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ON THE EXISTENCE OF COMPLETE

PARALLEL VECTOR FIELDS

DAVID J. WELSH, JR.

Abstract. In 1966, Chern asked which compact orientable manifolds carry a

Riemannian metric and a vector field which is parallel under this metric. An earlier

paper answered this without assuming orientability. The present paper applies

techniques which work without compactness to identify manifolds which can carry

complete parallel vector fields

1. Introduction. Compact manifolds which admit a parallel vector field with

respect to some metric have been characterized in a previous paper [6]. Namely, they

are the (compact) fibre bundles over tori with finite structural group. The dimension

of the torus can be assumed to be the number of linearly independent parallel vector

fields. This answered a question of Chern [1].

The proof in [6] used the Albanese map and some well-known facts about

harmonic 1-forms. These tools are not available in the noncompact case, and, in fact,

the noncompact case has apparently not even been touched. The aim of this paper is

to develop tools that can be used in a noncompact setting.

In particular, a theorem about the existence of complete parallel vector fields is

proven for a class of manifolds which includes (but is not restricted to) those whose

first integral homology class is finitely generated. If M is not a product R X M',

then the following are equivalent:

(i) M carries a complete parallel vector field under some metric.

(ii) There is a circle action on M whose orbits are not real homologous to zero.

(iii) M is a fibre bundle over a circle with finite structural group.

Note that R X M' always admits a complete parallel vector field with respect to a

suitable metric.

2. Killing vector fields on noncompact manifolds. The isometry group of a compact

manifold is always compact. For more general M, the identity component of the

isometry group I0(M) is compact when M is not diffeomorphic to the product of a

Euclidean space with some other manifold [7, 4]. This fact simplifies the following

exposition.

For the rest of this section, M will be a Riemannian manifold that carries a

complete parallel vector field v. The case that M is a product R X Ml will be

excluded so that I0(M) will be compact. The Lie algebra of I0(M) will be identified

with that of the complete Killing vector fields on M.
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Let C be the closure of the 1-parameter subgroup generated by v in I0(M). It is

compact and abelian, hence a torus. Denote by exp the exponential map on C. Then

exp~l(0), where 0 is the identity of C, is a lattice that spans the Lie algebra of C.

There is an element w in exp l(0) that is not orthogonal to v at some point of M.

Note that the inner product (v,w) is constant on each orbit of C, since C is

compact (see e.g. [8]). On the other hand, if A' is a vector orthogonal to an orbit of

C, then

X(v,w) = (vxv,w) + (v,Vxw) = -(Vt,w, X) = -{VJ}, X) - ([v,w], X) = 0.

Hence (v, w) is constant.

The 1-parameter subgroup generated by w is a circle. Integration of the dual form

to v along an orbit of the subgroup yields a nonzero result. Thus the following is

proven:

Proposition 2.1. If a Riemannian manifold M admits a complete parallel vector

field, then either M is diffeomorphic to the product of a Euclidean space with some

other manifold, or else there is a circle action on M whose orbits are not real

homologous to zero.

3. Construction of the bundle. This section is devoted to proving the following

theorem:

Theorem 3.1. Let M be a differentiable manifold such that HX(M, Z) is the direct

sum of a free abelian group and a torsion group. If M admits a smooth Sl-action for

which some orbit is not torsion in homology, then M is a fibre bundle over a circle with

finite structural group.

The condition on the homology group, in conjunction with the deRham Theorem,

insures the existence of an integral closed 1-form 8 that yields a nonzero result when

evaluated on orbits. Choose 0 to be invariant under the S^-action. One can now

define a map similar to the Albanese map for compact manifolds.

Namely, fix e in M. Then for any piecewise differentiable path tj on M, the

number jv6 modZ depends only on the endpoints of tj since 0 is an integral form.

By requiring tj(0) to always be e, a map from M into the circle T = R/Z is defined

by setting </>(tj(0)) = [L0], where the brackets signify that the result is to be taken

modulo Z. The expression /Jîfi' 0 may be used for /,, 0.

The map (¡> is differentiable. Indeed, if tj is defined on [0,1 + e), and is

differentiable about t = 1, then

d/dt\,.x f 0 - d/dt\,-i (' n*o = V*6(d/dt)1 = e(dr,/dt)„a).

If Sl is considered as a 1-parameter group, then its orbits are naturally para-

meterized. If 7] is such a parametrization of an orbit, then 6(di\/dt) is a nonzero

constant. This means that <j> is a submersion.

There is an induced map of S1 into T defined by h(s) = <f>(s(e)). This is

differentiable of course, but even more is true.
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Lemma 3.2. The map h: Sl

Proof.

T is a homomorphism.

h(sx°s2) =
/

s^Sjde)) j^eU\jhMe))o
's2(.e)

= h(s2) + I
*i(e)

= h(s2) + h(sj).   a

This defines an action of Sl on T, via s(<b(y)) = h(s) + §{y), which is indepen-

dent of the choice of y in the fiber. Furthermore, the right-hand side becomes

[/,"*] + [//*] = [//'» + /¿'fl = <K*(y))- Thus we have

Lemma 3.3. The function (b is equivariant with respect to the given actions of S1.

Remark. The map h can be defined on any compact group G acting on M. The

lemmas remain true if 6 is G-invariant.

The importance of this lemma is that S1 preserves the fibers of <b. In particular,

the fibers are all diffeomorphic. Now let F = <í>_1([0]), and define K to be the kernel

of h. Then K -» Sl -» T is a principal bundle over T, where K is a finite cyclie

group. There is an associated bundle F -» S1 X^F-> T, where S1 X K F is the

quotient space of the action on S1 X F given by k(s,f) = (s ° k~l, k(f)), k e K.

The total space of the bundle is diffeomorphic to M. In fact, there is a commuta-

tive diagram

S1 X F-5 M

«r\

S1 x; F

where E is the evaluation map given by the group action, 77 is the projection

mapping, and \p is a diffeomorphism which preserves fibers.

4. Concluding remarks. In the rest of this paper, the statement that M admits a

parallel vector field means that M carries one under a suitable metric.

It has already been shown in [6] that any fibre bundle over a torus with finite

structural group admits a (complete) parallel vector field. For manifolds not of the

form R X A/', and satisfying the homology condition of Theorem 3.1, this demon-

strates the equivalence of statements (i)-(iii) of the introduction.

A natural question is what happens if the condition on HV(M,Z) is dropped? A

manifold for which //,( M, Z) = Q certainly causes the proof to break down. In fact,

H\M, Z) = 0 even though Hl{M, R) = R. On the other hand, let <f>: M -> S1 be a

fibration as above. Then M is finitely covered by Sl X F. The composition Hl(Sl)

-» H\M) -* H\Sl X F) is injective, and hence H\M, Z) * 0. Thus such a fibra-

tion cannot even exist on this manifold.

In fact, the property Hl(M,Z) # 0 implies that the first homology group must

have a free factor. Can a complete parallel vector field exist on a manifold for which

Hl(M,Z) = 0? An answer to this question should indicate whether the homology

condition is actually needed.
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It should be noted that Percell has shown that any compact manifold with

boundary admits a parallel vector field [3]. Omitting the boundary yields a noncom-

pact manifold that carries an incomplete parallel vector field.
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