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(Communicated by Richard R. Goldberg)

ABSTRACT. We prove that the set of functions in a Banach space L00(S, £,/¿),

which have a strongly unique best approximation in a finite dimensional sub-

space, is dense in the set of functions having a unique best approximation in

the subspace.

1. Introduction. Let M be a finite dimensional subspace of a real Banach

space X. An element m S M is said to be a unique best approximation in M to

an element x e X if

(1.1) ||« - m|| < ||at-»d

for all y ^ m in M. Such an element m is called a strongly unique best approxi-

mation in M to i if there exists a constant c > 0 such that

(1.2) ||z — m|| < ||x — y\\ — c\\m — y\\

for all y in M. Denote the set of all elements x e X having a (strongly) unique best

approximation in M by Um (SUm, respectively). Clearly, we have Um 3 SU m ^>

M.
It is well known that Um ¥" SUm in general (see [3, p. 82]). On the other

hand, Nürnberger and Singer [5] showed that SUm is dense in Um for any finite

dimensional subspace M of the space Cq(T), where T is a locally compact metric

space. Recently, the same result has been proved for the space Li(S,T,,p) by

Angelos and Schmidt [1, 2]. In §2 of this note we first prove the former result

provided only that T is a locally compact Hausdorff space. This is used in §3 to

show the density of SUm in Um for any finite dimensional subspace M of the space

L00(S,E,p).

In order to simplify the proofs we note that the best constant c = cm(%) in (1.2)

is equal to

(1-3) CM(x) = M^X-f-^-m^:yeM,y^m).
{       \\™-y\\ J

This, in conjunction with the well-known inequality [4, p. 446]

\\x + ay\\     [[¿|| < ||g + y||-||â|| o<a<l

\\ay\\       -       \\v\

implies that

(1.4) cM(x) = cM(x) = inf { l|g + jjjj ~ M : y e M, 0<||y||<£}
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for every £ > 0, where the element x — x — m has 0 as a unique best approximation

in M if and only if m is a unique best approximation in M to x.

2. Strong unicity in Co(T). Let Cq(T) be the Banach space of all real-valued

continuous functions x on a locally compact Hausdorff space T such that the set

{t e T: \x(t)\ > £} is compact for each e > 0 with the norm ||x|| = sup{|z(i)|: t e

T}. In particular, if T is a compact Hausdorff space, we shall also write C(T)

instead of Cq(T). For a function x e Cb(T)\{0} and a positive integer n define

nonempty compact subsets Tn of T and continuous functionals fn by

(2.1) Tn = {teT: \x(t)\>(l-l/(n + l))\\x\\}

and

(2.2) fn(y)=max[y(t)sgnx(t)},        yeC0(T).

LEMMA 2.1. If 0 is a unique best approximation in a finite dimensional sub-

space M ofCo(T) to a function x ^ 0 in Cq(T), then there exists a constant an > 0

such that

fn(y) > an\\y\\    for all y in M.

PROOF. The inequality is trivial in the case when y = 0. Otherwise, by the-

continuity of /„ and compactness of the unit sphere in M, it is sufficient to show

the inequality fn(y) > 0 for all y ^ 0 in M. Suppose that this inequality is not

true for an element y / 0 and choose a real number a = a(n) > 0 such that

a\\y\ < IMIA™ + !)• Then we have |ay(£)| < \x(t)\ and

\x(t) + ay(t)\ = \x(t)\ + ay(t)sgnx(t) < \x(t)\ < \\x\\

for all t e Tn. On the other hand, if t e T\Tn, then

\x(t) + ay(t)\ < \x(t)\ + \ay(t)\ < (l - ~^j \\x\\ + M. = \\x\\.

Thus — ay ^ 0 is a best approximation in M to x for sufficiently small a > 0 which

contradicts the fact that 0 is a unique best approximation in M to x.    Q.E.D.

This lemma will be applied to prove the following theorem which generalizes

Theorem 3.5 [5].

THEOREM 2.1. Let m be a unique best approximation in a finite dimensional

subspace M of Cq(T) to a function x in Cq(T). Then there exist a sequence {xn}

in Co(T), convergent uniformly to x and constants cn > 0 such that

\\xn - m\\ < \\xn - y\\ - cn\\m - y\\

for all y in M.

PROOF. If x = m, then we can put xn — m and cn — 1. Otherwise, by

virtue of (1.4), we may suppose without loss of generality that 0 is a unique best

approximation in M to x ^ 0 in Cq(T). By the Tietze-Urysohn theorem [6, p.

101], there exist real-valued continuous functions xn defined on Tn and such that

f ||ar||sgna;(0    if« eTn+2,

\x(t) ifteTnn(T\Tn+i),
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and

(l-l/(n + l))||x|| <z„(í)< INI, teTn,

where the nonempty compact sets Ti D T2 D ■ ■ ■ are defined as in (2.1). We extend

these functions to functions xn in Cq(T) by

xn(t) = x(t), teT\Tn.

Hence, we get

\x(t)-xn(t)\ <||*||-*n(i) <||*||/(n + l)

for all t e T.  Thus, xn converges uniformly to x as n —> oo.  Now suppose that

y e M and 0 < \\y\\ < ||*||/(n + 1). Then we have

|y(í)l<(i-i/(» + i))INI<l*(*)l<Mí)l
and

11 ^n + 2/11 >  \xn(t) + 2/(01 = l*n(í)l + 2/(¿)sgn X„(í) = ||ln|| + y(t)sgnx(t)

for all t e Tn+2. This in conjunction with (2.2) and Lemma 2.1 implies that

||*n +2/11  > ||*n|| + fn + 2(y) > \\Xn\\ + an + 2||î/||,

where the constant an+2 > 0 is independent of y.   Hence we can apply (1.4) in

order to finish the proof.    Q.E.D.

From Theorem 2.1 we immediately obtain

COROLLARY 2.1. If M is a finite dimensional subspace of the space Cq(T),

then SUm is dense in Um-

Since SUm C Um, it follows from Corollary 2.1 that SUm — Um- However,

in the particular case when T is a discrete set, i.e., Co(T) = co(T), we have

Ti = Tn+2 = {t e T: \x(t)\ = ||*||} and xn(t) = x(t) for all sufficiently large

n. Therefore, Theorem 2.1 implies

COROLLARY 2.2. If M is a finite dimensional subspace of the space cq(T),

then SUm = Um-

3. Strong unicity in L00(S,H,ri). For a positive measure space (S, E,p),

let L00(S,T,,p) denote the Banach space of all p-essentially bounded real-valued

functions x on S with the norm

||z|| = p- ess sup |z(s)|.
s€S

THEOREM 3.1. If M is a finite dimensional subspace of the space Loo(S,E,p),

then SUm is dense in Um-

PROOF. By Theorem 11 [4, p. 445], there exist a compact Hausdorff space T and

an isometric isomorphism J between Loo(S,T,,p) and C(T). Using (1.1) and (1.3)

this then yields Um = Uq and cm(x) = cq(Jx) for any element x and any finite

dimensional subspace M of Lcx>(S,'E,p), where G = J(M) is a finite dimensional

subspace of C(T). Hence SUm = SUq, and so the theorem follows readily from

Corollary 2.1.    Q.E.D.
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