T - S)q\\ < |jr - 5"|| [12, §2.3]. Hence the result follows from the

openness of the class of injective operators with closed range.
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