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ON SALIKHOV’S INTEGRAL

V. N. SOROKIN

Abstract. We state a new interpolation problem, which we solve using Salikhov’s
integral. This was previously used in the theory of Diophantine approximations. We
study the asymptotic behaviour of orthogonal polynomials related to this problem.

§ 1. Approximations of logarithms

1. A classical example of Padé approximants, that is, rational approximants with free
poles [1], is given by approximations of the logarithm

f(z) =

∫ 1

0

dx

z − x
= ln

1

1− 1/z
,

namely,

(1.1) Rn(z) = Qn(z)f(z)− Pn(z) = O
( 1

zn+1

)
as z → ∞,

where Qn is a nonzero polynomial of degree n and Pn is the corresponding polynomial
of the second kind, n ∈ Z+.

Here, Qn are Legendre polynomials, which are orthogonal on the segment [0, 1] with
respect to the classical Lebesgue measure:∫ 1

0

Qn(x)x
m dx = 0, m = 0, . . . , n− 1.

These polynomials satisfy Rodrigues’ formula

Qn(x) =
1

n!

( d

dx

)n

{xn(x− 1)n}, n ∈ Z+.

We fixed some standard normalization of the Legendre polynomials. Then the functions
of the second kind (1.1) satisfy the integral representation

Rn(z) =

∫ 1

0

xn(1− x)n

(z − x)n+1
dx, n ∈ Z+.

For example, applying this construction at the point z = 2 we obtain the following
estimate of the irrationality measure of the number ln 2:∣∣∣ln 2− p

q

∣∣∣ > c

qμ
, where μ = 1 +

2 ln(
√
2 + 1) + 1

2 ln(
√
2 + 1)− 1

= 4,622 . . .

and c is a positive constant that can be effectively calculated. Here, p is any integer and q
is any positive integer. Similar results are obtained for large rational z. For constructing
Diophantine approximations of the numbers ln 3 or ln 5, for example, this construction
is not sufficient.
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Problems in the theory of numbers gave rise to many new analytic constructions for
the approximation of logarithms. Mahler [2] studied joint approximations of powers of
the logarithm f , f2, f3, . . . and obtained estimates for the transcendence measure of
the logarithms of any rational numbers, and later of algebraic numbers. Fel’dman [3]
studied joint approximations of the first type and Nikishin [4] of the second type for
certain logarithms.

2. Consider approximations of the second type. Let A be an arbitrary set of r+1 different
points on the complex plane, where r ∈ N. We define the logarithmic functions

fa,b(z) =

∫ b

a

dx

z − x
= ln

z − a

z − b
, a, b ∈ A, a �= b.

Then the approximations have the form

(1.2) Ra,b
n (z) = Qn(z)fa,b(z)− P a,b

n (z) = O
( 1

zn+1

)
as z → ∞,

where a, b ∈ A, a �= b. Here, Qn is a nonzero polynomial of degree rn and the P a,b
n are

the corresponding polynomials of the second kind, n ∈ Z+.
The polynomials Qn satisfy the joint orthogonality conditions:

(1.3)

∫ b

a

Qn(x)x
m dx = 0, m = 0, . . . , n− 1, a, b ∈ A, a �= b.

We can reduce the equations in relations (1.2) and (1.3) to rn independent equations by
fixing the point a arbitrarily, for example. The other equations will hold by the Cauchy
integral theorem. The polynomials Qn satisfy Rodrigues’ formula

Qn(x) =
(−1)n

n!

( d

dx

)n ∏
α∈A

(x− α)n, n ∈ Z+.

For functions of the second kind we have the integral representations

Ra,b
n (z) =

∫ b

a

∏
α∈A(x− α)n

(z − x)n+1
dx, a, b ∈ A, a �= b.

In [5] we considered a further generalization of this construction, which includes, in
particular, all polynomials of the functions fa,b.

3. In [6] Hata considered similar approximations, but with an additional effect of the
so-called collision of charges. Following this paper, we confine ourselves to the case of
three functions, that is, when the set A consists of three points. The approximations
have the form

Ra,b
n (z) = Qn(z)fa,b(z)−

P a,b
n (z)

(z − a)n(z − b)n
= O

( 1

z3n+1

)
as z → ∞,

where a, b ∈ A, a �= b. Here, Qn is a polynomial of degree 3n and the P a,b
n are the

corresponding polynomials of the second kind, n ∈ Z+.
The polynomials Qn satisfy the following joint orthogonality relations with variable

weight: ∫ b

a

Qn(x)x
m(x− a)n(x− b)n dx = 0, m = 0, . . . , n− 1,

where a, b ∈ A, a �= b. These polynomials satisfy Rodrigues’ formula:

Qn(x) =
(−1)n

(3n)!

( d

dx

)3n ∏
α∈A

(x− α)2n, n ∈ Z+.
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For functions of the second kind we have the integral representations

Ra,b
n (z) =

∫ b

a

∏
α∈A(x− α)2n

(z − x)3n+1
dx, a, b ∈ A, a �= b.

Using this construction, Hata obtained the following estimates of the irrationality mea-
sure of the numbers ln 3 and π:∣∣∣ln 3− p

q

∣∣∣ > c

q11,101...
and

∣∣∣π − p

q

∣∣∣ > c

q8,016...
.

4. If we make the change of variable z = 1/(1− x) in problem (1.1), we arrive at the
equivalent problem of approximating the logarithm g(x) = ln(1/x), namely,

Rn(x) = Qn(x)g(x)− Pn(x) = O((1− x)2n+1) as x → 1,

where Qn �≡ 0 and Pn are polynomials of degree n ∈ Z+. The polynomials Qn satisfy
the orthogonality relations∫ 0

−∞

Qn(x)x
mdx

(1− x)2n+1
= 0, m = 0, . . . , n− 1.

These polynomials satisfy the Hadamard composition formula:

Qn(x) = (1− x)n ◦ (1− x)n =

n∑
k=0

(
n

k

)(
n

k

)
xk, n ∈ Z+.

The function of the second kind is defined by Mellin’s convolution:

Rn(x) = (1− x)n � (1− x)n =

∫ 1

x

(
1− x

t

)n

(1− t)n
dt

t
, n ∈ Z+.

In [7] the joint approximation of the logarithms

ga(x) = ln
a

x
, a ∈ A,

was considered, where A is an arbitrary set of r distinct nonzero complex numbers, and
r is a positive integer. Namely,

Ra
n(x) = Qn(x)ga(x)− P a

n (x) = O((a− x)rn+n+1) as x → a, where a ∈ A,

where Qn �≡ 0 and P a
n , a ∈ A, are polynomials of degree rn. These polynomials Qn

satisfy the joint orthogonality relations∫ 0

∞

Qn(x)x
m dx

(a− x)rn+n+1
= 0, m = 0, . . . , n− 1, a ∈ A.

Here we also have the Hadamard composition

Qn(x) = (1− x)rn ◦
∏
α∈A

(α− x)n, n ∈ Z+,

and Mellin’s convolution

Ra
n(x) =

∫ a

x

(
1− x

t

)rn ∏
α∈A

(α− t)n
dt

t
, a ∈ A, n ∈ Z+.

As did Hata’s construction, this construction makes it possible to estimate the irra-
tionality measures of the numbers ln 3 and π. If we set A = {4/3, 3/2} and x = 1, then
we obtain the estimate ∣∣∣ln 3− p

q

∣∣∣ > c

q20
.
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If we take A = {1 + i, (1 + i)/2} and x = 1, then we have the inequality∣∣∣π − p

q

∣∣∣ > c

q25
.

These estimates are worse than Hata’s, but they are obtained without applying
Rukhadze’s method [8], which makes it possible to factor-out common prime factors
in the numerator and denominator of numerical rational approximations.

5. The examples given above show that to construct good Diophantine approximations
we need ever more complicated analytic constructions of Hermite–Padé type. Therefore,
in papers on number theory, an approach was formulated in which the starting point
of study is not an interpolation problem of Hermite–Padé type but rather an integral
representation of functions of the second kind. By making a good choice of the parameters
in the integrand it is possible to obtain good approximations. Zudilin’s survey [9] is
written in this spirit. Results we have not mentioned in this section can be found there.

Salikhov [10] obtained the best estimate of the irrationality measure of the number
ln 3 up to now, namely, ∣∣∣ln 3− p

q

∣∣∣ > c

q5,125
.

To do this he used the integral

(1.4)

∫ α

35

(x− 28)n(x− 30)n(x− 35)2n(x− 40)n(x− 42)n

x2n+1(70− x)2n+1
dx,

where α = 40 or 42.
In this paper we are interested in the question of which interpolation problem this

integral solves, and we are also interested in the question of the asymptotic behaviour of
the corresponding approximants in the whole of the complex plane. This problem has a
number of interesting features. In order to better understand them, in § 2 we consider a
simple model example reflecting these features. Then in § 3 we study Salikhov’s integral.

§ 2. Example

1. In order to better understand the approximation problem that is solved by Salikhov’s
integral, we first consider a simple example.

We define polynomials Qn(x) by the following Rodrigues’ formula:

(2.1)
Qn(x)

x2n
= Cn

( d

dx

1

x

)2n

{x2n(x2 − 1)n}, n ∈ Z+,

where Cn is a normalizing constant. Then Qn is an even polynomial of degree 2n. In
what follows it is convenient to choose the normalizing constant to be equal to

Cn =
1

(4n)!!
.

We let

f(z) =

∫ +1

−1

dx

z − x
= ln

z + 1

z − 1

denote the principal branch of the logarithm in a neighbourhood of infinity. We set

Sn(z) = Bn(z)f(z)− En(z),

where Bn(z) = z2n(z2 − 1)n and En is the polynomial part of the series Bnf , so that

Sn(z) = O
(1
z

)
as z → ∞.



ON SALIKHOV’S INTEGRAL 111

We define a function of the second kind by the formula

Rn(z) = Cn

( d

dz

1

z

)2n

Sn(z) = Cn

( d

dz

1

z

)2n

{Bn(z)f(z)}.

Then

(2.2) Rn(z) =
R̃n(z)

z2n
=

1

z2n

{
Qn(z)f(z)−

Pn(z)

(1− z2)n

}
,

where Pn is some polynomial of the second kind. Since

Rn(z) = O
( 1

z4n+1

)
as z → ∞,

it follows that Pn(z) is the polynomial part of the series (1 − z2)nQn(z)f(z). On the
other hand,

Sn(z) =

∫ +1

−1

Bn(x)

z − x
dx =

∫ 1

0

Bn(x)
2z

z2 − x2
dx.

Consequently,

(2.3) Rn(z) = 2z

∫ 1

0

Bn(x)

(z2 − x2)2n+1
dx.

We denote the principal branch of the logarithm in a neighbourhood of zero by

f∗(z) = ln
1 + z

1− z
.

We set S∗
n(z) = Bn(z)f

∗(z). This is an odd function, which is holomorphic at zero.
Consequently, the function

R∗
n(z) = Cn

( d

dz

1

z

)2n

S∗
n(z)

is also holomorphic at zero. It has the form

R∗
n(z) =

R̃∗
n(z)

z2n
=

1

z2n

{
Qn(z)f

∗(z)− Pn(z)

(1− z2)n

}
,

where Qn and Pn are the same polynomials as in formula (2.2). In a similar way, for the
functions of the second kind R∗

n we obtain the integral representation

(2.4) R∗
n(z) = 2z

∫ 1

0

(1− x2)n

(1− x2z2)2n+1
dx.

We pose the following problem.

Problem 2.1. For every nonnegative integer n, find a nonzero polynomial Qn of degree
at most 2n such that for some polynomial Pn the following interpolation conditions hold:

R̃n(z) = Qn(z)f(z)−
Pn(z)

(1− z2)n
= O

( 1

z2n+1

)
as z → ∞,

R̃∗
n(z) = Qn(z)f

∗(z)− Pn(z)

(1− z2)n
= O(z2n+1) as z → 0.

We have proved the following result.

Proposition 2.1. The polynomials Qn defined by formula (2.1) are solutions of Prob-
lem 2.1.



112 V. N. SOROKIN

2. We will now analyse the asymptotic behaviour of the quantities Rn(z) as n → ∞.
We apply the saddle-point method. We set ζ = z2 and t = x2. In accordance with (2.3)
consider the function

(2.5) Φ(t, ζ) =
t(t− 1)

(ζ − t)2
,

which depends on the variable t and the parameter ζ. This function has one critical
point,

t∗(ζ) =
ζ

2ζ − 1
.

The corresponding critical value is equal to

Φ∗(ζ) = Φ(t∗(ζ), ζ) =
1

4ζ(1− ζ)
.

We analyse the lemniscate |4z2(1− z2)| = 1 depicted in Figure 2.1.

x

y

Γ

Γ+Γ−

0−1 +1
D+D−

x1−x1

iy0

−iy0

x0−x0

D0

Figure 2.1

This curve passes through the points ±x0, ±x1, ±iy0, where

x0 =
1√
2
, x1 =

√√
2 + 1

2
, y0 =

√√
2− 1

2
.

The lemniscate divides the plane into four connected components. We denote the compo-
nent containing the point zero by D0, and its boundary by Γ. The components containing
the points ±1 are denoted by D±, and their boundaries by Γ±, respectively. In the un-
bounded component we have

|4z2(1− z2)| > 1,

whilst in the bounded components

|4z2(1− z2)| < 1.

Let D∞ denote the domain lying outside this curve.
It is easy to see that the curve connecting the points t = 0 and t = 1 can be drawn

through the critical point t∗ in such a way that the function |Φ| attains its maximum at
this point. Hence we have the following.

Proposition 2.2. The following holds uniformly within the entire complex plane:

(2.6) lim
n→∞

|Rn(z)|1/n =
1

|4z2(1− z2)| .
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If z ∈ (−1,+1), then in formula (2.6) we take the limit values of the function Rn(z)
either in the upper or in the lower half-plane.

We now analyse the asymptotic behaviour of the quantities R∗
n(z) as n → ∞. We

apply the saddle-point method to the integral (2.4). Consider the function

(2.7) Φ(t, ζ) =
1− t

(1− ζt)2
.

It has one critical point,

t∗(ζ) =
2ζ − 1

ζ
.

The corresponding critical value is again equal to Φ∗(ζ).
If z ∈ D±, then a contour of steepest descent connecting the points t = 0 and t = 1

can be drawn through the critical point t∗. In all the other cases, these points can be
connected by a contour on which |Φ| attains its maximum, which is equal to 1, at t = 0.
Hence we have the following.

Proposition 2.3. The following holds uniformly within the domains indicated :

lim
n→∞

|R∗
n(z)|1/n =

⎧⎨⎩
1

|4z2(1− z2)| if z ∈ D±,

1 otherwise.

Finally we analyse the asymptotic behaviour of the polynomials Qn(z) as n → ∞. This
will let us answer the question we are mainly interested in, namely the limit distribution
of the zeros of these polynomials.

We observe that

Qn(z) = ± 1

πi

(
R̃∗

n(z)− R̃n(z)
)
,

where the choice of the sign ± depends on whether the point z is in the upper or lower
half-plane. It follows from (2.3) and (2.4) that we have the integral representation

Qn(z)

z2n
= ±2z

πi

∫ ∞

0

(1− x2)n

(1− x2z2)2n+1
dx.

Thus, to study the asymptotics of this integral we must again use the function (2.7).
But now the contour of integration is any curve connecting the points zero and infinity
that does not go around the poles of the function under the integral. If z ∈ D0, then
we can draw such a contour on which the maximum of |Φ| is attained at a critical point,
and if z ∈ D∞, then it is attained at zero. In these domains, there are no zeros of the
polynomials Qn in the limit. If z ∈ Γ, then both points contribute to the asymptotics
of the integral. The curve Γ is the limit set of the distribution of the zeros of the
polynomials Qn. We have proved the following.

Proposition 2.4. The following holds uniformly within the domains indicated :

lim
n→∞

|Qn(z)|1/n =

⎧⎨⎩
|z|2 if z ∈ D∞,

1

4|1− z2| if z ∈ D0.

3. We denote the set of zeros of the polynomial Qn by Zn = Z(Qn) and the measure
counting the zeros of this polynomial by

λn = λ(Qn) =
1

n

∑
ξ∈Zn

δξ.
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Here, δξ is the unit measure placed at the point ξ, that is, the Dirac delta-function. If
the limit λn →∗ λ in the weak-∗ topology of the dual space exists, then the measure λ is

called the limit measure of the distribution of zeros of the polynomials {Qn}. Let

V λ(z) =

∫
ln

1

|z − t|dλ(t), z ∈ C,

denote the logarithmic potential of the measure λ. As a corollary of Proposition 2.4 we
obtain the following.

Proposition 2.5. The limit measure λ of the distribution of the zeros of the polynomi-
als {Qn} exists, and its logarithmic potential is equal to

V λ(z) =

⎧⎨⎩ 2 ln
1

|z| if z ∈ D̄∞,

ln |4(1− z2)| if z ∈ D̄0.

Corollary 2.1. The measure λ is the balayage of the measure 2δ0 onto the curve Γ.

Corollary 2.2. The measure λ is a unique solution of the following problem of equilib-
rium in an external field :

(2.8) V λ + V δ+1 + V δ−1 = w on Γ,

under the conditions that the total variation of this measure is equal to ‖λ‖ = 2 and its
support satisfies Sλ ⊂ Γ. Here, w is some equilibrium constant ; in our case it is equal to
ln 4.

Finally we can draw the following conclusion.

Proposition 2.6. Let γ be an arbitrary closed Jordan curve separating the point zero
from the points ±1, and let λγ be a solution of the equilibrium problem (2.8) on γ. Then
the curve Γ is the only curve among the curves γ on which λ = λΓ is the balayage of the
measure 2δ0.

We have used results from logarithmic potential theory which can be found in [11] and
have been further developed in the papers of Gonchar, Rakhmanov and Sorokin [12].

§ 3. Salikhov’s integral

1. Making the change of variable x → 35(x+1) in the integral (1.4) and introducing pa-
rameters a and b instead of the numbers 1/7 and 1/5, and also introducing the variable z,
we write down Salikhov’s integral (1.4) in the following general form:

(3.1) Rα
n(z) = 2z

∫ α

0

x2n(x2 − a2)n(x2 − b2)n

(z2 − x2)2n+1
dx, α ∈ {a, b}.

The parameters a and b are arbitrary distinct nonzero points on the complex plane.
We now find out which interpolation problem is solved by the integrals (3.1). We

denote the principal branch of the logarithm in a neighbourhood of infinity by

fα(z) = ln
z + α

z − α
,

and the principal branch of the logarithm in a neighbourhood of zero by

f∗
α(z) = ln

α+ z

α− z
.

We pose the following problem.
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Problem 3.1. For every nonnegative integer n, it is required to find a nonzero polyno-
mial Qn of degree at most 4n such that for some polynomials of the second kind P a

n and
P b
n the following interpolation conditions hold: for α ∈ {a, b},

R̃α
n(z) = Qn(z)fα(z)−

Pα
n (z)

(α2 − z2)n
= O

( 1

z2n+1

)
as z → ∞,

R̃∗α
n (z) = Qn(z)f

∗
α(z)−

Pα
n (z)

(α2 − z2)n
= O(z2n+1) as z → 0.

Just as in § 2 we can easily obtain the following.

Proposition 3.1. 1◦. A polynomial Qn that is a solution of Problem 3.1 can be defined
by Rodrigues’ formula

(3.2)
Qn(x)

x2n
= Cn

( d

dx

1

x

)2n

{x2n(x2 − a2)n(x2 − b2)n},

where Cn = 1/(4n)!! is a normalizing constant.

2◦. For functions of the second kind R̃α
n the integral representation

R̃α
n(z) = z2nRα

n(z), α ∈ {a, b},
holds, where Rα

n is Salikhov’s integral defined by formula (3.1).

2. In this subsection we state the main result of the paper, namely, we describe the limit
measure of the distribution of zeros of Salikhov’s polynomials. Here, we confine ourselves
to real values of the parameters a and b: 0 < a < b.

We carry out the following construction. Let a∗ denote an arbitrary point on the
interval (0, a). We draw an arbitrary simple closed analytic curve Γ through the points
±a∗ going around the origin. We also draw simple analytic arcs Γ+ and Γ− as shown in
Figures 3.1 and 3.2. We assume that this system of cuts is symmetric with respect to
the coordinate axes. If a < b/

√
2 we use Figure 3.1, and if a > b/

√
2 we use Figure 3.2.

If a = b/
√
2 the curves Γ± pass through infinity.

As above, we denote by δx0
the unit measure at a point x0. Let

φa = V δ+a + V δ−a and φb = V δ+b + V δ−b

be the external fields created by unit charges located at the points +a,−a and +b,−b,
respectively.

ba−a a∗−a∗ 0−b

Γ

Γ+

Γ−

Figure 3.1

We pose the following equilibrium problem in logarithmic potential theory.
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ba−a a∗−a∗ 0−b

Γ

Γ− Γ+

Figure 3.2

Problem 3.2. Find three measures λΓ, λΔ, λ∗ satisfying the following conditions:
1) The support of the measure λΓ is contained in the curve Γ, and its total variation

is equal to 2: S(λΓ) ⊂ Γ, ‖λΓ‖ = 2.
2) The support of the measure λΔ is contained in the segments Δb = [−b,−a∗]∪[a∗, b],

and its total variation is equal to 2: S(λΔ) ⊂ Δb, ‖λΔ‖ = 2.
3) The support of the measure λ∗ is contained in the curves Γ∗ = Γ+ ∪ Γ−, and its

total variation is equal to 2: S(λ∗) ⊂ Γ∗, ‖λ∗‖ = 2.
4) The following equilibrium conditions hold:
a) On the set Δb ∪ Γ the measure λ = λΓ + λΔ satisfies

(3.3) WΔ = V λΓ + 2V λΔ − V λ∗ + φb

{
= wΔ on S(λ),

≥ wΔ on Δb ∪ Γ,

where wΔ is some equilibrium constant.
b) On the set Γ∗ the measure λ∗ satisfies

(3.4) W∗ = 2V λ∗ − V λ − φb + φa

{
= w∗ on S(λ∗),

≥ w∗ on Γ∗,

where w∗ is some equilibrium constant.

This is the Nikishin equilibrium problem with external fields. Logarithmic potential
theory implies the following result.

Proposition 3.2. Problem 3.2 has a unique solution.

Next we vary the curves Γ (together with the point a∗) and Γ∗. Namely, we pose the
following problem.

Problem 3.3. Find curves Γ and Γ± such that
1) the measure λΓ is the balayage of the measure 2δ0 onto the curve Γ;
2) the support of the measure λΔ has the form S(λΔ) = [−b∗,−a∗]∪, where a < b∗ < b;
3) the support of the measure λ∗ is the set Γ∗ = Γ+∪Γ−: S(λ∗) = Γ∗, and in addition

the curves Γ± have the S-property, that is, the normal derivatives of the function W∗
taken on the opposite sides at points of these curves coincide.

Proposition 3.3. Problem 3.3 has a unique solution.

We will not prove that Problem 3.3 has a unique solution here. We state the main
result of the paper.

Theorem. The limit measure λ of the distribution of the zeros of Salikhov’s polynomials
exists and is a solution of Problems 3.2 and 3.3.

We shall not study the asymptotic behaviour of functions of the second kind in this
paper. We simply note that the measure λ∗ is the limit measure of the distribution of
the zeros of the functions Rb

n, that is, of the so-called additional interpolation points.
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3. Before proceeding to the proof of the theorem, we consider the limit cases when
Problem 3.1 is degenerate.

Let a = 0. We can assume without loss of generality that b = 1. Then Rodrigues’
formula (3.2) takes the form

(3.5) Q�
n(x) = Cn

( d

dx

1

x

)2n

{x4n(x2 − 1)n},

where Qn(x) = x2nQ�
n(x) and Q�

n is a polynomial of degree 2n. These polynomials solve
the following interpolation problem:

Rn(z) = Q�
n(z)f(z)−

Pn(z)

(1− z2)n
= O

( 1

z4n+1

)
as z → ∞.

Thus, the polynomials Q�
n satisfy the orthogonality relations with variable weight,∫ +1

−1

Q�
n(x)x

m(1− x2)n dx = 0, m = 0, . . . , 2n− 1.

This is a generalization of the Legendre polynomials of Hata type (see § 1.3). It follows
from the orthogonality relations that all zeros of the polynomial Q�

n are simple and belong
to the interval (−1,+1). Then logarithmic potential theory implies the following.

Proposition 3.4. There exists a limit measure λ of the distribution of the zeros of the
polynomials Q�

n. This is a unique measure of magnitude 2 with support on the segment
[−1,+1] and where its logarithmic potential satisfies equilibrium conditions in the external
field created by unit positive charges located at the points ±1, namely,

(3.6) W = 2V λ + V δ+1 + V δ−1

{
= w on S(λ),

≥ w on [−1,+1],

where w is some equilibrium constant, and the support of the measure λ is some segment
[−b∗,+b∗] contained strictly inside the segment [−1,+1].

Remark. Thus, when passing to the limit as a → 0 in Problem 3.1, the point a∗ tends to
0, while the curve Γ disappears.

We find an explicit form of the measure λ; namely, we prove the following.

Proposition 3.5. The limit measure λ has the following density :

(3.7) λ′(x) =
1

π

√
8− 9x2

1− x2
, −b∗ ≤ x ≤ +b∗,

where b∗ = 2
√
2/3.

The graph of the density is depicted in Figure 3.3.

Proof. In order to find an explicit form of the measure λ, we make some calculations
following the saddle-point method. We set t = x2 and ζ = z2. In accordance with
Rodrigues’ formula (3.5), studying the asymptotic behaviour of the polynomials Q�

n(z)
as n → ∞ reduces to studying the critical values of the function

Φ(t, ζ) =
t2(t− 1)

(ζ − t)2
.

The equation for the critical points, namely, ∂
∂t lnΦ = 0, gives rise to the quadratic

equation

t2 − 3ζt+ 2ζ = 0, where ζ = z2.
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x

λ′

0−b∗ +b∗

Figure 3.3

Its discriminant is equal to z2(9z2 − 8). The algebraic function t(z) has two branch

points of second order at z = ±b∗, where b∗ = 2
√
2/3. Outside the segment [−b∗,+b∗]

we isolate two single-valued branches of this function,

t±(z) =
1

2

(
3z2 ± z

√
9z2 − 8

)
,

where
√
9z2 − 8 ∼ 3z as z → ∞. Corresponding to these we have two single-valued

branches Φ± of the algebraic function Φ(z) = Φ(t(z), z2). As z → ∞ we obtain

Φ+(z) ∼
27

4
z2, Φ−(z) ∼ − 4

27

1

z4
.

By using the saddle-point method we obtain the asymptotics

lim
n→∞

|Q�
n(z)|1/n = |Φ+(z)|, z ∈ C \ [−b∗,+b∗].

Consequently,

V λ = − ln |Φ+|+ ln
27

4
.

The Cauchy transform (Markov function) of the measure λ, that is, the integral

λ̂(z) =

∫
dλ(x)

z − x
,

is calculated using the formula

λ̂(z) = − ∂

∂z
V λ(z) =

d

dz
lnΦ+(z) =

∂

∂z
lnΦ(t, z2)

∣∣
t=t+(z)

=
4z

t+(z)− z2
=

8

z +
√
9z2 − 8

.

We find the density of the measure λ by Sokhotskĭı’s formula

λ′(x) =
1

π
�λ̂(x− i · 0), −b∗ < x < +b∗.

Hence, (3.7) follows.
We now verify the equilibrium condition. We have

W = −2 ln |Φ+|+ 2 ln
27

4
+ ln

1

|1− z| + ln
1

|1 + z| = w − ln
∣∣∣ ((1− z2)Φ+Φ−) · Φ+

Φ−

∣∣∣,
where w = 2 ln 27

4 . By Vièta’s theorem,

Φ+(z)Φ−(z)(1− z2) = 1.

On the segment [−b∗,+b∗], the functions Φ+ and Φ− take complex-conjugate values, and
the ratio of their absolute values is equal to 1. Consequently, W (x) = w, x ∈ [−b∗,+b∗].
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The fact that the function W is increasing on the interval (b∗, 1) is verified by a direct
calculation of the derivative.

Proposition 3.5 is proved. �

4. Now we consider the second limit case when Problem 3.1 degenerates. Let a = b = 1.
Then Rodrigues’ formula (3.2) takes the form

Qn(x)

x2n
= Cn

( d

dx

1

x

)2n

{x2n(x2 − 1)2n}, n ∈ Z+.

The polynomial Qn has degree 4n. This polynomial solves the interpolation problem

(3.8)
R̃n(z) = Qn(z)f(z)− Pn(z) = O

( 1

z2n+1

)
as z → ∞,

R̃∗
n(z) = Qn(z)f

∗(z)− Pn(z) = O(z2n+1) as z → 0.

Condition (3.8) means that the polynomials Qn satisfy the orthogonality relations∫ +1

−1

Qn(x)x
m dx = 0, m = 0, . . . , 2n− 1.

Consequently, at least 2n zeros of this polynomial belong to the interval (−1,+1).
We now analyse the critical values of the function

(3.9) Φ(t, ζ) =
t(t− 1)2

(t− ζ)2
, ζ = z2.

The equation on critical points reduces to the quadratic equation

t2 + (1− 3z2)t+ z2 = 0.

Its discriminant is equal to (1− z2)(1− 9z2). The zeros of the discriminant, that is, the
points z = ±1 and z = ±1/3, are second order branch points of the algebraic functions
t(z) and Φ(z) = Φ(t(z), z2). The function Φ satisfies the quadratic equation

4z2Φ2 + (1 + 18z2 − 27z4)Φ + 4 = 0.

Outside the segments Δ = [−1,−1/3]∪ [+1/3,+1] two single-valued branches, t±(z) and
Φ±(z) respectively, are isolated such that

Φ+(z) ∼
27

4
z2 and Φ−(z) ∼

4

27

1

z4
as z → ∞.

The Riemann surface for these functions is a torus.
The set of points z on the complex plane for which

|Φ+(z)| = |Φ−(z)|
consists of the segments Δ and some curve, as shown in Figure 3.4.

Here,

y∗ =

√
2
√
3− 3

3
, x∗ =

√
2
√
3 + 3

3
, x0 =

1

3
.

Let Γ denote the Jordan component of this curve going around the origin.

Proposition 3.6. The following asymptotic formula holds uniformly inside the domain
situated outside the curve Γ with cuts along the segments Δ:

(3.10) lim
n→∞

|Qn(z)|1/n = |z2Φ+(z)|.

The following asymptotic formula holds uniformly inside the domain bounded by the
curve Γ:

(3.11) lim
n→∞

|Qn(z)|1/n = |z2Φ−(z)|.
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Figure 3.4

This assertion follows easily from an analysis of the arrangement of the critical points.

Proposition 3.7. There exists a measure λ—a limit measure of the distribution of the
zeros of the polynomials Qn. Furthermore, λ = λΓ + λΔ, where λΓ is a measure of
magnitude 2, whose support is the curve Γ, and where λΔ is a measure of magnitude 2,
whose support consists of the segments Δ. The measure λΔ has the density

(3.12) λ′
Δ(x) =

1

π|x|

√
9x2 − 1

1− x2
,

1

3
< |x| < 1.

The measure λΓ is the balayage of the measure 2δ0 onto the curve Γ.

Figure 3.5 depicts the graph of the density of the measure λΔ.

x

λ′
Δ

0−1 −1/3 +1/3 +1

Figure 3.5

Proposition 3.8. The measure λ is a unique solution of the following equilibrium prob-
lem :

(3.13) W = 2V λΔ + V λΓ

{
≤ w on S(λ),

≥ w on Δ ∪ Γ,

where w is some equilibrium constant. Furthermore, the curve Γ can be found from the
condition V λΓ = 2V δ0 outside Γ, and w = 2 ln 27

4 .
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Proof of Propositions 3.7 and 3.8. It follows from (3.10) and (3.11) that the measure λ
exists and a formula for its logarithmic potential is

V λ =

{
−2 ln |z| − ln |Φ+|+ ln 27

4 outside Γ,

−2 ln |z| − ln |Φ−|+ ln 27
4 inside Γ.

In particular,

V λΔ = − ln |Φ+|+ ln
27

4
in C

and

V λΓ =

{
−2 ln |z| outside Γ,

2 ln |Φ+| inside Γ.

We now verify the equilibrium condition (3.13). By Vièta’s theorem,

Φ+Φ− =
1

z2
, z ∈ C.

Consequently, on Γ ∪Δ we have

W = 2 ln
27

4
− ln |Φ2

+z
2| = w − ln

∣∣∣ Φ2
+

Φ+Φ−

∣∣∣ = w − ln
∣∣∣Φ+

Φ−

∣∣∣ = w.

We now find the Markov function of the measure λΔ:

λ̂Δ(z) = − ∂

∂z
V λΔ(z) =

d

dz
lnΦ+(z) =

∂

∂ζ
lnΦ

∣∣∣
ζ=z2

t=t+

=
8z

z2 − 1 +
√
(z2 − 1)(9z2 − 1)

=
1

z

{√
9z2 − 1

z2 − 1
− 1

}
.

We find the density of the measure by Sokhotskĭı’s formula,

λ′
Δ(x) =

1

π
�λ̂Δ(x− i · 0), x ∈ Δ.

Hence (3.12) follows, which is what was required to be proven. �

5. We now prove the main theorem. We will not go into the details of the proof, but
by referring to the arguments of subsections 3 and 4, we conclude that to find the
asymptotics of the polynomials Qn it is required to study the Riemann surface of some
algebraic function Φ(z).

We now define this function. Consider the rational function

Φ(t; ζ; a, b) =
t(t− a2)(t− b2)

(ζ − t)2
.

This is a function of t and depends on the parameter ζ = z2 and two additional fixed
parameters a and b. We write down the equation for the critical points of this function.
After some calculations we obtain the cubic equation

(3.14) t3 − 3z2t2 + (2(a2 + b2)z2 − a2b2)t− a2b2z2 = 0.

A solution of equation (3.14) is given by a three-valued algebraic function t(z). Corre-
spondingly, a three-valued algebraic function emerges:

Φ(z) = Φ(t(z); z2; a, b).
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The algebraic functions t(z) and Φ(z) have the same Riemann surface. The function Φ
satisfies the equation

4z2(z2 − a2)(z2 − b2)Φ3 +
(
−27z8 + 36(a2 + b2)z6 − 2(4a4 + 23a2b2 + 4b4)z4

+ 8a2b2(a2 + b2)z2 + a4b4
)
Φ2 +

(
−2(2a6 − 3a4b2 − 3a2b4 + 2b6)z4

+
(
4a2b2(a4 − 4a2b2 + b4)z2 + 2a4b4(a2 + b2)

))
Φ+ a4b4(b2 − a2)2 = 0.

We calculate the discriminant of the cubic equation (3.14):

Q(z) = 36(a4 − a2b2 + b4)z8−8(4a6 + 3a4b2 + 3a2b4 + 4b6)z6

+24a2b2(2a4 + a2b2 + 2b4)z4 − 24a4b4(a2 + b2)z2 + 4a6b6.

We analyse the roots of the polynomial Q(z). We have

Q(b) = 4b6(b2 − a2)3 > 0,

Q(a) = 4a6(a2 − b2)3 < 0,

Q(0) = 4a6b6 > 0.

Consequently, on the real axis the polynomial Q(z) has at least four roots, ±a∗ and
±b∗, such that 0 < a∗ < a < b∗ < b. It is easy to show that the biquadratic trinomial
(d/dz2)2Q(z) is positive on the real axis. Consequently, the polynomial Q(z) has no real
roots apart from ±a∗ and ±b∗. The remaining four roots of this polynomial are complex.
They are located symmetrically with respect to the coordinate axes. We denote the two
complex-conjugate roots in the right half-plane by z++ and z+− , and the two complex-

conjugate roots in the left half-plane by z−+ and z−− .
It is easy to see that all eight roots of the discriminant Q(z) are branch points of

second order for the algebraic functions t(z) and Φ(z). We make cuts on the complex
plane along the segments Δ+ = [a∗, b∗] and Δ− = [−b∗,−a∗] and along some arcs Γ±, as
shown in Figures 3.1 and 3.2. In what follows we discuss only the first case. The second
case is similar. A precise definition of the curves Γ± will be given later.

Outside this system of cuts, we distinguish three single-valued branches of the function
t(z) and three single-valued branches of the function Φ(z), respectively. We identify these
branches by analyzing their asymptotic behaviour as z → ∞. One of the roots of equation
(3.14), which is denoted by t∞(z), tends to infinity, namely, t∞(z) ∼ 3z2 as z → ∞. The
two other roots tend to constants: t±(z) → θ± as z → ∞, where θ+ and θ− are roots of
the quadratic equation

3θ2 − 2(a2 + b2)θ + a2b2 = 0,

namely,

θ± =
1

3

(
(a2 + b2)±

√
a4 − a2b2 + b4

)
.

We now find out at which points each of the branches has a singularity. From equation
(3.14) we express ζ = z2 in terms of t. We obtain the rational function

ζ =
t(t2 − a2b2)

3t2 − 2(a2 + b2)t+ a2b2
.

The numerator vanishes at the points t = 0 and t = ±ab. The denominator vanishes
at the points t = θ±. Furthermore, θ− < ab < θ+. By analysing the graph of this
function, we obtain the following graphs of the functions t∞ and t± on the real axis
(see Figure 3.6).
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Figure 3.6

We see that the functions t∞ and t+ have second order branch points at z = ±a∗
and z = ±b∗, while the function t− is holomorphic at these points. Consequently, the
functions t+ and t− have second order branch points at z±± , while the function t∞ is
holomorphic at these points. We construct a Riemann surface by gluing together the
branches indicated (see Figure 3.7).

This surface has genus g = 2.
We continue our analysis of the function Φ(z). As z → ∞ we have

Φ∞(z) ∼ 27

4
z2, Φ+(z) ∼

c+
z4

, Φ−(z) ∼
c−
z4

,

where c± = θ±(θ± − a2)(θ± − b2). We observe that θ− < a2 < θ+ < b2. Consequently,
c+ < 0, c− > 0. We draw the graph of the function Φ on the real axis (see Figure 3.8).

Γ+

Γ−

Γ+

Γ−

Δ− Δ+

Δ− Δ+

t+

t∞

t−

Figure 3.7
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We now indicate the divisor of the function Φ. At the point z = ∞ the function Φ∞
has a second order pole, while the functions Φ+ and Φ− have fourth order zeros. The
function Φ+ has a second order pole at z = 0, and first order poles at z = ±b. The
function Φ− has first order poles at z = ±a. We calculate the genus of the Riemann
surface using the Riemann–Hurwitz formula

g =
1

2
B + 1−N,

where B is the total ramification of the surface and N is the number of sheets. Since
B = 8, N = 3, it follows, as already noted above, that g = 2.

6. We complete the proof of the theorem. Let Γ denote the closed Jordan curve contained
in the set {z ∈ C : |Φ∞(z)| = |Φ+(z)|} that passes through the points z = ±a∗ and
goes around the origin. Uniformly inside the domain situated outside Γ with the cuts
Δ = Δ+ ∪Δ−, we have

lim
n→∞

|Qn(z)|1/n = |z|2 · |Φ∞(z)|.

Uniformly inside the domain bounded by the curve Γ, we have

lim
n→∞

|Qn(z)|1/n = |z|2 · |Φ+(z)|.
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Consequently, the measure λ exists—the limit measure of the distribution of the zeros of
the polynomials Qn and its logarithmic potential is equal to

V λ(z) =

{
2V δ0(z)− ln |Φ∞(z)|+ w0 outside Γ,

2V δ0(z)− ln |Φ+(z)|+ w0 inside Γ,

where w0 = ln(27/4). Let λΓ denote the balayage of the measure 2δ0 onto the curve Γ.
This is a measure of magnitude 2 with support Γ. Then λ = λΓ + λΔ, where λΔ is a
measure of magnitude 2 with support Δ, and its logarithmic potential is

V λΔ(z) = − ln |Φ∞(z)|+ w0 in C.

We take the Jordan arcs contained in the set {z ∈ C : |Φ+(z)| = |Φ−(z)|} as the curves
Γ+ and Γ− .

If a2/b2 < 1/2, then these curves are situated as shown in Figure 3.1, and if a2/b2 >
1/2, as in Figure 3.2. The reason is as follows. The set Γ∗ = Γ+∪Γ− is the limit set of the
zeros of the functions of the second kind, Rb

n. In the first case the inequality |c−| < |c+|
holds, that is, |Φ−| < |Φ+| in some neighbourhood of infinity. In the second case the
reverse inequalities hold. Therefore different critical values make the main contribution
to the asymptotics of the integral Rb

n in different cases, and as a consequence the picture
showing the distribution of the zeros changes.

On the set Γ∗ we define a measure λ∗ of magnitude 2 such that

V λ∗(z) = ln |Φ−(z)| − φa(z)− w1,

where w1 = ln |c−|. By Vièta’s theorem,

ln |Φ∞Φ+Φ−| = − ln 4 + 2V δ0 + φa + φb.

Consider the following combination of potentials:

WΔ = V λΓ + 2V λΔ − V λ∗ + φb

= 2V δ0 + 2(− ln |Φ∞|+ w0)− (ln |Φ−| − φa − w1) + φb

= − ln |Φ2
∞Φ−z

2(z2 − a2)(z2 − b2)|+ (2w0 + w1) = ln
∣∣∣Φ+

Φ∞

∣∣∣+ wΔ,

where wΔ = 2w0 + w1 + ln 4. By construction, |Φ∞| = |Φ+| on the cuts Δ and on the
curve Γ. Consequently, WΔ = wΔ on S(λ). The inequality WΔ ≥ wΔ on [−b,−b∗]∪[b∗, b]
is verified by examining the derivative of the function WΔ directly.

We now consider the following combination of potentials:

W∗ = 2V λ∗ − V λ − φb + φa

= 2(ln |Φ−| − φa − w1)− (2V δ0 − ln |Φ∞|+ w0)− φb + φa

= ln |Φ2
−Φ∞z2(z2 − a2)(z2 − b2)|+ (−2w1 − w0) = ln

∣∣∣Φ−
Φ+

∣∣∣+ w∗,

where w∗ = −2w1 − w0 − ln 4. By construction, |Φ−| = |Φ+| on the curves Γ+ and Γ−.
Consequently, W∗ = w∗ on Γ∗. At the same time, this equation means that the curves
Γ+ and Γ− have the S-property.

In conclusion we return to the limit cases considered in subsections 3 and 4. If a → 0,
then a∗ → 0, b∗ → 2

√
2

3 b. The curve Γ and the curves Γ± contract to zero, λΓ → 2δ0,
λ∗ → 2δ0. The equilibrium condition (3.4) disappears. The equilibrium condition (3.3)
is transformed into (3.6).

If a → b, then a∗ → b/3, b∗ → b. The curves Γ+ and Γ− contract to the points +b
and −b, respectively, and V λ∗ → φb. The equilibrium condition (3.4) again disappears,
and the equilibrium condition (3.3) is transformed into (3.13).

The theorem is proved. �
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