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The Number of Distinct Subsums of Z/l\ 1/1

By M. N. Bleicher and P. Erdos

Abstract. In this paper we improve the lower bounds for the number, S(V), of distinct
values obtained as subsums of the first N terms of the harmonic series. We obtain a
bound of the form

k+1
N log 2
S(N) = e log: N
V) <logN r31 g,)

whenever logk_HN >k + 1, for k > 3. Slight modifications are needed for k=1, 2.

We begin by discussing the number Q (V) of integers n < N, n = p p, * - py> where
Pj—1

p;>e ,i=12,+, k. We prove that

k+1 k \ N k+1
H log;N < Q,(N) < (l + l———)l N H log;N.
i=1 o N flog N i3

log N

This bound is valid for logz ;N >k + 1 and for 1 < a < 2(1 — e,(4)/e3(4)). The
symbols log;x and eix) are defined by

eei(x),

Il

eo(x) =X, ei+1(x)

logyx = x, log; 4 1x = log(logyx),
where log x denotes the logarithm to the base e.

In this paper we improve the lower bounds given in [2] and [3] for the number,
S(NV), of distinct values obtained as subsums of the first N terms of the harmonic
series. The estimates in [1], [2] and [3] were derived because the upper bound was
needed for lower estimates of the denominators of Egyptian fractions. In this paper
we concentrate on the lower bounds. We obtain a bound of the form

Nl 2k+1
S(V) = e| =252 I;I log;N

log N
whenever log, , ,N >k + 1, for k> 3. Slight modifications are needed for k =1, 2;
see Corollaries 1, 2, 3 and 4 for more details. In order to do this we begin by discuss-
ing the number Q, (V) of integers n <N,n =p,p, - - - p; where p; > e*Pi-1
i=2,---,k We first prove that
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N k N k+1
N < < S, S ,
log N ,.gs log; N < 0, (V) I+ logy, N Jlog N I.I=13 log, V.

This bound is valid for log,,, N>k + 1 and for 1 <a <2(1 - e,(4)/e5(4)). The
bounds on N and « are for convenience in evaluating the range of validity and the
constants in the inequality, not for essential reasons. The symbols log; x and e;(x)
are defined by

eol®) =%, e () =€,
loggx =x,  log;, ,x = log(log; x),
where log x denotes the logarithm to the base e.
In fact we prove the following slightly stronger version.

THEOREM. If 1<a <2(1-e,(4)/e5(4))=1999 - -, then:
For k=1,

N N 3
< + )
log N <1 * 2 log N) Q,() = (V) < log N (1 2 log N>

where the lower bound holds for N = 59 and the upper bound for N = 2;Q,(N) =0
for N<2.
For k=2,

N 1
< +
og N(log3N + ) Q,(V) < (log3 N+2)

where the lower bound holds for logy N > 2 and the upper bound for N 2 e,(— 2) =
3.1 (ie, logyN=-2);Q,(N)=0 for N<22.
For k =3,

N kti N(longr N+ k)
N < A
log N I;I log; V' < 0, (V) < log N n log; IV

where the lower bound holds for log, ., N 2 k + 1 and the upper bound holds for
N2e, (-2;0,MNN)=0 for N<ep, ,(—.13---)=¢e,_,(11).

Proof. Case 1. k= 1. In this case Q,(NV) = n(N), so that the result is well
known, see [4, p. 69].

Case 2. k=2. Let Q,(N) be those integers counted by Q,(NV); namely

Q,V) = {pq: p, q prime, e* <gq, pq < N}.

The Upper Bound for Q,(N). Let L be the number which satisfies Ll L=
N. It follows that

1) 0,(N)= D (7(N/p) — n(eP)),

2<p<L
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where p runs through the primes in the indicated interval. We see from the conditions
on a that

@) L <logN.
We thus deduce that
N 3
(3) ogmMm< X 1+ )
2<psiog N P log N/P 2 log N/P
Since log N/P is almost constant on the interval under consideration, we obtain
log N 1
) p—. + 3 =,
2,(M) log(V/log N) L 2 logNlog M) ; p
The value of X 1/p is well known, for example see [4, p. 70]. Thus we obtain
N 2 log, N 1
5 < - ’
Q) Q2(N) log N <1 + Tog N ><log3N+B +W
which is valid for N >3 and where B = 26149 - - - . If N>¢%, ie, logy N >
log, 4 > .326 - - -, then this can be simplified to
(6) 0,(V) < N(logy N + 2)/log N

If 22 <N <e® <55, then Q,(N) < Q,(54) =5 together with log; N >0 gives
the upper bound of the theorem for k = 2.

The Lower Bound for Q,(N). From the definition of Q,(NV) we obtain

(7 0,M= 2 21,

1<p<N 1<q<M

where p and ¢ run over primes in the indicated intervals and M = min{N/p, log p/a}.
Let L be such that

3 oN =L log L,
so that N/log N <L <eNflog N, then

©) 0,M) = 2 > 1+ X > 1

1<p<L 1<q<(logp)/a L<p<N 1<q<N/P

Let Z, denote the first double sum and X, the second. Since Z; =0 we can
obtain a lower bound for Q,(V) by obtaining a lower bound for Z,.

The Bounds for Z,. From the definition of Z, in (9) we obtain

(10) 2,= 2 P+ X av/P),

L<p<L' L'<p<N/2

where L <L' = N/p,, p, is the Ith prime with /> 7 to be determined later. We
note that
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(11) > aWNjp)= X a®/p) - In(N/p).

L'<p<N/2 2<p<p,

We shall frequently need to estimate sums of the above type where the index of
the summation range over an interval of primes. There is a standard technique for con-
verting the sum to a Stieltjes integral, with respect to dd(x), integrating by parts twice
with ¥(x) approximated by x in between to obtain the following well-known lemma.

LEMMA. If fix)=>0 and f'(x) exists and is continuous and 0 <a<b

S i =R )

a<p <b log(x)
[ o - 0L < ﬂx)) .

We recall from [4] the estimates

O

a a log x

(12) [9(x) — x| < x/(2 log x) for x > 563
and
(13) Hx) —x <x/2logx) for x>1

and the estimates

X 1
(14) log x (1 * T Togx x) <mx) for x> 59,
(15) X <x) for x> 17,
log x
and
( 3
(16) 7r(x)<logx\1 + log x ) for x > 1.

We use (15) which holds for N = 73 and the lemma to estimate the first sum
of (10); thus

Z N
L<pzy P log N/p
3 dx)-x |, (L dx
17 _Ngx log x log N/x|,, +IL x log x log N/x

[ 0w -» i(—i———> dxg
L dx \x log x log N/x ’

We next show that
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¥ 56 - ) i(——1—> dx
L dx\x log x log N/x

To do this we note that

d 1 - 1
dx \x log x log N/x

logs N

<_2W'

18
(18) 2 log

= x2 log x log N/x

and that the estimate of (12), [8(x) — x| <x/2 log x are both valid for the range
Nflog N <x <N/2 when N > e85, Thus

L d 1
(19) fL (%) = x) a<x log x log N/x) x| <

J ety
SJL 2x log?x log N/x

Since 1/2 log? x is almost constant on the interval involved it can be brought
out of the integral and replaced by 1/2 log2 L; what remains is the derivative of
— log, N/x, and we get

’ ’
L
’

L

(20) fL dx < 1 (- log, N/x)
L 2x log?x log N/x — 2 log? L 2

which yields (18).
We next evaluate the first integral in (17) by taking the 1/log x outside the
integral as 1/log L' and integrating the rest exactly to obtain

log, N log, p log, p L'
Q1) (g2t ) A
log N loggN  logN L x log x log N/x
We next note that

I(x) - x L'
x log x log N/x|,,
Using (15) and (16), (11) and N/p, = 17, which holds since p, <log N and
logy N = 2, we deduce

Z - N — Z -N —In N
p p 17
N/pl<p<N/2 2<p<p;

N 1 3 >>
>N oL+ —=--]).
log N/p, 2<PZ<P1 p b ( 2 log N/p,

If I/p, < B, then using N > e;5(2) >¢'%%% and p, <log N,

1 1 1

22) . < .
( <3 log? L log N/L *3 logZ? L log N/L' ~ 2 log?N

(23)

N N 1 [ logp
24 (=)= —(log,p, + B-—5—-—+ .
= N/p,<§<N/2 <P) log N ( B2P1 2log’p, p, logN )

Now with the aid of (10), (11) and (24) as well as (17), (21), (22) and (24) we
obtain for log; N=>2 and I/p, <B,
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Nlog, N lo lo,
Z > 23 _ 82 D) + 2 D _ 1
2 log N log; N log N 2log NlogyN

1 log,p, B- l/p,
2log N logzN  loggN

(2%)

_ 1 logp,
2 log? p;logs N logz;NlogN J®
Taking p, = 1597, 1 =251 so that all the previous conditions are satisfied and
using B= 261+, I/jp,;=.157---,1/2 log? p, <.0005 and logy N > 2, we deduce

N logy N 1 )
26 > .
(26) Zz log N (1 * 11 logz N

Since Q,(M)=Z, + Z, and by (13), Z, =0, (26) implies the desired lower
bound of the theorem for the case k = 2.
- Case 3. k = 3. We now proceed by induction on k. Suppose k > 2 and that
for 2 <k' <k the theorem is true for k replaced by k'; we now show it is true
for k.

The Lower Bound for Q, (V). Let Q,(N) denote the set of integers counted
by Qi(V). As before let L = N/log N. We claim that
@27 QM > U {ar:q€ 9y ,WV/p)}

L<p<N

where the union is disjoint. The disjointness follows from the fact that p > L =
Nflog N > log N > q and thus distinct choices of p and ¢ yield distinct products.
To see the containment we note that since k > 3, ¢ must have at least two prime
factors, so that the largest prime factor of g, say p’, is at most N/2p < log N/2;
thus

(28) log p = log N — log, N = a(l_o_gz_l_\’_> > ap),

so that gp is one of the integers in Q,(N).
The containment (27) leads immediately to the inequality

(29) 0> X 0, ,Wp),

L<p<L'

where L' can have any value satisfying L' > L. We define L' by

(30) L' = Nfe((log, N)'"°#4").

With this choice we can show that

@31 log, N/p = log, N/L' > (log; ,  NX(1 — (logs N)/log, N).
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For k >3, (31) yields
(32) log, N/p > k
while for k =3 (31) yields
(33) log; N/p > 2
where we have used log, ., N>k + 1.
From (32) and (33) we see that the hypothesis of the inductively assumed theo-
rem is satisfied for estimating the summands Q, _,(V/p) in (29).

We define ak(x) by
k+1

(34) Qk( ) - 10g x n logl X3
3

thus in the range of summation in (29) by the inductive hypothesis ék_ \(N/p) <
Qi1 WV/p).

From the lemma we get

L' ak(N/x) dx

log x

Qk(N) = _LL Qk 1(N/x) +

log x

(35)

L' d Qk(N/x)
-]L (O6) =) g oy &

We first obtain lower estimates for the first and last terms in the RHS of (35)
and estimate the middle term, which is the main term, last. By (12), the estimate
[9(x) — x| <x/2 log x is valid in the range under consideration. Since x/2 log x is
increasing in x while ak_ 1 (V/x) is decreasing, we see that

L
36 19!x! - X x < N ~
(36) log x Or_ 1 (N/x) L 2 W_ 0y _(log N).
A straightforward calculation yields
(37) i(ak_ 1(N/x) < @k_ 1(N/x)
dx log x S xlogx
Thus the absolute value of the last term of the RHS of (35) is bounded above by
L' ak_l(N/x) 1 L'~
38 < .
(38) fL log? x dx logijL Qi (/%) dx
Similarly for the main term
0 N/x)
(39) L Qi
IL log x Iog Lf Oi- 1 (V) dx.

Putting together (35), (36), (38), and (39), we obtain
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0. (V) = S le'é _(V/x) dx
k log L' log? L} k-1

(40)

log Qk l(log N)

We can evaluate the integral in (40) by parts with u = H’; log(N/x) and v =
—log,(N/x) to obtain

L'~ k L
fL Qy_(N/x) dx = —N log, N/x r31 log; N/x i

+J Qk 1(N/x)(2(ﬁ IOng/X)_l) dx.

i=3\i

(41)

Since

kK [/ i -1
1
log: N/x > —
i=z3(iI=-I3 b ; ) logy N/x

(41) leads to
L

L'~ k
fL Qi (V/x) dx >—N121 log; N/x .

(42) B
+fL [ 1(V/x)[log 3 Nix dx.

The last integral can be approximated by substituting for ak_ ,(V/x) and simplifying
to get

L'~ (L N k
IL Oy _ (V/x)[logy N/x dx —fL W [;I log; N/x dx

=N H log; NI [L x log N/x

(43) k '
=N ] log; N/L'(- log, N/xIE")
a4

k , logs N
=N- I} log; N/L 10g3N—m .

Substituting this for the last term in (42) while evaluating the first and combining
terms,we get
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S, O ) ax

o VT tog v + ([T o8 ML ogs V1
= I;I og; I‘;I og; N/L' }logy N logg N W .
Since 1/log L — 1/log? L' > 1/log N, we get from (40), and (44) that
N k+1
>-2 .
2 log N I} log; N
N Kk , logs N -1
(45) + Tog NV log; N log, N r4] log; N/L W
N 1 k+1
logN log, N I;I log; NV.
Since

logy N/L' = log. N + log (1 - 25V > 2
0g4 / - OgS Og 10g4N /logsN _10g4N ’

we see that the sum of the last two terms is positive. The desired lower bound follows.

The Upper Bound for Q, (V). We may suppose N = e, _,(11), for otherwise

0, V) = 0.
We begin by establishing the following inequality:

oM< Y 0, _ ,(log p logZ p) + > 'Qk_l(N/P)
M<p<L L<p<L

(46)
+ Y o W= 2, + 2,

L’<p<N/N0

where M = e, _,(11), alower bound for the largest prime factor of elements of
Qwx_1,L=N[(logN - logg N) and L' = min {N/logy N, N/N,}, where N, is the smallest
element in Q, . To see that (46) holds, consider n € Q,(N), factor n = pq

where p is the largest prime factor, then n is counted by the appropriate sum de-
pending on the range into which p falls. We see that in the first sum since g =
PPy Py with p,_ <logp/a and p;<logp,, /e, 1<i<k-1,
q<logplog, p---log,_,p<logp log% p. The last two sums follow from the

fact that pg = n <N and thus g < N/p.

For the remainder of the proof we suppose that L' = N/log; N, for otherwise
the last sum in (46) is zero and the range on the middle sum is shortened. In either
case the inductive assumption applies to each Q,_,(V/p) of the middle sum.

To estimate X, we note that there are at most 7(L) summands in which each is at
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most Q, _,(log L logg L) using the estimate m(x) < 2x/log x and the inductive esti-

mate for Q, |, we obtain

2L l
<—_
zl gL log, L (logkL +k-1) H log; L

< 2N L +k-1 5N log: N
TlogN  log, N/logN(IOg"N ) I;I o)

(47)

< 3
log, N

N k—1
) lOg—N(logkN+k—1) I;I log; M.

We next consider Z,. There are at most 7(V/22) summands each of size at
most Q,_,(N/L') = Q) _,(log3 N). Hence we conclude

< 2N log; N | Nkt k+2
Z"3\ 22 log N/22  log, N (logy 4 3 ) Is] log; N

(48) .
1 N
< - .
10 log; N log N (logyy N + Kk~ 1) 131 log; N.

We now turn our attention to X, which yields the main term. By use of the
inductive hypothesis, the choice L = N/log N, the estimate log;(log x Iog% x) <
(log; 4 ; x)(1 + 2/log, x), for j> 3, and the lemma we deduce

2,=

N k-1
—————(log, N/p + k- 1 log; NV,
L<I,Z<:L:plogN/p( g N/p )I;I og; N/p

<N(logk+1N+k—1)<1+1og2N> I} log; V' 2. 'plogN/p

L<p<L

2 kK Kk
(49) SN(logy,y N+ k- 1)(1 + iog, N) I;I log; N

L' dx L' d 1
. ——_+ —_ —_——
3f L x log x log N/x f L (O = x) dx <x log x log N/x) dx

N 9(x) —x

x log x log N/x

LV%
L

The last terms in the braces have been evaluated earlier in formulae (18) and (22),
where in those formulae slightly different values of L and L' were used. The 1/log x
can be taken outside the integral as 1/log L and the rest integrated exactly to yield
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2 k k
2, <N(log,, ,N+k- 1)(1 +log2N> 1;1 log; N

" 102N T Tiogn

1 1 og3 N 1
glog 7 log, N/x

(50)
log N (loggy N +2) H log, N

2\ 2log, N log. N
. 1 .|_1 N 1+ g2 1 - gs
08, log N log; N

1 1
+ +
2log N 2log N log, N)% ’

Recalling that L' = N/logy N or, equivalently logy N > Ny =22, we deduce
that logs NV > 1. Hence we see that the quantity in the braces is less than 1.
It follows from (50), (48) and (47) that

k 1 3
+
0,V < (longN k-1) [31 logy N{1 + 10 Tog ¥ + log, ¥

(1)

N k
< m(108k+1 N +k) Ial 108jN»

which is the desired upper bound.

The Number of Distinct Subsums of Ellv 1/i; a Lower Bound. Let Q(NV) =
Ux=12,&) and QV) = Z7Q,(V), where we have taken a = 3/2 in defining
Q). Since for any N only finitely many Q, (V) are nonzero,there is no difficulty
with the sum.

In order to relate the problem of distinct values of subsums of ZIIV 1/i to the
previous problem we first prove the following theorem.

THEOREM. If S(N) denotes the number of distinct values of E’lv € /k as the
€, assume all the 2N possible combinations with € =0,1, then SIV) = 200,

Before proving the theorem we point out some immediate consequences of this
theorem in combination with the previous theorem’s lower bounds for Q, (V).

COROLLARY 1. For N =2,

> 9mT(N) > Nlog 2 1
SN =2 e(logN 1+2logN .

COROLLARY 2. For logy N =2,
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N log 2 12, 1
> o 1og 2 12 .
So) e(logN <1°g3N+ TR logN))

COROLLARY 3. For k>3 and log,, N2>k + 1,

N log 2 KAt
= N
S(V) e< og N I;I log; N

It may be noted that these corollaries improve the results on lower bounds for
S(V) obtained in [2] in two ways. The first is that the constant 1/e in the bound in
[2] is replaced by the larger log 2(log; N + 12/11 + 1/2 log N) in Corollary 2 and by
log 2 in Corollary 3. The second is the validity of the formula for a given k is ex-
tended to much smaller values of N.

Combining Corollaries 2 and 3 above with Theorem 3 of [2] we obtain

CoROLLARY 4. For log,, N> 1 and r> 2, choose t such that e/(l)=>
2r—t—1. Let k=2r—t— 1. Then k =r (equality only for r =2, 3) and

N lo 2k+1 Nlong s
(Fg%\’— II 1og, ) S(N)\e< log N I} l°giN>‘

Proof of Corollary 4. From the definition of k we see that if log, N > 1
then log, ,; N =>e/(1) > k; hence Corollary 3 gives the lower bound for r=> 3. For
r=k =2 itis easy to see that log, N >1 implies log; N =2, hence Corollary 2
gives the lower bound. The upper bound is from Theorem 3 of [2]. The comment
about equality of k and r is a trivial calculation. In fact,for r =4, k =5, while
for r=15, k=17. The corollary is proved.

Proof of the Theorem. The idea of the proof is simple. We show that for each
sequence n,, R,, k3, -+, n, of distinct elements of Q(V) we get a distinct value
for Z1/n;. Since n; <N and there are 29V) quch sequences, the lower bound
follows, if we can show the values are all distinct. Thus the theorem will be established
if we prove the following lemma.

LEMMA. Let ny, n,, - -+, n, and my, my, - - -, m; be two sequences of
elements of Q(N); the elements in each of these sequences being distinct from other
elements of that sequence. Then Z 1/n; = Z1/m; if and only if k =1 and, after
possibly renumbering, n;=m; i=1,2, - k

Proof of the Lemma. We prove the “only if”. The “if”” half is trivial.

Let P be the largest prime factor of the product of the n; and m;. Let
ny, Ny, -, g and my, my, -+, my be all those n; and m; in increasing order
which have P as a factor. The proof is by induction on the size of P.

If P=2,n;,m; € {1,2} and clearly the distinctness of different sums is true.
Similarly for P =3 when n;, m; € {1, 2, 3}.

We now suppose that P> 5 and that for sequences which have only prime
factors less than P, distinct sequences yield distinct values.
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Define a/b, a reduced fraction, by
(52) a_y 1 3
b TG 1

We may assume a/b > 0, since otherwise we may interchange the m; and n,
and proceed.
Let n; = Pn;

1

53 a_1f&1 L1
) b_P<Zn _Zlm)

We next show that

and m; = Pm};

(54) kK =1 and n:,=m;,’ l.=l,2,""k"

If @ =0 then the claim follows by induction since the n:. and m'i have largest
prime factor less than P.

We thus consider the case @ # 0 and derive a contradiction.

Since the n; and m; arein Q(V) and P was the largest prime factor if we
choose Q to be the largest prime such that e32/2 <P, then we know from the def-
inition of Q(V) that no prime factor of any n; or m; exceeds Q. Since all the n,
and m; are squarefree,we see that d = [lp P = (@ is a common multiple for
the n; and m;. Thus

(55) Z":lil
AR

«UIO

-~

for some positive integer ¢. Since the largest prime factor of the n',. and m: is at
most O and the n; and m; are in Q(N), we see that Q log Q log, Q- --log, 0>
ny m; where r is chosen so that ® >log, @ >2. Thus ¢/d < 39?1/i<2log Q +
1. Hence ¢ < 3dlog Q. It follows that

(56) c<3dlog Q<3e%@ log 9 <32 < p

(Note: For Q =2, 3 a different argument is needed to show that ¢ <P since
3log Q > e%(@)/2 A trivial calculation suffices.)
Since 0 <c¢ <P it follows that Ptc. Since a/b =1/P-c/d and (g, b) =1,
we see that Ptz and Plb.
But by hypothesis Z 1/n; = Z 1/m;, thus
PR
b Zl: n; ; m; i

i > i>k

where we may take s = e®®~1) since all the n, i>K, and all the m, i>1,
have prime factors less than P. We deduce that Pfs; but a/b =r/s and (g, b) = 1
and Plb, thus Pls, a contradiction. Thus a/b = 0, and as noted before the equalities
of (54) follow. But (54) implies n; =m; for i=1,2,---, k' =1. Thus
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> Loy
=t i=k +1 M

and all prime factors are less than P. By induction k=1 and n;=m; for i =k +
L,k +2,--,k

The lemma is established.

Conclusion of the Proof of the Theorem. From the lemma we see that every
distinct subset of Q(N) yields a distinct value for EIIV €,/k by setting €, =1 for
members of the subset and €, = 0 otherwise. Thus S(V) = 20W ), as claimed.

The theorem is established.
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