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CORRECTION TO
"THE DIFFERENTIABILITY OF RIEMANN'S FUNCTION"

ARTHUR SMITH

Derivatives at other points. Suppose x is irrational, which, without essential loss,

we take to be positive.

In the expansions leading to equations (10) and (11) of the above paper, put

x — xn, where xn = rn/sn and rnsn = 0 (mod2). Put «2 = h2 = \/s\. Noticing we

have an expansion in hnsn, we see the error term is 0(h\s2), therefore, using Lemma

3, (10) may be written

(0 F(xn ± l/sl) =f(x„) + A*/si + 0(s-^2),

where A± is a number bounded as rn, sn -» oo and fixed when rn and sn are fixed

modulo 4.

It is easy to prove that if x is irrational, xn -* x in such a way that \x — xn\=

0(s~2), and/is differentiable at x, then limn^xB^ exists with value 0.

As shown in the Lemma below, it is possible to find an infinite sequence of

rationals [xn] with xn -» x, rnsn = 0 (mod2) and \x — xn\< l/s2. Hence, it is

possible to find an infinite sequence of rationals xn all satisfying one of the further

restraints, sn = 1 (mod 4), s„ = 3 (mod 4), rn = 1 (mod 4), rn = 3 (mod 4). With the

proper choice of sign (say + ) we can then assume, by Lemma 3, that A+ ¥= 0 and

fixed. From (i) this leads to the contradiction that | B*1 is bounded away from 0, so/

cannot be differentiable at x.

Lemma. If x is real and irrational there are infinitely many distinct rational numbers

p/q such that (p, q) = I, pq = 0 (mod2) and\x — p/q\< l/q2-

Without the constraint pq = 0 (mod 2) this is a standard theorem [1, p. 174].

Given the constraint we proceed as follows.

Suppose a/b, a'/b' are consecutive Farey fractions of order « and x E

(a/b, a'/b').

If (i) ab = 0 (mod 2) and a'b' = 0 (mod 2), then standard methods apply to find

p/q. Since a'b — ab' = 1, the other possibilities are (ii) ab = 1 (mod 2), a'b' = 0

(mod 2) or (iii) ab = 0 (mod 2), a'b' = 1 (mod 2).

In case (ii) let

lka + a'   (k-l)a + a'\
lk     \kb + b" (k-l)b + b'j, ''••"
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Note x E U^L,/^ so there is a A: such that x Elk. Furthermore, it is easy to show

both endpoints of lk satisfy constraints of type (i), and are consecutive Farey

fractions of order kb + b'. Thus replacing a/b, a'/b' by the left- and right-hand

endpoints of Ik, respectively, and n by kb + b', we are in case (i).

Similarly, we can reduce case (iii) to case (i) by considering intervals

_ ia + (k- \)g'   a + ka' \

k     \b + (k- l)b" b + kb'j-

We may now proceed by standard methods to show infinitely many distinct

primes exist with the required properties.
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