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THE NORM EXPONENT IN GALOIS EXTENSIONS
OF NUMBER FIELDS

HANS OPOLKA

ABSTRACT. The purpose of this note is to provide an upper bound for the

exponent of the norm residue group fc'/Norm^y^A'*) of a finite Galois ex-

tension K/k of number fields in terms of a certain central extension of K/k.

1. The norm exponent and the Hasse norm principle.  Let K/k be a

finite Galois extension of number fields with Galois group G = Gal(A/fc). We call

A = X(K/k) = exponent of k*/~Norm.K/k(K*)

the norm exponent of K/k. An obvious upper bound for A is the degree (K : fc).

The purpose of this note is to obtain better bounds for A in certain special cases.

These will depend on the obstruction to the Hasse norm principle for K/k, i.e. on

the kernel K = K(K/k) of the natural map

(1.1) H°(G,K*)-+H°(G,A*K),

where H° denote the Tate-cohomology in dimension 0 and A*K the group of units

of the adele-ring A«- of K. For instance, using the local reciprocity map, we obtain

(1.2) If the Hasse norm principle holds for K/k then X(K/k) divides exp(G).

In general we use the result (2.5) in [6] which says that there is a finite central

extension L of K/k (i.e. Gal(L/A) is contained in the center of Gal(L/fc)) with the

following property:

(1.3) Every x G fc* which is a norm locally everywhere in L/K is a global norm

in K/k.
We call every central extension of K/k with this property an extension defined

by K(K/k). We denote by p = p(K/k) the minimum of all exp(Gal(L/fc)) where

L runs over all central extensions of K/k defined by K(K/k) and observe

(1.4) PROPOSITION.   X(K/k) divides p(K/k).

PROOF. Let L be a central extension of K/k such that p(K/k) = exp(Gal(L/fc)).

Using the density theorem and local class field theory we see that p(K/k) is the

l.c.m. of all local norm exponents Xv(L/k) = exp of fc*/NormL_/fcti(L*7) where v

runs over all places of fc and v denotes an extension of v to L. Since L has property

(1.3) the assertion is obvious.

In §3 we estimate p(K/k) in some special cases.

2. The method. We shall make use of a well-known observation by Täte [2,

p. 198], which says that K(K/k) is dual to the kernel K(K/k) of the localization

map

tf2(G,C*)^]Jiï2(G*,C*),
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where C* is considered with the trivial group action and where v runs over all

places of fc and Gy denotes the decomposition group of an extension v of v to K. In

[6] it is shown that a finite central extension L of K/k has property (1.3) if and only

if U(K/k) is in the kernel of the inflation map H2(G,C) -* H2(Ga\(L/k),C).

In order to construct such an L we represent every 2-cocycle class e G H (K/k)

by a suitable 2-cocycle f:GxG^>pn with values in a group of nth order roots

of unity pn in an algebraic closure fc of fc and consider the corresponding cen-

tral group extension G(f) of G with kernel pn- If n is large enough the em-

bedding problem corresponding to G(f) will be solvable and yields a central ex-

tension Lf of K/k with Gal(L//fc) = G(f) and e in the kernel of the inflation

map Ü2(G,C*) -* ü2(Gal(L//fc),C*). Taking a basis £i,...,£r of H (K/k) and

representatives fi, ■ ■ ■ ,fr as above the compositum L of Lf,,..., Lfr is a central

extension of K/k with property (1.3). Then we apply (1.4).

3. The abelian case. It is well known that for an abelian G the group

H2(G, C*) can be identified with the group of symplectic pairings on G, i.e.

H2(G,C*)^(GAG)~

by sending every 2-cocycle /: G x G —> C* to the pairing

w/:GxG^C*,        u)f(x,y):= f(x,y)/f(y,x),        x,yGG.

This fact will be used in the proof of the following result.

(3.1) THEOREM. Assume that G = Gal(ÄVfc) is abelian. If (K : fc) is odd
then p(K/k) divides exp(G). If (K : fc) is even and yf—ï G k then p(K/k) divides
2 ■ exp(G). Hence the norm exponent of K/k divides exp(G) if (K : fc) is odd and

2 ■ exp(G) if (K : fc) is even and y/—î G fc.

This result generalizes (3.4.9) in [9] and Theorem 1 in [5].

PROOF OF (3.1). Represent e G M (K/k) by a 2-cocycle /: G x G -» pn, n =

exp()i(K/fc)), as follows. If exp(G) is odd take f(x,y) = (u£(x,y))1^2, x,y G G,

where u)£ : G x G —> pn is the symplectic pairing corresponding to e. Since / is locally

trivial the central group extension G(f) splits locally everywhere and therefore the

corresponding embedding problem is solvable; see [3]. For the same reason the

exponent of G(f) divides the l.c.m. of n and the exponent of G. But n divides

exp(G). Hence exp(G(/)) divides exp(G). If exp(G) is even, write we(x,y) =

f(x,y)/f(y,x), x,y G G, where f:G x G —► Wn is a bilinear pairing. For every

place v of fc there is a function av:Gy —» C* suchthat f(x,y) = av(x)av(y)/av(xy),

x, y G Gy. We have

1 = f(x, x)2^2""1)/2 = f(x, x)f(x, x2)--- }(x, x2""1) = av(x)2n

for all x G Gy. This shows that the central group extension G(f) splits locally

everywhere. Now the same reasoning as above proves (3.1) also in this case.

REMARK. The proof shows that the assertion of (3.1) remains true under the

following apparently weaker assumption.

(3.2) (K : fc) is odd or (K : fc) = 2'm, (2,m) = 1, and for all places v above 2

the cyclotomic fields kv(tl2t)/kv are cyclic.
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(3.3) COROLLARY. Let K/k be a finite Galois extension of number fields with

Galois group G = Ga\(K/k) and assume that the Sylow subgroups of G are abelian.

Then under the assumption (3.2) we have: The norm exponent X(K/k) divides

exp(G) if (K : fc) is odd and divides 2 ■ exp(G) in any case.

PROOF. For every prime divisor p of (K : fc) denote by Gp the p-Sylow subgroup

of G. The assertion follows from the well-known fact that the restriction map

H°(G, K") -* H°(GP, K*) is injective on the p-part of H°(G, K*).

5. Remarks.

(5.1) Let fc/Q be a finite Galois extension. Then

X(K/Q)    divides   h-exp(Gal(K/Q))

where h is the narrow class number of K.

This follows from [7, §6], where it was shown that the central part of the narrow

Hubert class field of K is an extension defined by K(K/Q).

(5.2) Let K/k be a finite Galois extension such that (K : fc) is equal to the l.c.m.

of the local degrees (Ky : fc„) where v runs over all places of fc. Then

X(K/k)   divides    exp(Gal(if/fc)).

Indeed, using the fact that the restriction H2(G,C*) —> H2(Gy, C*) composed

with the corestriction H2(Gy, C*) —> H2(G, C*) is equal to the index (G : Gy) we

see that U(K/k) is trivial. This means that the map defined under (1.1) is injective.

So the assertion follows in view of the local reciprocity law.

(5.3) Note that the condition in (5.2) is equivalent to the triviality of the

Teichmiiller-cocycle; see [1, p. 68]. So the Lemma in [5] is obvious.
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