SIMPLY CONNECTED HOMOGENEOUS SPACES
DEANE MONTGOMERY

Introduction. Let G be a topological group which acts transitively,
as a transformation group, on a space M. If x is any point of M, let
G. be the closed subgroup made up of all elements in G which leave
x fixed. There is a natural one-to-one correspondence between points
of M and points of the coset space or homogeneous space G/G,. This
one-to-one correspondence is not a homeomorphism in the most
general cases, but it is clearly a homeomorphism if G is a compact
Lie group, and it is also a homeomorphism if G is a Lie group and M
is a manifold [1].! In the present note the following theorem will be
proved:

THEOREM A. If G is a connected Lie group which acts transitively
on a compact manifold M, and if G, is connected, then G contains a
compact subgroup which acts transstively on M.

Because of the facts stated in the introduction this theorem could
be given an equivalent formulation in the slightly different language
of homogeneous spaces, but this will be omitted. When M is simply
connected, G, must be connected so that the theorem implies the
following:

COROLLARY 1. If G is a connected Lie group which acts transitively
on a compact simply connected manifold M, then G contains a compact
subgroup which also acts transitively on M.

ProoF oF THE THEOREM. The proof depends on a theorem about
Lie groups which was proved in essence by Cartan, Chevalley, and
Malcev which will now be stated.

If G is a connected Lie group, then G is the direct product, as a space,
of a compact subgroup K and a euclidean space E.

For a proof and references to original sources see [2]. It is true that
maximal compact subgroups of G exist which contain any given com-
pact subgroup, that any two such are conjugate, and that K may be
chosen as one of these maximal compact groups.

In view of this theorem let the group G of Theorem A be the direct
product, as a space, of K and E

G=K-E.
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Since G, is connected, G, is the direct product of a compact sub-
group L and a euclidean space F

G, = L-F.

It may be assumed that L C K.
Let f1 be the map from G/L to G/K under which each coset of L
is carried to the coset of K which contains it.

fi: G/L—G/K.

This is a fiber mapping in the sense, for example, that each point of
G/K is in a neighborhood whose inverse is a product of a fiber and
a cross section. Each fiber is homeomorphic to K/L. But G/K is
homeomorphic to E, a euclidean space of some dimension, and when a
fibering has such a base space, it is a product. Therefore G/L is
homeomorphic to the topological product of K/L and E, which is
written as

(1) G/L = K/L X E. \

Let f; be the map from G/L to G/G,= M under which each coset of
L is carried to the coset of G, in which it is contained.

fz: G/L —)G/Gz.

This is also a fiber mapping and each of the fibers is homeomorphic to

G./L, that is, to F, a euclidean space. But when all the fibers are

homeomorphic to euclidean space it is known that a cross section 4

exists. The set 4 is a closed set in G/L, touching each fiber of f,

precisely once, and 4 is homeomorphic to the base space G/G,= M.
There exists a mapping P which retracts G/L onto 4

P: G/L—A,

that is, P is defined on all of G/L to 4 and each point 4 is fixed under
P. It follows that if a cycle in 4 bounds in G/L, it also bounds in 4.
The set 4 is a manifold and hence contains a cycle 2, at least mod 2,
such that
dim z = dim 4

and z does not bound in 4. Therefore z does not bound in G/L.

From (1) it follows that the homology properties of G/L are the
same as those of K/L, and therefore dim M =dim 4 =dim z=dim
K/L.

Since L is a maximal compact group in G, it follows that

L=KNG..



1950] SIMPLY CONNECTED HOMOGENEOUS SPACES 469

Then K(x), the orbit of x under K, is homeomorphic to K/L so that
dim M = dim K(x) = dim K/L = dim M.
Since K(x) is a manifold,
K(x) =M
and this completes the proof of the theorem.

COROLLARY 2. If G is a connected Lie group which acts transitively
on a compact manifold M, and if G, has a finite number of components,
then G contains a compact subgroup which also acts transitively on M.

COROLLARY 3. If G is a connected Lie group which acts transitively
on a compact manifold M, where M has a finite fundamental group, then
G has a compact subgroup which also acts transitively on M.

Under the hypothesis of Corollaries 2 and 3, G, has at most a finite
number of components. Let G; be the identity component of G,.
Since G/G?¥ is a finite covering of G/G. and G/G, is compact, it fol-
lows that G/Gs is compact. By Theorem A, G contains a compact
group K such that

KG: =G.
But then
KG, =G,

which proves Corollary 2.

As a matter of fact it is not necessary to assume in Theorem A that
G is connected, for if G has a countable number of components and is
transitive on M, then the identity component of G is also transitive
on M. The same remark applies to the corollaries.

The Klein bottle is a homogeneous space of a connected Lie group
(Mostow) but not of a compact Lie group, which shows that some
such extra hypothesis as the one used here is necessary.
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