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MEASURE RIGIDITY FOR RANDOM DYNAMICS
ON SURFACES AND RELATED SKEW PRODUCTS

AARON BROWN AND FEDERICO RODRIGUEZ HERTZ

1. INTRODUCTION

Given an action of a one-parameter group on a manifold with some degree of
hyperbolicity, there are typically many ergodic, invariant measures with positive
entropy. For instance, given an Anosov or Axiom A diffeomorphism of a compact
manifold, the equilibrium states for Holder-continuous potentials provide measures
with the above properties [BRLBow]. When passing to hyperbolic actions of larger
groups, the following phenomenon has been demonstrated in many settings: the
only invariant ergodic measures with positive entropy are absolutely continuous
(with respect to the ambient Riemannian volume). For instance, consider the action
of the semi-group N? on the additive circle generated by

T — 2x mod 1 z — 3x mod 1.

Rudolph showed for this action that the only invariant, ergodic probability measures
are Lebesgue or have zero-entropy for every one-parameter subgroup [Rud]. In [KS],
Katok and Spatzier generalized the above phenomenon to actions of commuting
toral automorphisms.

Outside of the setting of affine actions, Kalinin, Katok, and Rodriguez Hertz,
have recently demonstrated a version of abelian measure rigidity for nonuniformly
hyperbolic, maximal-rank actions. In [KKRH], the authors consider Z™ acting by
C1*« diffeomorphisms on a (n + 1)-dimensional manifold and prove that any Z"-
invariant measure p is absolutely continuous assuming that at least one element
of Z™ has positive entropy with respect to p and that the Lyapunov exponent
functionals are in general position.

For affine actions of non-abelian groups, a number of results have recently been
obtained by Benoist and Quint in a series of papers [BQ1[BQ2|[BQ3]. For instance,
consider a finitely supported measure v on the group SL(n,Z). Let T', C SL(n,Z)
be the (semi-)group generated by the support of v. We note that I', acts natu-
rally on the torus T”. In [BQI], it is proved that if every finite-index subgroup of
(the group generated by) I', acts irreducibly on R™, then every v-stationary prob-
ability measure on T" is either finitely supported or is Haar; in particular every
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v-stationary probability measure is SL(n, Z)-invariant. Similar results was obtained
in [BFLM] through completely different methods. In [BQI] the authors obtain sim-
ilar stiffness results for groups of translations on quotients of simple Lie groups.
More recently, in a breakthrough paper [EM] Eskin and Mirzakhani consider the
natural action of the upper triangular subgroup P C SL(2,R) on a stratum of
abelian differentials on a surface. They show that any such measures are in fact
SL(2,R)-invariant and affine in the natural coordinates on the stratum. Further-
more, for certain measures p on SL(2,R), it is shown that all ergodic u-stationary
measures are SL(2, R)-invariant and affine.

In this article, we prove a number of measure rigidity results for dynamics on
surfaces. We consider stationary measures for groups acting by diffeomorphisms
on surfaces as well as skew products (or non-independent identically distributed
(i.i.d.) random dynamics) with surface dynamics in the fibers. All measures will
be hyperbolic either by assumption or by entropy considerations. In this setup we
prove for hyperbolic stationary measures the following trichotomy: either the stable
distributions are non-random, the measure is Sinai-Ruelle-Bowen, or the measure
is supported on a finite set and is hence almost-surely invariant.

In the case that v-almost every (a.e.) diffeomorphism preserves a common
smooth measure m, we show for any non-atomic stationary measure p that ei-
ther there exists a v-almost-surely invariant y-measurable line field (corresponding
to the stable distributions for a.e. random composition) or the measure p is v-
almost-surely invariant and coincides with an ergodic component of m.

In the proof of the above results, we study skew products with surface fibers over
a measure-preserving transformation equipped with a decreasing sub-o-algebra F.
Given an invariant measure p for the skew product whose fiber-wise conditional
measures are non-atomic, we assume the F. -measurability of the “past dynamics”
and the fiber-wise conditional measures and prove the following dichotomy: either
the fiber-wise stable distributions are measurable with respect to a related decreas-
ing sub-o-algebra, or the measure p is fiber-wise SRB.

We focus here only on actions on surfaces and measures with non-zero exponents
though we expect the results to hold in more generality. We rely heavily on the
tools from the theory of non-uniformly hyperbolic diffeomorphisms used in [KKRH]
and many ideas developed in [EM)] including a modified version (see [EM, Section
16]) of the “exponential drift” arguments from [BQI].

2. PRELIMINARY DEFINITIONS AND CONSTRUCTIONS

Let M be a closed (compact, boundaryless) C*° Riemannian manifold. We write
Diff" (M) for the group of C"-diffeomorphisms from M to itself equipped with its
natural C"-topology. Fix r = 2 and consider a subgroup I' C Diff? (M). We say a
Borel probability measure u on M is I'-invariant if

(2.1) p(f7H(A)) = n(A)

for all Borel A C M and all f €T.

We note that for any continuous action by an amenable group on a compact
metric space there always exists at least one invariant measure. However, for actions
by non-amenable groups invariant measures need not exist. For this reason, we
introduce a weaker notion of invariance. Let v be a Borel probability measure on



MEASURE RIGIDITY FOR RANDOM DYNAMICS ON SURFACES 1057

the group I'. We say a Borel probability measure p on M is v-stationary if

/ u(FH(A)) du(f) = p(A)

for any Borel A C M. By the compactness of M, it follows that for any probability
v on I' there exists a v-stationary probability p (e.g. [Kifl Lemma 1.2.2].)

We note that if p is I'-invariant, then p is trivially v-stationary for any measure
v on I'. Given a v-stationary measure p such that equality (ZI)) holds for v-a.e.
f €T, we say that u is v-almost surely (a.s.) T-invariant.

Given a probability v on Diff*(M) one defines the random walk on the group of
diffeomorphisms. A path in the random walk induces a sequence of diffeomorphisms
from M to itself. Asin the case of a single transformation, we study the asymptotic
ergodic properties of typical sequences of diffeomorphisms of M. We write ¥, =

(Diﬂ?2 (M))N for the space of sequences of diffeomorphisms w = (fo, f1, f2,-.-) €
> ,. Given a Borel probability measure v on Diff*(M), we equip ¥, with the
product measure vN. We remark that Diff?(M) is a Polish space, hence X is
Polish, and the probability 2" is Radon. Let o: ¥, — ¥, be the shift map

a: (fo, f1, fa, .- ) = (f1, fa, - 0)

We have that v is o-invariant. Given a sequence w = (fo, f1, f2,...) € ¥4 and
n > 0 we define a cocycle

for=1d, fy=Js="Fo, [i=[n10fa200fi0f0.
We interpret (3,,2Y) as a parametrization of all paths in the random walk de-
fined by v. Following existing literature (JLY3], [LQ]), we denote by X (M, v) the
random dynamical system on M defined by the random compositions {7 }.ex, -

Given a measure v on DiﬁQ(M ) and a v-stationary measure p, we say a subset
A C M is XT(M,v)-invariant if for v-a.e. f and p-a.e. z € M,

(1) ze A = f(z) € A and

(2) e MNA = f(z) e M\ A
We say a v-stationary probability measure u is ergodic if, for every X+ (M, v)-
invariant set A, we have either u(A) = 0 or u(M ~ A) = 0. We note that for a
fixed v-stationary measure p we have an ergodic decomposition of p into ergodic,
v-stationary measures [Kifl, Proposition 1.2.1].

For a fixed v and a fixed v-stationary probability i, one can define the u-metric
entropy of the random process Xt (M, v), written h, (X (M,v)). We refer to [Kif]
for a definition.

In the case that the support of v is not bounded in Diff*(M), we assume the
integrability condition

() / log* (| flc2) +log* (|f ]e) du < oo,

where log™ (a) = max{log(z),0} and | - |¢> denotes the C?-norm. The integrability
condition (@) implies the weaker condition

(2.2) / log™ (|f]e1) +log* (|f ~H|en) dv < oo,

which guarantees Oseledec’s multiplicative ergodic theorem holds. The log-
integrability of the C2-norms is used later to apply tools from Pesin theory.
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Proposition 2.1 (Random Oseledec’s multiplicative theorem). Let v be the mea-
sure on Diff? (M) satisfying 22). Let u be an ergodic, v-stationary probability.

Then there are numbers —oo < A1 < Ay < --- < A¢ < 00, called Lyapunov
exponents such that for vN-a.e. sequence w € ¥y and p-a.e. x € M there is a
filtration

(2.3) {0} =V2)c Vi) c--- CViz)=TM

such that for v € VE(x) N VE1(z)

lim_ D, f20)] = Ar.

n—oo n

Moreover, m; := dim V*(z) — dim V*~1(z) is constant a.s. and
(2.4) hm — 1og |det(D, f¢")| = Z)\ m;.

The subspaces V'(x) are invariant in the sense that
Dmfwvj(x) = Vf(w)(fw(x))

For a proof of the above theorem see, for example, [LQ], Proposition 1.3.1]. We

write
()= | Vi)
2;<0
for the stable Lyapunov subspace for the word w at the point x.

A stationary measure p is hyperbolic if no exponent \; is zero.

We note that the random process X* (M, v) is not invertible. Thus, while stable
Lyapunov subspaces are defined for vN-a.e. w and p-a.e. z, there are no well-defined
unstable Lyapunov subspaces for X (M, v). However, to state results we will need
a notion of SRB-measures (also called u-measures) for random sequences of diffeo-
morphisms. We will state the precise definition (Definition [6.8]) in Section [6.3] after
introducing fiber-wise unstable manifolds for a related skew product construction.
Roughly speaking, a v-stationary measure p is SRB if it has absolutely continuous
conditional measures along unstable manifolds. Since we have not yet defined un-
stable manifolds (or subspaces), we postpone the formal definition and give here an
equivalent property. The following is an adaptation of [LYT].

Proposition 2.2 ([LQ, Theorem VI.1.1]). Let M be a compact manifold, and
let v be a probability on Diff*>(M) satisfying ). Then an ergodic, v-stationary
probability 1 is an SRB-measure if and only if

h (X (M,v)) Zm”
Ai>0

We introduce some terminology for invariant measurable subbundles. Given a
subgroup I' C Diff*(M), we have induced the action of I" on sub-vector-bundles
of the tangent bundle T'M via the differential. Consider v supported on I' and a
v-stationary Borel probability p on M.

(1) We say a p-measurable subbundle V- C TM is v-a.s. invariant if Df(V (z))=
V(f(x)) for v-a.e. f €T and p-a.e. z € M.
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(2) A (VN x p)-measurable family of subbundles (w,z) + V,(x) C T, M is
X+ (T, v)-invariant if for (VN x p)-a.e. (w, )

szwvw(x) = Va(w) (fw(x))

Note that subbundles in the filtration (2:3) are X (T, v)-invariant.

(3) We say a X+ (M,v)-invariant family of subspaces V,,(x) C TM is non-
random if there exists a v-a.s. invariant g-measurable subbundle V c TM
with V(z) = V,,(z) for (WY x p)-ae. (w, ).

3. STATEMENT OF RESULTS: GROUPS OF SURFACE DIFFEOMORPHISMS

For all results in this paper, we restrict ourselves to the case that M is a closed
surface. Equip M with a background Riemannian metric.

Let & be a Borel probability on the group Diff?(M) satisfying the integrability
hypotheses (). Let fi be an ergodic p-stationary measure on M. At times, we may
assume h (X (M,)) > 0. By the fiber-wise Margulis-Ruelle inequality [BB] ap-
plied to the associated skew product (see Section [.Tl), positivity of entropy implies
that the Oseledec’s filtration (23] is non-trivial and the exponents satisfy

(3.1) —00 < A1 <0< A < 00.

In particular, the stable Lyapunov subspace EZ(x) corresponds to the subspace
V1(z) in (Z3) and is one-dimensional.
We state our first main theorem.

Theorem 3.1. Let M be a closed surface, and let U be a Borel probability measure
on Diff>(M) satisfying ). Let i be an ergodic, hyperbolic, D-stationary Borel
probability measure on M. Then either

(1) the stable distribution E?(x) is non-random,

(2) [ is finitely supported, and hence U-a.s. is invariant, or
(3) i is SRB.

By the above discussion and standard facts about entropy, if hy (X (M, 7)) > 0,
then [ is hyperbolic and has no atoms. We thus obtain as a corollary the following
dichotomy for positive-entropy stationary measures.

Corollary 3.2. Let M be a closed surface. Let U be a Borel probability measure
on Diff?(M) satisfying &), and let ji be an ergodic, D-stationary Borel probability
measure on M with hy (Xt (M, D)) > 0. Then either

(1) the stable distribution E®(x) is non-random, or

(2) i is SRB.

We also immediately obtain from Theorem B.] the following corollary.

Corollary 3.3. Let v be as in Theorem BI with ji an ergodic, hyperbolic, D-
stationary probability measure. Assume that fi has one exponent of each sign and
that there are no v-a.s. invariant, fi-measurable line fields on TM. Then either fi
is SRB or [i is finitely supported.

We note that in [BQI], the authors prove an analogous statement. Namely,
for homogeneous actions satisfying certain hypotheses, any non-atomic stationary
measure [i is shown to be absolutely continuous along some unstable (unipotent)
direction. Using the Ratner theory, one concludes that the stationary measure j
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is thus the Haar measure and hence invariant for every element of the action. In
non-homogeneous settings, such as the one considered here and the one considered
in [EM], there is no analogue of the Ratner theory. Thus, in such settings more
structure is needed in order to promote the SRB property to absolute continuity or
almost-sure invariance of the stationary measure . The next theorem demonstrates
that this promotion is possible assuming the existence of an almost-surely invariant
volume.

Theorem 3.4. Let T C Diff2(M) be a subgroup, and assume I' preserves a proba-
bility measure m equivalent to the Riemannian volume on M. Let U be a probability
measure on Diff?(M) with 0(T') = 1 and satisfying ). Let ji be an ergodic, hyper-
bolic, v-stationary Borel probability measure. Then either

(1) f has finite support,

(2) the stable distribution E?(x) is non-random, or

(3) f1 is absolutely continuous and is U-a.s. I'-invariant.

Furthermore, in conclusion we will have that i is—up to normalization—the
restriction of m to a positive volume subset.

In particular, in Theorem B4l if the stable distribution E? (z) is not non-random,
then we have the following stiffness result.

Corollary 3.5. Let m be a probability measure on M equivalent to the Riemannian
volume. Let  be a probability measure on Diff>(M) satisfying &) and such that m
is U-a.s. invariant. Let i be an ergodic, hyperbolic, U-stationary Borel probability
measure. Assume there are no fi-measurable, U-a.s. invariant line fields on T M.
Then fi is invariant under D-a.e. f € Diff>(M).

4. GENERAL SKEW PRODUCTS

In this section, we reformulate the results stated in Section Blin terms of results
about related skew product systems. This allows us to convert the dynamical prop-
erties of non-invertible, random dynamics to properties of one-parameter invertible
actions and to exploit tools from the theory of non-uniformly hyperbolic diffeo-
morphisms. A result for a more general skew product system is also introduced.

4.1. Canonical skew product associated to a random dynamical system.
Let M and ¥ be as in Section Bl Consider the product space ¥, x M, and define
the (non-invertible) skew product F': ¥, x M — ¥ x M by

i (w,z) = (o(w), fu(T)).

We have the following reinterpretation of D-stationary measures.

Proposition 4.1. [Kif, Lemma 1.2.3, Theorem 1.2.1] For a Borel probability mea-
sure i on M we have that
(1) fu is D-stationary if and only if DN x i is F-invariant;
(2) a D-stationary measure fi is ergodic for X+ (M, D) if and only if DN x fi is
ergodic for 2

Let 3 := (Diff"(M))% be the space of bi-infinite sequences and equip X with the
product measure 7”. We again write o: ¥ — X for the left shift (o(£)); = &1
Given

é-:("'7f*27f*1>f07f17f27'-') €ex



MEASURE RIGIDITY FOR RANDOM DYNAMICS ON SURFACES 1061

define f¢ := fo, and define the (invertible) skew product F': ¥ x M — ¥ x M by
(4.1) F:(§x) = (0(8), fe(x)).

We have the following proposition producing the measure whose properties we
will study for the remainder.

Proposition 4.2. Let i be a D-stationary Borel probability measure. There is a
unique F-invariant Borel probability measure p on ¥ x M whose image under the
canonical projection ¥ x M — X x M is 0N x fi.

Furthermore, p projects to 0” and fi, respectively, under the canonical projections
XXM —3Y and X x M — M and is equal to the weak-x limit

(4.2) p= lim (F").(5% % fi).

See, for example, [LQ) Proposition 1.1.2] for a proof of the proposition in this
setting. Let {ue}e € ¥ be a family of conditional measures of p relative to the
partition into fibers of ¥ x M — ¥. By a slight abuse of notation, consider g
as a measure on M for each £. It follows that for P%-a.e. £ € ¥ and n € ¥ with
n; = & for all ¢ < 0 that p, = ue.

Write m: £ x M — X for the canonical projection. We write h,(F | ) for the
conditional metric entropy of (F, 1) conditioned on the sub-o-algebra generated by
a L

Proposition 4.3 ([Kif, Theorem I1.1.4], [LQ| Theorem 1.2.3]). We have the equality
of entropies hy (X (M, 1)) = h,(F | 7).
4.2. General skew products. We give a generalization of the setup introduced
in Section Il Let (€2, Bq,v) be a Polish probability space; that is, 2 has the
topology of a complete separable metric space, v is a Borel probability measure,
and B, is the v-completion of the Borel o-algebra. Let 0: (2, Bq,v) — (2, B, v)
be an invertible, ergodic, measure-preserving transformation. Let M be a closed
C* manifold. Fix a background C*° Riemannian metric on M, and write || - || for
the norm on the tangent bundle TM and d(-,-) for the induced distance on M.
We note that compactness of M guarantees all metrics are equivalent, whence all
dynamical object structures defined below are independent of the choice of metric.
We consider a v-measurable mapping 23> { — fe € Diff? (M). Defindl] a cocycle

F: Q x Z — Diff" (M) over 0, written 7 : (§,n) — f{, by

(1) fg =1d, fgl = fe,

(2) ffn = fenfl(g) o0---0 f9(§) o ff for n > 0, and

(3) F& 1= (forie) Ho 0 (fomrie))H = (fhmiey) ™" for n < 0.

As above, we will always assume the following integrability condition:
(1) [ 1o 1felea) + Yog™ (1 ea) dv(e) < o
Write X := Q x M with canonical projection 7: X — Q. For £ € ), we write

M :={&} x M =77'(¢)

I'Writing the cocycle as fgl is standard in the literature but is somewhat ambiguous. We
write (fg)’1 to indicate the diffeomorphism that is the inverse of f¢: M — M. The symbol fgl
indicates (f971(5))71.
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for the fiber of X over £&. On X, we define the skew product F': X — X F: (§,z) —
(0(6), fe(2)):

Note that X = Qx M has a natural Borel structure. The main object of study for
the remainder will be F-invariant Borel probability measures on X with marginal
v.

Definition 4.4. A probability measure p on X is called % -invariant if it is F-
invariant and satisfies
Tl = V.

Such a measure p is said to be ergodic if it is F-ergodic.

Let {pe }ecq denote the family of conditional probability measures with respect
to the partition induced by the projection 7: X — . Using the canonical identifi-
cation of fibers Mg = {¢} x M in X with M, by an abuse of notation we consider
the map £ — j¢ as a measurable map from (2 to the space of Borel probabilities on
M.

4.2.1. Fiber-wise Lyapunov exponents. We define T'X to be the fiber-wise tangent
bundle
TX =QxTM

and DF: TX — TX to be the fiber-wise differential

DF: (57 (:E,’U)) = (9(5)7(f§(x)7Dmf§U))

Let p be an ergodic, % -invariant probability. We have that DF' defines a linear
cocycle over the (invertible) measure-preserving system F: (X,u) — (X,pu). By
the integrability condition ([C)), we can apply Oseledec’s theorem to DF to obtain
a p-measurable splitting

(4.3) TiemyX = {} x T,M = @Eﬂ’(g,z)

and numbers M, so that for p-a.e. (§,z), and every v € E7(£,z) ~ {0},

. 1 n o 1 ol — \j
i~ log [DF ()] = Tim _~ log | D, f2v] = X},

It follows from standard arguments that if the fiber-wise exponents of DF' are
all positive (or negative), then the fiber-wise conditional measure pe are purely
atomic.

4.3. Reformulation of Theorem [3.3l Let M and ¥ be as in Section[3] and let
be an ergodic, hyperbolic, D-stationary measure. Let F': ¥ x M — ¥ x M denote
the canonical skew product, and let © be the measure given by Proposition We
have a p-measurable splitting of > x T'M into measurable bundles

{5} X Ty M = Es(gvx) @ Eu(gvx)

Note that, a priori, one of the bundles E*(¢, ) or E*(&, z) might be trivial; however,
by Remark below, Theorem BTl follows trivially in these cases.

For o € {s,u} and ({,z) € ¥ x M we write Ef(z) C TM for the subspace
with E7 (&, x) = {{} x EZ(x). Projectivizing the tangent bundle 7'M, we obtain a
measurable function

(&, 2) = E¢ (x).
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For £ = (...,€2,6-1,&0,&,&,...) € X write ;. (&) and E}f (€) for the local
stable and unstable sets
Sioc(&) i={n €| n; =& for all i >0},
SEe(E) :={neX|m=¢ foralli <0}
Write F for (the completion of) the Borel sub-c-algebra of ¥ contammg sets

that are a.s. saturated by local unstable sets: C' € F if and only if C' = C mod i
where C' is Borel in ¥ with
U Zloc

ceC

Similarly, we define G to be the sub-o-algebra of ¥ whose atoms are local stable
sets. Writing B); for the Borel g-algebra on M we define sub-g-algebras on F and
G on X to be, respectively, the p-completions of the o-algebras F@ By and G2 By,

We note that by construction, the a581gnments Q— D1ff2( ) given by & — fe

and & — f are, respectively, G- and F-measurable. Furthermore, observing that
the stable hne fields Es( ) depend only on the value of f¢ for n > 0, we have the
following straightforward but crucial observation.

Proposition 4.5. The map (&, ) — Eg(ac) is G-measurable, and the map (&, ) —
E¢(z) is F-measurable.

We have the following claim, which follows from the explicit construction of p
in [@2).
Proposition 4.6. The intersection F NG is equivalent modulo p to the o-algebra
{2,5} @ By
Proof. Let A € FNG. Since A € G, we have that A = A where A is a Borel subset
of ¥ x M such that for any (£,y) € A and 5 € Yoe(8),
(n,y) € A

We write {/‘(}é,z)} and {Mé,x)}v respectively, for families of conditional probabil-
ities given by the partition of ¥ x M into atoms of F and the partition {¥ x {z} |
x € M} of ¥ x M. Tt follows from the construction of u given by ([2]) that ,ué’x)
may be taken to be the form

(4.4) dple oy (,y) = di (0,1, -+ )02 (y)S(e_ ) (N-1)8(e_) (n—2) -+

for every (§,z) € X.
Since A € F, we have A € F. Thus, for p-a.e. (§,2) € A,

Nfrg,m)(fi) =1
Furthermore, it follows from ([@4) and the form of A that if

Mé,x)(/i) =1,
then R

#é/,z) (4) =
for any &' € 3. Tt follows that

,u(E&x)A =1

for a.e. (¢,2) € A. In particular, A = ¥ x A for some set A € By;. O
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We remark that if £ projects to w under the natural projection ¥ — ¥, then the
subspace E¢(z) and the subspace Ej(z) given by Proposition 2.l coincide almost
surely. It then follows from Proposition [ that the bundle E?(z) in Theorem [
is non-random if and only if the bundle E¢(z) is F-measurable. Thus, Theorem [3.1]
follows from the following 2 results.

Theorem 4.7. Let U and [i be as in Theorem BIl Let F: ¥ x M — ¥ x M
be the canonical skew product, and let p be as in Proposition B2l Assume the
fiber-wise conditional measures pg are non-atomic. Then either (§,x) — EZ(x) is
F-measurable or p is fiber-wise SRB.

Recall that a measure is non-atomic if there is no point with positive mass. By
the ergodicity of p under the dynamics of F' it follows that either p¢ is non-atomic
a.s. or there is a N € N such that ¢ is supported on exactly N points a.s. We
consider the case that u¢ is finitely supported separately.

Theorem 4.8. Let U and [i be as in Theorem B.1l Assume the fiber-wise con-
ditional measures pg are finitely supported V%-a.s. Then either (£,x) Ei(z) is
F-measurable or the measure [i is finitely supported and v-a.s. invariant.

Remark 4.9. In the proof of Theorem [B.1] below, we may assume that ji has one
exponent of each sign. Indeed if ji has only negative exponents, then the measur-
ability of (§,z) — E{(x) is trivial. Furthermore, if /i has only positive exponents,
then a standard argument shows that { is finitely supported and P-a.s. invariant.
Indeed, if all exponents are positive, then the measures u¢ are finitely supported
for a.e. £. That [ is P-a.s. invariant follows, for instance, from the invariance prin-
ciple in [AV], the ]:'—measurability of the measure p¢, and an argument similar to
Proposition above.

4.4. Statement of results: general skew products. We introduce a generaliza-
tion of Theorem[7] the proof of which consumes Sections[[HIOl Let 6: (9, Bo,v) —
(Q, Bq,v) be as in Section Let M be a closed C* surface, and let .# be a
cocycle generated by a v-measurable map £ — f¢ satisfying the integrability hy-
pothesis (IC)). Fix p an ergodic, .Z-invariant, hyperbolic, Borel probability measure
on X = Qx M. For the general setting we will further assume the measures p¢ are
non-atomic v-a.s. It follows that from the hyperbolicity and non-atomicity of the
fiber-wise measures p¢ that the fiber-wise derivative DF' has two exponents A° and
A%, one of each sign.
We say a sub-c-algebra F C Bq is decreasing (for 0) if

O(F)={0(A) | Ac F} C F.

(Note that Fis decreasing under the forwards dynamics if the partition into atoms
is an increasing partition in the sense of [LY1]. Alternatively, Fis decreasing if the
map 671: Q — Qs ﬁ—measurable.) As a primary example, the sub-c-algebra of X
generated by local unstable sets is decreasing (for o: ¥ — X).

Let F be a decreasing sub-c-algebra, and write F for the p-completion of F@By
where B) is the Borel algebra on M. As in the previous section, to compare stable
distributions in different fibers over Q write E(x) C T, M for the subspace with
B (€, x) = {&} x Ef(z). We then consider (§,z) — E{(x) as a measurable map
from X to the projectivization of TM.
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With the above setup, we now state the following result which generalizes The-

orem 4.7

Theorem 4.10. Assume f is hyperbolic and the conditional measures {p¢} are
non-atomic a.s. Further assume

1) &€ fgl is F-measurable, and

(2) € pe is F-measurable.
Then either (§,z) — E¢(z) is F-measurable or p is fiber-wise SRB. (See Defini-
tion [6.7.)

Note that the hypothesis that £ — fg is F-measurable combined with the fact
that F is decreasing implies £ — fe__lj(g) is F-measurable for all j > 0. It follows

that £ — f¢' is F-measurable for all n < 0. It then follows that F is a decreasing
sub-o-algebra of By.

We recall that in the case that F' is the canonical skew product for a random
dynamical system and F is the sub-o-algebra generated by local unstable sets,
writing € = (..., f-1, fo, f1,...) the F-measurability of £ — fgl = (f_1)~ ! follows
from construction. The ]:'—measurability of & — p¢ follows from the construction
of the measure p given by (£2) in Proposition Theorem 7] then follows
immediately from Theorem E.T0

5. SOME APPLICATIONS
We present a number of applications of our main theorems.

5.1. Groups of measure-preserving diffeomorphisms. Fix M a closed sur-
face. Let u be a Borel probability measure on M. Let Diffi (M) denote the group
of C2, pu-preserving diffeomorphisms of M. Given f € Diffi(M) write A(f, u, x) for
the ith Lyapunov exponents of f with respect to the measure p at the point x. If f is
ergodic (for i) we write A?(f, u) for the p-almost surely constant value of A(f, u, 7).
A diffeomorphism f € Diffi(M) is hyperbolic (relative to u) if N(f, p,x) # 0 for
almost every x and every 1.

Note that if f € Diffi(M) is hyperbolic and p contains no atoms, then (f, u)
has one exponent of each sign A*(f, p, ) < 0 < X*(f, u,x). For such f, we write
T, M = E3(z) ® Ef () for the p-measurable Oseledec’s splitting induced by (f, u).

Theorem 5.1. Let p be a Borel probability measure on M with no atoms. Suppose
Diffi(M) contains an ergodic, hyperbolic element f. Write I = Diﬁ"i(M).
a) If the union EY U E% is not I'-invariant and neither E$ nor EY is T'-
f f f f
invariant, then p is absolutely continuous.
b) If the union EY U E$ is not I'-invariant and EY s U'-invariant, then p is
f f f
an SRB measure for f.
c) If the union E%Y U E% is not I'-invariant and E$ is I'-invariant, then p is
Foby f K
an SRB measure for f~1.

In the case that A*(f, u) # —A\“(f, u) we can give more precise results using the
following lemma.
Lemma 5.2. Let i1 be non-atomic, and let f € Diffi(M) be ergodic and hyperbolic.

Suppose N(f, ) # —A“(f,pu). Then any g € Diffi(M) that preserves the union
E% U E% preserves the individual distributions I3 and EY .
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Proof. Suppose g € Diffi(M ) preserves the union E% U L% almost surely but

(5.1) Drg(Ej(z)) = Ef(9(x))

for a positive measure set of x. Let PT'M denote the projectivized tangent bundle.
Let v =t6, + (1 — t)§; and ¥ = {f, g}%. On & x PT M consider the measure

dn(§, z, E) = dVZ(f) du(z) d('55E}‘(z) + ~55E;(x))(E)~

Write DF for the derivative skew product DF: X x TM — ¥ x TM and PDF for
the projectivized derivative skew product PDF: ¥ x PTM — ¥ x PT M. Then g
is PD F-invariant and is ergodic by (BI). Let ®: ¥ x PTM — R be

Then for p-a.e. x and v € E(z) U Ef(z) with v # 0 we have

n—1

1 " im '
lim. ; log | D, f2 (v)|| = lim. - z; O(PDFI (€, z,[v])) = /<I> dn
iz

— (- LN L) 45t [ S log|Daglel dula),

As the C! norm of g is bounded, for ¢ > 0 sufficiently small, either all fiber-wise
exponents of DF are negative or all fiber-wise exponents of DF are positive. This
contradicts that p is non-atomic. (]

From the above lemma we have the following theorem.

Theorem 5.3. Let i be the Borel probability measure on M with no atoms. Suppose
Diffi(M) contains an ergodic, hyperbolic element f with A°(f,u) # —A“(f, ).
Then with T = Diﬁi(M) either

(a) both EY and E5 are I'-invariant or

(b) ezactly one EY and E} is I'-invariant in which case p is SRB for f or ft

Note that the hypothesis that A\*(f, u) # —A*(f, ) implies that p is not abso-
lutely continuous.

5.2. Smooth stabilizers of measures invariant by Anosov maps. As a con-
sequence of the results in the previous section, we obtain a strengthening of the
result from [Bro].

Let f: T2 — T? be Anosov. Then there is a hyperbolic A € GL(2,Z) such that
any lift f: R2 — R2 of f is of the form f(z) = Az + n(x) where n: R2 — R? is Z2
is periodic. Given B € GL(2,Z) let Lg: T? — T? be the induced map. Then there
is a (non-unique) homeomorphism h: T? — T2 with ho f = L o h.

Let i be a fully supported, ergodic, f-invariant measure. Let K C R? be the
set K = {v: hyp is T-invariant} C R? where T, : T? — T? is the translation by v.
Then K descends to a closed L 4-invariant subgroup of T? and so either is discrete
or is all of R2. The latter case can happen only if the measure p is the measure
of maximal entropy for f. It follows that the group (A — I)"1K either is discrete
or is all of R2. Let K be the smallest subgroup of R? that is invariant under the
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centralizer Cgr(2,2)(A) of A in GL(2,Z) and contains (A — I)~'K. Note that K
descends to a subgroup of T2. Then K either is R? or is discrete. Let Ty denote
the corresponding group of translations on T2?. Then T}y, is finite if p is not the
measure of maximal entropy.

Recall that the centralizer of A is of the form Cgr(2,7)(A) = (£M) for some
M € GL(2,Z).

Theorem 5.4. Let f: T? — T? be a C? Anosov diffeomorphism, and let u be a
fully supported, ergodic, f-invariant measure. If p is not absolutely continuous,
then for every g € Diffi(M) there is a B € Cgr(2,2)(A) and v € (A—1)"'(K) with

hogoh™Y(z) = Lp(x)+ v;
in particular, Diﬁ’i(TQ) 1s isomorphic to a subgroup of

Car2,z)(A) x Tk

Moreover, if i is not the measure of maximal entropy (for f), then Ty is finite,
whence Diffi(TQ) is virtually Z.

Recall that a group is virtually Z if it contains a finite-index subgroup isomorphic
to Z. Theorem [54] follows exactly from the argument in [Bro] with only minor
modifications coming from Theorem [B.T1

Proof. Recall that if f is Anosov, then the measurable distributions E} and EY
appearing in Oseledec’s splitting coincide with continuous transverse distributions.

Consider first g € Diﬂ“i(M ) such that Dg does not interchange E} and EY
on a set of full measure (and hence at every point). Then, if u is not absolutely
continuous, by Theorem [(.T]at least one of the (continuous) distributions E} or E}
is preserved (on a set of full measure and hence everywhere) by g. Then, as the
integral foliations to E% and I are unique, it follows that either the stable or the
unstable foliation of f is preserved by every such g.

It is then shown in [Bro| that g necessarily preserves both the stable and the
unstable foliations for f and hence preserves the corresponding tangent line fields
E$ and EY. If there exists g € Diﬁi(M) such that g interchanges £} and E, then
we may restrict to an index-2 subgroup preserving 3 and Ef and the corresponding
foliations.

The remainder of the proof of Theorem [5.4 and a more detailed description of
the structure of Diffi('ﬂ‘z) proceeds exactly as in [Bro] and will not be repeated
here. (]

5.3. Perturbations of algebraic systems. Let A, B € GL(2,Z) be hyperbolic
matrices. Write £ and E', respectively, for the stable and unstable eigenspaces of
A. We say that {A, B} satisfy a joint cone condition if there are disjoint open cones
C*® and C%, containing {E%, E%} and {EY, E%}, respectively, with A=1C* C C?,
B~lCs c C®, AC* C C%, and BC" C C* and a number > 1 such that if v € C¥,
then ||Bv| > kllv| and ||Av| > &|v|, and if w € C*%, then |B~!w| > &|lw|| and
JA= ] > ]
Given A € GL(2,Z) let Ls: T? — T? be the induced diffeomorphism.
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Proposition 5.5. Suppose that A and B do not commute and satisfy a joint cone
condition. Then for sufficiently small C? perturbations f of La and g of Ly, for
v=pds+ (1 —p)o, with p € (0,1) the only ergodic, v-stationary measures are SRB
or finitely supported.

Moreover, for every such f and a generic g, the only v-stationary measure is

SRB.

Note that in the setting of the above proposition, stationary measures with the
SRB property are unique. The proof of the proposition will be given in Section [I3.3

Theorem 5.6. Let I' C SL(2,Z) be an infinite subgroup that is not virtually Z.
Let S = {A1,..., A} be a finite set generating T'. Consider 0 < pr < 1 with
dh—1Pk =1, and let vo = 3> prdr,, - Then there is an open set U C Diff?(T?)
with vo(U) = 1 such that for every probability v on U sufficiently close to vy, any
ergodic, v-stationary measure either is atomic or is hyperbolic with one exponent
of each sign and is SRB.

The proof of the theorem will be given in Section [3.3]

Let m denote the Lebesgue area on T2. If we restrict the above to the setting
of area-preserving perturbations, we obtain the following nonlinear counterpart to
[BQI]. Note in particular that we obtain stiffness of all stationary measures.

Theorem 5.7. Let I' C SL(2,Z) be an infinite subgroup that is not virtually 7Z.
Let S = {Ay,..., A} be a finite set generating T'. Consider 0 < pp < 1 with
Shoipe =1, and let vy = > pidr,, - Then there is an open set U C Diff? (T?)
with vo(U) = 1 such that for every probability v on U sufficiently close to vy,
any ergodic, v-stationary measure is hyperbolic with one exponent of each sign and
etther coincides with m or is atomic.

In particular, every v-stationary measure is preserved by every g € Diﬁfn(’]IQ) m
the support of v.

The theorem follows from Theorem and (the proof of) Theorem B4l In
the proof of Theorem [£.6, it is shown that for all v sufficiently close to vg, every
ergodic v-stationary measure p has a positive exponent. That p also has a negative
exponent follows from (24). Moreover, for such v, a positive v-measure set of
fe Diff?n(Tz) is Anosov, whence m is ergodic for such f and hence ergodic for v.

Finally, we consider stationary measures for perturbations of rotations. Let
Ri,...,Ry be £ rotations in R® generating a dense subgroup of SO(3,R). We
identify each R; with a diffeomorphism of S? C R3. Let m denote the unique
SO(3,R) invariant measure on S2.

Theorem 5.8. For k € N sufficiently large, for each 1 < i < £ there is a neigh-
borhood R; € U; C Diff¥ (S?) such that given any g; € U; and v = %Zle 0g,, ANY
ergodic v-stationary measure on S either is finitely supported or coincides with m.

Proof. In [DK] it is shown that either the diffeomorphisms g; are simultaneously
smoothly conjugated to R; or every v-stationary measure is hyperbolic. In the first
case, the only stationary measures for the corresponding R; is m and thus using
the conjugacy and that each g; preserves m, the only v-stationary measure is m.
In the latter case, it is also shown in [DK] Corollary 4] that the stable line field
is not non-random. The result in this case follows from Theorem [3.4] and, as is also
shown in [DK], shows that m is ergodic for the perturbed system. ([l
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5.4. Other applications. From Theorem B4 we immediately obtain the main
results of [BQI,BELM] for measures v on SL(2,Z) acting on T? that satisfy a log-
integrability condition [log ||A]| dv(A) < co. In [BQI] the measure v is assumed
finitely supported. In [BFLM] a stronger integrability hypothesis is needed. Using
the methods of this paper, the results of [BQ1] are expected to hold under a log-
integrability hypothesis.

Consider a flat surface S with Veech group I' € SL(2,R). As was pointed
out to the authors by J. Athreya, Theorem B.4] implies that if the Veech group is
infinite and non-elementary, then for any finitely supported measure v generating
I', all ergodic v-stationary measures g on S either are finitely supported or are
the invariant area. There are technicalities in applying Theorem 3.4 directly as
the action is non-differentiable at the cone points. This mild difficulty will not be
addressed here.

6. BACKGROUND AND NOTATION

In this section, we continue to work in the setting introduced in Sections
and 4 We outline extensions of a number of standard facts from the theory of
non-uniformly hyperbolic diffeomorphisms to the setting of the fiber-wise dynamics
for skew products. As previously remarked, Theorem [3.I1holds trivially if the fiber-
wise exponents are all of the same sign. Moreover, the hypotheses of Theorem E.10]
rule out that all exponents are of the same sign. We thus assume for the remainder
that we have one Lyapunov exponent of each sign A\* < 0 < A\*. For the remainder,
fix 0 < g < min{1, A*/200, —A\*/200}.

6.1. Fiber-wise non-uniformly hyperbolic dynamics. We present a number
of extensions of the theory of non-uniformly hyperbolic diffeomorphisms to the
fiber-wise dynamics of skew products.

6.1.1. Subexponential estimates. We have the following standard results that follow
from the integrability hypothesis (IC)) and tempering kernel arguments (cf. [BP]
Lemma 3.5.7]).

Lemma 6.1. There is a subset Qg C Q with v(Qo) = 1 and a measurable function
D: Qo — [1,00) such that for v-a.e. £ € Qo and n € Z.

(1) [feler < D(&),

(2) If ler < D),

(3) Lip(Dfe) < D(€) and Lip(Df ") < D(€),
(4) D(6™(€)) < el™oD(€) for all n € Z.

Here Lip(D f¢) denotes the Lipschitz constant of the map « +— D, fe for fixed .

Lemma 6.2. There is a measurable function L: X — [1,00) such that for p-a.e.
(&,2) € X andn € Z:

(1) Forv € E{(z),
L(g,2) " exp(nA® — [n|geo) [vll < [ DfEv]| < L(€, @) exp(nA® + [n| geo) ]|
(2) Forv € E¢(z),
L(g,2) " exp(nA" = [n|zeo) [v]| < [[DfEvll < L(E, z) exp(nA” + [n|ze0) [[v]]-
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1
(3) £ (B o) (DI @), By (DI @) > gy expl—Inleo)

Furthermore forn € Z
L(F"(&,x)) < L(E, x)ecm.

Here Z denotes the Riemannian angle between two subspaces.

6.1.2. Lyapunov charts. We introduce families of two-sided Lyapunov charts. The
construction depends on the construction of a Lyapunov norm which we present in
Section[@:2l We note that in Section[[T.Z1] in the case that Q = (Diff*(M))% we will
need one-sided charts that depend only on the future itinerary of ¢ € (Diff?(M))%.
Given v € R? decompose v = vy + v according to the standard basis and write
|v|; = |v;| and |v| = max{|v|;}. Write R?(r) for the ball of radius r centered at 0.

From standard constructions (see [LYT, Appendix], [LQ} VI.3]) for every 0 <
€1 < €9, there is a measurable function £: Q x M — [1,00) and a full measure set
A C Q x M such that

(1) for (§,z) € A there is a neighborhood U¢ ;) C M of x and a C* diffeo-
morphism ¢(&,z): Uge,p) — R2(€(E, )~ ") with
(a) @& z)(x) = 0;
(b) Do (&, x)Eg(x) = R x {0};
(c) Do(&, x)Eg () = {0} x R;
(2) writing

f&x) =¢(F(&x)0 feod(&a)™, FHE ) =¢(F (&) o fehop(6,2) 7,

where we have defined

(2) f(&2)(0) =0;

(b) Dof(€,z) = ( g g ) where e}~ <a < et and 2 < B <

e)\“+61;

writing Lip(+) for the Lipschitz constant of a map on its domain

(c) Lip(f(&,2) — Dof(&,2)) < ex;

(d) Lip(Df(& ) < L&, x);

(3) properties similar to (2al)- (m]) hold for f~1(¢,
(4) there is a uniform ko with k;* < Lip(¢(&, x))

(5) L(F™(&,x)) < L€, x)el™e for all n € Z.
Let

x);
<L, 2);

)\0 = max{)\“, —>\S} —+ 261.

Then, the domains of f(w, ) and f~'(w, ) contain the ball in R? of norm £(¢, )~
e~ 0~ Note also that the domain of ¢(£,z) contains a ball of radius £(&,x) 2
centered at z.

Write R® = R x {0} and R* = {0} x R. Recall that g: D C R — R is k-Lipschitz
if |g(x) — g(y)| < k|x — y| for z,y € D. We have the following observation.

Lemma 6.3. Let D C R¥(e 2~ f(¢,2)71). Let g: D — R¥(e M~ ((¢,2)71) be
a 1-Lipschitz function. Then

F7H(& =) (graph(g))
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is the graph of a 1-Lipschitz function
§: D5 R (e U(F (& ) T)
for some D C R* (((F=H& @)™t .

6.1.3. Stable manifold theorem. Relative to the charts ¢(£,x) above, one may ap-
ply either the Perron-Irwin method or the Hadamard graph transform method to
construct stable manifolds. The existence of stable manifolds for diffeomorphisms
of manifolds with non-zero exponents is due to Pesin [Pes]. In the case of random
dynamical systems, given the family of charts above, the statements and proofs
hold with minor modifications (see, for example, [LQJ). See Section [T21] for some
details in the construction of stable manifolds relative to one-sided charts.

Theorem 6.4 (Local stable manifold theorem).
(1) For (&,x) € A there is a CY function

R (& @) R((E 2) ™) = RY(U(E2) 7))

) h*(&x)(0) = 0;
) DOhs(é.?x) =0;
; [ Dh*(&, )|l < 1/3;

ticular, graph(h®(§,x)) is in the domain of f(§, x).
Setting
Ve(& ) = ¢(&,2) 7" (graph (h*(€, 2)))

we have
(5) fe(V3(& x)) C VA(F(E,2))
(6) forz,y e V(& z) andn >0
d(fé(2), f¢'(y)) < U @)ko exp((A° + 2e1)n)d(y, 2).

We define V*(&,2) C M to be the local stable manifold at x for & relative to the
above charts. We similarly construct local unstable manifolds V*(&, x). Similar
to [6.4] above, for z,y € V¥(£,z) and n > 0

d(fe"(2), fe " (y) S L& x)ko exp((—A" + 2e1)n)d(y, 2).

We remark that the family of local stable manifolds {V*(¢, )} forms a measurable
family of embedded submanifolds.
We define the global stable and unstable manifolds at x for & by

(6.1) W¢(z) ={ye M| lim sup s logd(fe (), £ (y)) < 0},
(6.2) We'(z) :={y € M [ lim sup s log d(f¢ (2), £ (y)) < 0}.

For p-a.e. (§,2) we have the nested union W¢(z) = U,,»o(f&) " (VE(F" (&, ). Tt
follows for such (£, ) that W¢(z) is a C"l-injectively immersed curve tangent to
E¢(z). We write

W2(&, ) = {&} x We(z),  WH(E x) = {€} x W¢'(z)

for the associated fiber-wise stable and unstable manifolds in X = Q x M.
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The above family of charts and construction of local stable and unstable manifold
depends on f{ for alln € Z. However, from (6.2)) it is clear that W () depends only
on f¢ for all n < 0. This fact will be used heavily in the sequel. In Section IT.2.1]
we will use one-side charts to construct local stable manifolds that depend only on
f¢ for all n > 0.

6.2. Affine parameters. Since each stable manifold W(z) is a curve, it has a
natural parametrization via the Riemannian arc length. We define an alterna-
tive parametrization, defined on almost every stable manifold, that conjugates the
non-linear dynamics fg’ [W;(x) and the linear dynamics D ffn I HOR We sketch the

construction and refer the reader to [KKl, Section 3.1] for additional details.

Proposition 6.5. For almost every (§,z) and any y € W(x), there is a ot
diffeomorphism

Hie W¢(x) — T,W¢ (z)
such that

(1) restricted to W¢(x) the parametrization intertwines the nonlinear dynamics
fe with the differential D, fe,

Dyfeo Hie ) = Hpe ) © felwg (a3

(2) Hf, ,)(y) =0 and D,H;,  =1d;

(3) if = € Wi(x), then the change of coordinates

-1
Hj, o (H(Sw)) L TLWE () = T,WE ()

is an affine map with derivative

-1
Dy (H(Ss,y) o (Heo) > = Plea(?)

for any v € T,W(x) where pe ) (2) is defined below.

We take (£, z) to be in the full measure F-invariant set such that for any y, z €
W¢(z) there is some k > 0 with fé“(z) and fgk(y) contained in V¥(F*(¢,2)), and
we sketch the construction of H&’y). First consider any y,z € V*(&, z) and define

J(& 2) = || D fevl| - [lo]
for any non-zero v € T, W (x) where || - || denotes the Riemannian norm on M. We
define '

_ 17 JERE2)
(6.3) Py (2) 1};[0 J(F*(E, )
Following [KK| Section 3.1], the right-hand side of (63)) converges uniformly in z
to a Lipschitz function. The only modifications needed in our setting are the sub-
exponential growth of || D f¢|| and the Lipschitz constant of D f; along orbits given
by Lemma [6.I], as well the sub-exponential growth in n of the Lipschitz variation
of the tangent spaces T, V*(F"(&,x)) in z. The growth of the Lipschitz constant of
T.VS(F™(&,x)) follows from the proof of the stable manifold theorem (for example
in [LQ]) or by an argument similar to [LY1, Lemma 4.2.2]. We may extend the
definition of p(¢ 4 (2) to any z,y € W¢(z) using that ffk (z) and fgk (y) are contained
in V*(F*(¢,z)) for some k > 0.
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We now define the affine parameter Hp, : W¢(x) — T,W¢(z) as follows. We
define H & y) o be orientation-preserving and

z
1o @l = [ picantt) d.
Yy

where fyz ¥ (t) dt is the integral of the function v, along the curve from y to z in
W¢ (), with respect to the Riemannian arc-length on W¢(x).

It follows from computations in [KK| Lemma 3.2, Lemma 3.3] that the map H(S&y)
constructed above satisfies the properties above. We similarly construct unstable
affine parameters H, &71) with analogous properties.

Remark 6.6. The unstable line fields Eg(x), unstable manifolds, and corresponding
affine parameters are constructed using only the dynamics of f¢" for n < 0. Recall

that we assume § — f; !is F-measurable and that 0(]:") c F. Tt follows that
> fiis F-measurable for all n < 0. Thus, the line fields (£,) — E¢(x), the

unstable manifolds (&, z) — W (2), and the corresponding affine parameters H & 2)
are F-measurable.

6.2.1. Parametrization of stable and unstable manifolds. We use the affine param-
eters H® and the background Riemannian norm on M to parametrize local stable
manifolds. For (£, z) € X such that affine parameters are defined, write

We,(x) == (H)) ™' ({ve B{(x) | lv]| <r})
for the local stable manifold in M and
W€ z) == {§} x W¢ ()

for the corresponding fiber-wise local stable manifold. We use similar notation for
local unstable manifolds.
We fix, once and for all, a family Ve ) € E¢(x) C T, M such that

(1) (§ @) = v, is p-measurable;

(2) (&) = vf ,y is F-measurable;

() vl = lvfe oyl = 1.
The family {vf, . } and {v{ . } induce, respectively, y- and F-measurable trivial-
izations of the stable and unstable bundles. Recall that the affine parameters on
unstable manifolds are constant along atoms of F. We then obtain, respectively,
p- and F-measurable maps (¢, z) — I ) and (§,x) — I from X to the space
of C'-embeddings of R into M given by

(64) IEZ,I) t— (H(Sg)x))il(t’l](sf,m)), I(ug)x) = (H&7w))71(t'l],(u‘£)x))

6.3. Families of conditional measures. The family of fiber-wise unstable man-
ifolds {W"(&, )} (¢ 2)ex forms a partition of a full measure subset of X. However,
such a partition is generally non-measurable. To define conditional measures we
consider a measurable partition P of X such that for p-a.e. (€, 2) € X there is an
r > 0 such that W (&, z) C P(&,x) C WH(&, ). Such a partition is said to be u-
subordinate. Let { [L@ )} (€,2)ex denote a family of conditional probability measures
with respect to such a partition P.
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Definition 6.7. An %-invariant measure p is fiber-wise SRB if for any u-
subordinate measurable partition P with corresponding family of conditional mea-
sures {ﬂé,m)}(s,x)eX= the measure ﬂé’z) is absolutely continuous with respect to a
Riemannian volume on W*(&, x) for a.e. (£, z).

In the setting introduced in Section ] we have the following.

Definition 6.8. Let M be a closed manifold, let # be a Borel measure on Diff?(M),
and let ji be a D-stationary probability measure. We say [ is SRB if the measure
given by Proposition @2 is fiber-wise SRB for the associated canonical skew product

@1).

Remark 6.9. In fact, it follows from the proof of Proposition 2] (see also [BL] for
a related statement for general skew products) that p is fiber-wise SRB if and only
if the conditional measures { ﬂ@ )} (€)X are equivalent to Riemannian volume on

W(x, ) restricted to P(€, ). Furthermore, with respect to the affine parameters
introduced in Section 6.2 the conditional measures coincide up to normalization
with the Haar measure. See [LY1], Corollary 6.1.4].

Following a standard procedure, by fixing a normalization, for a.e. (§,z) we
define a locally finite, infinite measure M@ ) On the curve W* (¢, x) that restricts to
{ﬂ@z)}(g,x)eX7 up to normalization, for any u-subordinate partition P of X. We
choose the normalization M%g,x) (Wi (&, 2)) = 1. Such a measure will be locally finite
in the internal topology of W*(p) induced, for instance, by the affine parameters.
We remark that the fiber entropy vanishes if and only if the measures “?5@) and
1i{¢ o have support {({,x)} for almost every (§, z) € X.

6.4. Relationships between entropy, exponents, and dimension. Given (¢, )
€ X we define the following pointwise dimensions:

log ( p1fe ) (WH(€,2))
(1) dim"(u, (&,7)) := lim G fogr )
log ( 1{¢ ) (W (2) )
(2) dim®(u, (&, 2)) == lim ( (&lz)gr )
(3) dim(u, (g,)) i= lim A 100 < 1)

)

)

We note that dim(y, (§,x)) is the pointwise dimension of conditional measure ¢
at the point . In the case that p is obtained from a stationary measure i from
Proposition 2] this need not coincide with the pointwise dimension of i at x. We
have that dim"(u, (§,z)) and dim®(u, (§,2)) are well defined and are furthermore
constant a.e. by the ergodicity of y. Write dim®“(p) for these constants. Note
that dim(u, (€, z)) may not be defined if there are zero exponents.

We have the following proposition. Recall we write 7: X — 2 for the natural
projection and h,(F' | m) for the conditional metric entropy of (F, ) conditioned

on the sub-o-algebra generated by 7~ 1.
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Proposition 6.10. In our setting,
(1) ha(F | ) = X* dim® () = —° dim® (1);
(2) dim(p, (&, 2)) = dim™(p) + dim®(p) for p-a.e. (€, x).

Conclusion (1) follows from a generalization to the case of skew products of
the Ledrappier-Young entropy formula [LY2]. This generalization appears in [LX]
in the case of i.i.d. random dynamics; modifications for the case of general skew
products are outlined in [QQX]. Conclusion (2) follows from the results of [QQX]
generalizing to the random setting the dimension formula for hyperbolic measures
proven in [BPS].

In our setting, we then have the following equivalent characterizations of the
fiber-wise Sinai-Ruelle-Bowen (SRB) property.

Lemma 6.11. The following are equivalent:
(1) p is fiber-wise SRB;
(2) hyu(F [ m) ="
(3) the measures pf .\ are equivalent to Riemannian arc-length on W¢'(z) al-
most everywhere;

(4) dim“(p) = 1.

u

6.5. The family 7i( ,). Using the affine parameters H; We(z) — E¢(x) and
the trivialization ([6.4]), we define a family of locally finite Borel measures on R by

— o U -1, u
(6.5) iew) = Liew))s Hie-

We equip the space of locally finite Borel measures on R with its standard Borel
structure (dual to compactly supported continuous functions). We thus obtain a
measurable function from X to the locally finite Borel measures on R. Since the
family of measures (£, x) — ué’ 2) and parametrizations Z" are F-measurable, it
follows that

(ga (E) = ﬁ(E,z)
is F-measurable.
The family {fi¢ ,)}(¢,2)ex Will be our primary focus in the sequel. In particular,

the SRB property of p will follow by showing that for p-a.e. p, the measure ¢ .
is the Lebesgue (Haar) measure on R (normalized on [—1, 1]).

7. MAIN PROPOSITION AND PROOF OF THEOREM [0

7.1. Main proposition. The major technical result in the proof of Theorem [Z.10]
is the following key proposition, whose proof occupies Sections @and [I0l Given two
locally finite measures n; and 72 on R we write 77; ~ 1 if there is some ¢ > 0 with

7’]1 = C’I72.

Proposition 7.1. Assume in TheoremEI0 that (€, x)—E¢(x) is not F-measurable.
Then there exists M > 0 such that for every sufficiently small € > 0 there exists a
measurable set G. C X with

n(Ge) >0
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such that for any (€, x) € G, there is an affine map

v:R—R
with
(1) 57 < 1Dyl < M;
(2) 77 < [0(0)] < Me;

(3) Yubiea) = gy
Furthermore, writing

G:={(&z) € X|(§ ) € Gyn for infinitely many N}
we have p(G) > 0.

Remark 7.2. Given the space of locally finite Borel measures on R, the set of
measures satisfying (1)—(3) of Proposition [[[T] for fixed ¢ and M is closed. By
restricting to measurable sets on which (£, z) — H(e,z) 1s continuous, for any fixed
M defining G- to be the set of (¢, z) such that 7 ) satisfies (1)—(3) above it follows
that G. is measurable. Thus, the proof of Proposition [(.I] reduces to showing that
G. and G have a positive measure for some M.

7.2. Proof of Theorem [4.T70L Theorem [T0 follows from Proposition [Tl by stan-
dard arguments. We sketch these below and refer to [KK] for more details.

Lemma 7.3. Under the hypotheses of Proposition [[1], for a.e. (§,7) € X, T¢ ) is
invariant under the group of translations. In particular, for a.e. (£,z) € X, He,z)
is the Lebesgue measure on R normalized on [—1,1].

Proof. Let Aff(R) denote the group of invertible affine transformations of R. For
(&, z) € X, let A(&,z) C Aff(R) be the group of affine transformations ¢: R — R
with
Vell(g,) = Fea)-

We have that A(§, x) is a closed subgroup of the Lie group Aff(R). (See the proof of
[KK| Lemma 3.10].) By Proposition [T} for (§,x) € G, the group A(§, x) contains
elements of the form ¢t — \;t +v; with v; #0, |v;| = 0 as j — o0, and A; € R such
that |);] is uniformly bounded away from 0 and oo. Then, for (§,z) € G, A(, x)
contains at least one map of the form

t— At
for some accumulation point A of {\;} C R. We may thus find a subsequence of
{t = A"\t + 05}
converging to the identity in A(&,z). It follows that A(€, x) is not discrete. In
particular, for every (£, z) € G the group A(&, x) contains a one-parameter subgroup
of Aff(R).
For (¢§,z) € X denote by C¢z): R — R the linear map
-1
Clew) = Tiem)™ o FoLiea,

where Zj¢. ) denotes the parametrization (6.4). As (C(¢,z))T(e.a) ™ Flp(e,2) We have
that
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Let Ap(&, x) C A(E, x) denote the identity component of A(&, x). Then Ay (F (&, z))
is isomorphic to Ag (&, x) for a.e. (§,2) € X. Since u(G) > 0, it follows by ergodicity
that Ag(&, x) contains a one-parameter subgroup for a.e. (§,z) € X.

The one-parameter subgroups of Aff(R) either are pure translations or are con-
jugate to scaling. We show that A(£,z) contains the group of translations for
a.e. (§,x) € X. Suppose for purposes of contradiction that 4y(&,z) were conju-
gate to scaling for a positive measure set of (£,z) € X. By ergodicity, it follows
that Ag(&, z) is conjugate to scaling for a.e. (§,2) € X. For such (£, x), there are
to € R,y € R} with

A0(§,$) = {t — 1o +’78(t—t0) | S € R}

In particular, for such (£, z) the action of Ay(§,z) on R contains a unique fixed
point to(&, x).

For (¢, z) € G the fixed point #y(&, z) is non-zero since, as observed above, there
are ¢ € A(, x) arbitrarily close to the identity with ¢(0) # 0. Furthermore, writing
Pt to(&, ) +°(t — to(§, x)) we have

Cle.ay 0¥ 0 Clelyyt b £ DF guemy o€, 2) +7° (t = £IDF (e o (€, 7)) ,

where the sign depends on whether C¢ ,): R — R preserves orientation. It follows
for (§,7) € G that [to(F"(§,2))| = [[DF"gu(ex) |l |to(&,x)| becomes arbitrarily
large, contradicting Poincaré recurrence.

Therefore, for almost every (§,z) € X, the group A(,z) contains the group
of translations. We finish the proof by showing that for such (¢, x), the measure
H(e,z) 18 tnvariant under the group of translations. For s € R define Ts: R — R by
Ts: t— t+ s and define c¢2): R = R by c¢ 4)(8) = Te o) ([=s — 1, —s +1]). Then

d(Ts)«Ti(e )
_7’ = C(g’z) (S)
dfi(e )

As the group A(¢, x) contains all translations, the measure H(¢,z) has no atoms and
we have that c¢ ) R — R is continuous.
Note that

—1
Cie) 0T50Cle oy = T4 DF 1 puen s

and for n € Z

(71) C(g,m) (S) = CF"(g,z) (:l:HDFn rE“(ﬁ,m)Hs) s

where the signs depend on whether DF or DF™ preserves the orientation on un-
stable subspaces. Define the set

Bre:={(§x) € X :|ceq(s) — 1| < e for all |s| < r}.

For each € > 0 pick 7 so that (B, ) > 0. Applying (7.1]), by ergodicity almost every
point visits B, . infinitely often as n — —oo contradicting (ZII) unless |c¢ ,)(s) —
1| < ¢ for all s and a.e. (§,x) € X. Taking € — 0 shows that c(¢ 4 (s) = 1 for all
s € R and a.e. (§,z) € X completing the proof of the lemma. a

Theorem EI0 now follows as an immediate corollary of Proposition [Z.I] and
Lemma [7.3
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8. SUSPENSION FLOW

As in the proof of [BQI] and [EM] Sections 15 and 16], to prove Proposition [T Il we
introduce a suspension flow. On the product space R x X consider the identification

(t,&x) ~ (t =L F(§ ) = (t = 1,0(8), fe(x))

and define the quotient space Y = (R x X)/ ~ . We denote by [t, &, z] the element
of the quotient space Y. The space Y is equipped with a natural flow

Y =Y, @' ([s,&,2]) = [s +t,&,x].
We have that ®' preserves a Borel probability measure

deo([t, €, 2]) = dp(&, ) dt.

It is convenient to consider the measurable parametrization [0,1) x X — Y given
by (s,&,2) — [s,&, x]. In these coordinates the flow ®t: Y — Y is given by

(I)t(g,g,z) = ({C +t}aFL§+tJ (fax))a

where [¢] denotes the integer part of £ and {¢} = ¢ — |£]. When we write (,&,x) €
Y, it is implied that 0 < ¢ < 1 and that (¢, &, z) is identified with [¢, &, 2]. Given
(s,€) € [0,1) xQ we write M ¢y = {¢} x{£} x M. We will also write ©: [0,1)xQ —
[0,1) x Q for the induced suspension flow.

Note that the parametrization Y = [0,1) x X makes Y into a Polish space with
respect to which the measure w is Radon. To discuss convergence and continuity, we
equip [0, 1) and © with complete, separable metrics and endow Y = [0,1) x Q x M
with the product metric.

We use the parametrization [0,1) x X — Y to extend the definition of local and
global unstable manifolds. Given p = (,&,z) € Y write
° W&’g)m(m) = W¢,.(z) C M; Wi e (z) = Wg(x) C M;

o Wi(p) ={c} x Wi(§,z) ={c} x E x W (z) C Y

o Wh(p) ={c} x W"(§ z) ={c} x {E x Wi (z) C Y.
We similarly extend the definition of local and global stable manifolds, affine pa-
rameters, frames for the stable and unstable spaces introduced in Section BG.2.1]
and the induced parametrizations Z" and Z°. Given p = (s,&,z) € Y, we write
wy = ¢ X g,y for the locally finite measures on W*(p) normalized on Wy'(p) and

wp = (T) M wp) = H(e,z) for the corresponding measure on R.
Although the flow ®¢: Y — Y is, at best, measurable, the restriction

' Mce) = Mo (s )
is a C2-diffeomorphism. Define a fiber-wise tangent bundle
TY :=[0,1) xTX =[0,1) x Q x TM
and the fiber-wise differential D®*: TY — TY
D' (5.€ (,0)) = ({e+1,657(9), (5 @), D fET W)

We trivially extend norms on TM to TY by identifying {(s, &)} x T, M with T, M.



MEASURE RIGIDITY FOR RANDOM DYNAMICS ON SURFACES 1079

9. PREPARATIONS FOR THE PROOF OF PROPOSITION [Z.1]

We begin with a number of constructions and technical lemmas that will be used
in the proof of Proposition [T.1l

9.1. Modification of F. Recall we assume the function & fg ! is F-measurable

which implies the entire past dynamics § — f¢' is F-measurable for all n < 0. It
is convenient for technical reasons below to allow the first future iterate f; to be

. -1
measurable on F as well. As fe = ( f(;(é)) , this can be accomplished by replacing
F with ~1(F) € F. Then §~'(F) is a decreasing sub-o-algebra for which & — fé

is measurable for all n < 1. Moreover, as f¢ is constant on atoms of 9*1(]:' ), we
have that

(&) = E¢(x)
is F-measurable if and only if (§, ) — E¢(z) is F~1(F)-measurable.

Thus for the remainder, we replace F and F with =1 (F) and F~!(F), respec-

tively. With this new notation, we then have that ¢ — fgl is F-measurable for all
n <1.

9.2. Lyapunov norms. From Lemma [6.2] for each p € Y we observe the hy-
perbolicity of the cocycle D®? after a finite amount of time. We define here two
norms, called Lyapunov norms, with respect to which the hyperbolicity of D®? is
seen immediately. We remark that while the induced Riemannian norm || - || on
TY is constant in the first parameter of the parametrization [0,1) x X — Y, the
Lyapunov norms defined below will vary in the parameter .

We first define the Lyapunov norms for the skew product F' on X. For (§,z) € X,
o € {s,u}, and v € E{(z) define the two-sided Lyapunov norm

1/2
(9.1) olZ) < 6.0y = (Z |nglv||262)\"n2€o|n>

ne”Z
and the past one-sided Lyapunov norm
1/2

(9.2) |||1;|||:07_7(E7x) = Z ||ngl’t}||2€72)\ n—2eo|n|

n<0

It follows from LemmalG2lthat the sums above converge for almost every (¢, z) € X.
Observe that for v € EY (z),

loll < Woll?, — qeys oll < OIIZ, o ey -

Remark 9.1. Recall that we have { — f: " is F-measurable for all n > 0 whence the
assignment (€, z) — Eg(:v) is F-measurable. Recall the F-measurable family of vec-
tors v ) € E¢(z) built in Section[6.2.1] It follows from construction that (§,z) —
V(e o)1 — (£.2) 18 F-measurable. Moreover, as discussed in Section [l since we
assume § — f; is F-measurable, we have that (£,z) — H‘D:cfgv&,m)|||7:0,_7F(g,w) is
F-measurable. This will be the primary reason for using the one-sided Lyapunov
norms rather than two-sided Lyapunov norms below.
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We have the following bounds on hyperbolicity. For the one-sided norm
-7, - (¢.)» the bounds are of most use when o = u. (One can similarly de-

fine the future one-sided norm ||-[||7, +.(¢,z) Which is more natural for the stable
bundle.)

Lemma 9.2. For p-a.e. (§,2) € X, v € E{(z), n € Z, and k > 0 we have
(1) e =lnleo lol|e o) < H‘ngv

(2) N R lullg, ey < H‘Df?v

4 o
< enk Hnleo H‘/U‘”eo +,(&,2)”

€0, %, F" (§,2)
[ea

co,— F* (&)

9.2.1. Ezxtensions to Y. We extend the Lyapunov norms to TY as follows: For
p=(s&2) €Y and w € B (x) = E] ) («) C T, M, define

1—g S
(9.3) loll?, - = (ol - ey)  (NDafewll?,  piey)

Identifying £7(p) = {(s,§)} x E¢(x) C TY with E{_,(x) C TM, we extend the

(s:8)
definition of ||-|||7 to E?(p). We similarly extend the two-sided Lyapunov norms
to TY.

Given t € R we write

D217 ) ot

to indicate the operator norm of D®?: E”(p) — E7(®!(p)) with respect to the
corresponding norms.
We have the following extension of Lemma

€0,—P

Do)

€0,

Lemma 9.3. Forw-a.e. p=(s,§{,z) €Y, ve E(p), t € R, and s > 0 we have
(1) e lollZ 4, < NDRIIE 4 ey < e o]l
(2) e =l _ ,, < D2

(p)
€0,—,®(p) *

We have the following estimate which allows us to compare the Lyapunov norm
with the induced Riemannian norm. Recall the functions D: Q@ - Rand L: X - R
in Lemmas [6.1] and Let ¢; = e (1 — e~ %)1/2,

Lemma 9.4. For any w € E%(s,§,x),
lwll < llwlle, - < LS, 2) D(E)ex [Jw].

€0,—P —

€0,,p €0,Et,p’

€0,7P —

In particular, defining L:Y — [1,00) by
'i’(§7 57 117) = L(fa ‘/I‘.)D(g)cl

we have R R
(@ (p) < 20Ut ()
and
(94)  L(p) D gl < [| DV Trug [l < 200D Ep) DO [y

(A similar estimate holds for the two-sided norms.)
Proof. Recall that for w € E¢(z), we have |lw| < |||w|||?07_7(£7x) and

ol — oy < MD2fewllly ~ pe -

The lower bound then follows.
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For the upper bound we have for ({,z) € X and w € E¢(z) that

1/2

|Hw|”607 J(&,2) < Z(L(f’fE))2||UJH262")‘u+‘”|50e*QnAufzeOW
n<0

o)~ 1/2
= L(g2) (1= 7).
Similarly, from Lemma we have
€ —€ 71/2
IDsfewll?,  eny < L(E )™ (1= =) "2 D, few]).

Then for p = (¢,&,z) € Y and w € E¥(p), with b = (1 — 6760)_1/2 we have

1— S
tw = (0l e)  (IDefewll’  pea)
< (L& 2)bllw])) ¢ (L(€, 2)e0b|| Dy fewl))*

= (L(& @)b][wll)'* (L(E, x)ebD(E) wl])*
< L(E, 2)be D(E) [[wl]- O

lwllc,

Declaring that E"(p) and E*(p) are orthogonal, we may extend the definitions
of both the two-side and one-side Lyapunov norms to all of 7,,Y". When clear from
context, we will drop the majority of sub- and superscripts from the Lyapunov
norms.

9.3. The time changed flow. It is convenient to work with a flow W® that is a
time change of ®! and for which the norm of the restriction of DW* to the unstable
spaces grows at a constant rate (with respect to the one-sided norm ||| ).

For p € Y and t € R, define

05) Zy(t) = 1og (|| D2 1 I _)

It follows from construction and Lemma that, for w-a.e. p € Y, the function
“p: R — R is an orientation-preserving homeomorphism. Moreover, as E*(, z) is
one-dimensional, the map ¥ x R — R given by (p,t) — #,(¢) satisfies the cocycle
equation .7 (t1 +t2) = Fpta () (t1) + Fp(t2). It follows that ¥*: Y — Y given by

-1
v (p) =27 O(p)
defines a measurable flow on Y that is a time change of ®°.
Given p = (¢,&,x) € Y define
(9. ) = h(ev) = 1og (|| D2 fel ).
€0,—,(&,@)
We note that for —¢ <t <1-—¢
log [[[ D2 I, , = th(p)-

In particular, if 0 < ¢+ s/h(p) < 1, then ¥¥(p) = (s + s/h(p), &, x); that is, h(p)~!
is the local change of speed of the original flow ®!. It follows that

= [ weron as
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By ([@4), Lemma[6.2] and the fact that h(p) > A* — ¢q for almost all p, we have for
any t > 0 that

(9.7) (A" =€)t < .Z(t) < alp)+bo(t + 1),

where
als, €& @) =log(L(§,2)°D(€)er),  bo = A" + 3eo.
We claim the following.

Claim 9.5. /h(f,x) du(§,z) < cc.

Proof. Consider 0 # w € E¢(x). We have

2 “n—2eo|n
<H|Drf§w|||zo77}F(£’z)) — IDfewl?+ 3 IDfLt w]|2e 2N n2e0ln]

n<—1

= ||sz5w||2 + e2X" 20 Z ||Df£w||2e_2/\uf—260\f\
0<0

u_ 2
= 1D fewl + 2 (Il _ )

2
and since ||w||? < (|||w|H?0 _ (f,x)) , we have

(lllef§w|”go7_,F(g7

(—y
Recall [log" (|felcr) dv(€) < oo by hypothesis ([C). The claim follows as

/log (|f5|%1 +e2’\u_2€°) dv(§) < oo. O

From Claim it follows that U®: Y — Y preserves a probability measure @
given by

) ) )
s <|Dfe ngr(ac)H2 4 e 720 < || Dfe||? 4 €2 200,

- _ 1
do(s, &) = ThE,z) d#(g,z)h(&fﬂ) du(§, ) d.
Observe that @ and w are equivalent measures. Furthermore, since the o-algebras
of ®- and W-invariant sets coincide, it follows that ¥* is @-ergodic.

9.4. Decreasing subalgebras, conditional measures, and the martingale
convergence argument. We write S C By and S C Bjp,1)xq, respectively, for
the completions of By 1) ® F and Bjg 1) ® F. Note that we have

P'(S)cs, oS cs
for all ¢ > 0 whence S and S are decreasing o-algebras for the respective flows. In
particular, the map
(9.8) Y x [0,00) = (V,S,w), (p,t) — @ 4(p)
is S® B|,0)-measurable. Thus the backwards flow ®~* t > 0 induces a measurable
semi-flow on the factor space (Y,S,w).

As discussed in Remark the past dynamics £ — fgn , n <0 is F-measurable,
and thus the unstable spaces E¢'(z) and family of one-sided norms ||| _ (¢,0) A€
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F-measurable. Furthermore, as the extension of the norms ||| _ (e.x) b0 Y in
([@.3) involves only the past dynamics and a single future iterate f,, it follows that
the family of one-sided norms |[[-[|, _p on Y are S-measurable. It follows that,

restricted to the past, the cocycle defining the time change
Y x [0,00) = [0, 00), (p,t) = Fp(—t)

is § ® Bjg,o)-measurable. Thus, the backwards time-changed flow ¥=% s > 0,
given by ¥~%(p) = @ypfl(_s)(p), induces a measurable semi-flow on (Y,;S,w). In
particular, ¥*(S) C S for s > 0.

Given m € R define the sub-o-algebra on Y by

S i=0™(S) ={v™(C): C € S}.
From the above discussion, we have the following.

Claim 9.6. For m < ( we have 8¢ C S™. In particular, {S™},>0 defines a
decreasing filtration on (Y,®).

As usual, we write S® = ~_,S™.
9.4.1. Families of conditional measures. We fix once and for all a measurable par-
titiE)IE of 2 into atoms of F and an induced family of conditional probabilities
{l/g:}geg. Since in Theorem E.I0l we assume the map & — pg is F-measurable,
defining a family of measures {M@m)}(g,z)ex by

ditle oy (1,9) 1= dv (0)02(y),

it follows that {ué 2} defines a family of conditional measures induced by F. For
p=(s,& x) €Y we write w;f = 0c X ué z)- Then {w;f}pey is a family of conditional
measures of w induced by S.

s

By a slight abuse of notation, for p = (¢, £, ) we may consider w;, as measures
on 2 by declaring

S — S
dwp (77) - dwp (§7 , I)

This identifies wg (n) with V‘g:. In particular, if ¢ = (¢, &, y), then under this identi-

fication we have wp‘s = wq‘s.

Recall that w and @ are equivalent measures; moreover, %(g,f,x) = fh%dw
h(s,&, x) where h is the speed change in (@.6). Thus, defining

i (q) = IZ(% dw3 (q)

it follows that {of);f }pey defines a family of conditional measures for @ induced by
S. As h: Y — R is S-measurable, we may take
A8 _ S

(JJp wp .

2Recall that given a sub-o-algebra A of a Lebesgue probability space (2, B, u1), there is a unique
(up to a.s. equivalence) measurable partition , called the partition into atoms. If {u2} denotes
a family of conditional measures induced by the partition «, then E(f | A)(w) = [ f dul.
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9.4.2. Martingale convergence argument. Consider any bounded measurable g: Y —
R. As @ is ¥U-invariant, we have for m € R

09 [om@) d (w5 i) @ = [ o @) d (65-0) (@

(9.10) = [ oty (). 550 ) (@)
(9.11) =Es(g [ S™)(p),
where the first two equalities hold everywhere by definition and the last equality
holds as almost-everywhere defined functions.

The right-hand side of ([@I1l) defines a reverse martingale with respect to the
decreasing filtration 8™ on (Y,®). By the convergence theorem for reverse mar-

tingales, along any discrete subsequence of m; € [0,00) we have, almost surely,
that

E(g | 8™ )(p) = E(g | $%)(p)-

On the other hand, given any m and any p € Y, writing ¥~™(p) = (g, £, x), for all
e< (/\u — 60)_1(1 — §)

(U () = D=ty

It follows that the sample paths defined by (O.I0]) are constant on half-open intervals
whose lengths are at least (\* — ¢y)~!. Taking a discrete subgroup with gaps less
than (A" — ¢9) ! it follows that for almost every p € Y, the left-hand side of (2.9
converges to E(g | $)(p) as m — oo.

9.5. Stopping times and bi-Lipschitz estimates. Given p = (¢,&,z) € Y,
§d>0,e>0,and m € R define

Toge(m) = sup {0 € R [|D2" oI, o, - D2 Ton@mp Il omr) 6 < €}

and
L,se(m)=m+1,5e(m).

Note that 7,5.: R =+ R and L, s.: R = R are increasing homeomorphisms. In
fact we have the following.

Lemma 9.7. L,s. and 7,5, are bi-Lipschitz with constants uniform in p,d,e. In
particular, for £ >0

—\* — 3¢ A% + 3¢
(9-12) e | raem O = Tpae(m) < o R
A% — A% — 2¢q A% — A%+ 2¢q
.1 EA— ) —L < —F L
(9.13) 2+ € €< Lpse(m+10) poe(m) < A — e l

Proof. Write 7, = 7, 5,c. By definition we have
—1

H‘D¢Tp(m+€) rE“(<I>m+‘3(p)) .
(9.14) 0
etz e

. . H‘D(I)Tp("n) [Eu@mu(p)) ot

Hi D™+ I, 4 -6 =e.
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As 1,(m + ) > 7,(m), we bound the product of the first two terms of the
left-hand side of (@I4) by

exp((A* = €0)(Tp(m + £) = 7(m)))

-1
< [|partOtpn @iy

3 R
€0,j:
< exp((A* + €0)(1p(m + £) — 7,(m))).
To bound the remaining terms of ([@.14) first note that

E(],i

H‘Dq)'rp(m) [ B (@m+e(p)) ot

Tpr(m -1
=[P+ pu@min | - D2 e wm ol

€0,

Tpr(m -1
=[[p2™ ™ 15w @) L (|21 g g@mssom ) s NP 5 @m -
We have

—2¢ -1 €

et < ’HD‘PZ e (@mtroem @) ||| D2 @ o Il o < €%
whence it follows that
g NP2 e |l < g2l
~ D2t pu@mep ., .
As
exp((A* — €o)l)e
< H‘D@p(m) rE“(ﬁbm(P))HLoi 1P 1wl . 0
< exp((A° + €9)f)e,
we have
exp((A° — 3ep)l)e
<[|peris@non]], - D 1wl -3

< exp((A® + 3ep)f)e.
Reassembling (@.14]) we have
exp (A" — €0) (Tp(m + £) — 7,(m))) exp((A° — 3eg)l)e < &

and
exp (A" + €0)(Tp(m + £) — 75(m))) exp((A° + 3€0)l)e > ¢;
hence \ \
—X% — 3¢ —X% 4 3¢
A g _ <24 20
N T o < 1(m+4£) —1p(m) < g l,
proving ([@.12)).
We derive ([@13) from ([@I2) noting
—\* — 3e¢p -2 + 3ep
———(+¢<L 0)—L < ————4+ 4. O
/\u+€0 LR (m+ ) (m)_ )\u—EO +

Let Leb denote the Lebesgue measure on R. We have the following fact.
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Claim 9.8. Let g: R — R be a bi-Lipschitz homeomorphism with

aly — x| < |g(y) — g(x)| < bly — x|.

Then g, Leb <« Leb <« g, Leb and a < dz*LEE’b <b.

9.6. Dichotomy for invariant subspaces. For this and the following subsection,
we return to the skew product F': X — X. In this section we establish the following
dichotomy for DF-invariant subbundles of TX. Let F: X — X and u be as in
Theorem LI0l  Consider a py-measurable line field V € TX. Write Ve(x) C T, M
for the family of subspaces with

V(& x) = {&} x Ve(x).

The measurability of ¥V with respect to a sub-g-algebra of X is the measurability
of the function (&, x) — Ve(z) with the standard Borel structure on T'M. We say
V is DF -invariant if for p-a.e. (§,x) € X

DFe V(&) = V(F(§,2)) or Dy feVe(x) = Vo) (fe(x))-

Recall that F in Theorem {I0lis a decreasing sub-o-algebra; that is, F(F) C F.
We write Foo for the smallest o-algebra containing (J,>o F~"(F). We similarly

define F. (We remark that in the case that F is the o-algebra of local unstable

sets in Section B3, Fu and Fu are, respectively, the completions of the Borel
algebras on ¥ and ¥ x M.)

Recall we write {I/g: teeq for a family of conditional probabilities induced by F.

Lemma 9.9. Let p and F be as in Theorem EI0 Then
(1) the line field (§,z) — E¢(z) is Foo-measurable;
(2) for any DF-invariant, Feo-measurable line field V C TX either (§,x) —
Ve(z) is F-measurable or

(9.15) forv-a.e. &, pe-a.e. z, and I/Eﬁ—a.e. n, Ve(z) # V().

Recall the family of conditional measures {ué 2} induced by F is defined by
d,ué’x) (n,y) = dugf(n) X 04(y). Thus, for v-a.e. £, and p¢-a.e. x, V;(x) is defined
for nga.e‘ 71, and the comparison ([@.13]) is well defined a.e.

Proof. To see we recall that & — fg " is F-measurable for all n > 0. Then

e 1t = ()

is 6~"(F)-measurable. It follows that & — fé is Foo-measurable for all n > 0.
Since E¢(z) depends only on f* for n > 0, we have

(&, 2) = E¢(z) = {v €Ty M | nILH;O%|ng(v)| < O}

is Foo-measurable.
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To prove let P denote the measurable partition of X into level sets of (£, x) —
Ve(x). We assume (Q.10)) fails,
(9.16)

u{(f,x) Wy (P(E2)) > o} _ u{(f,w) (0| Ve(a) = Vy()} > o} > 0.

From (@.16) we will deduce F-measurability of (§,z) — Ve(z).
Let F,, := F~"(F), and write {u(];"x)} for a corresponding family of conditional

measures. Also write F,, := 67"(F).
For each (£, z) € X define

‘We have
00(6,2) =Bz (pieay() | F) (€0) = B,z (1o (50) | F)(€).

Consider any (&, z) with u{;w) (P(&,x)) > 0 and such that V is F-measurable
modulo ué ) For n € Q define

V() =B,z (Lpe.n) (- 2) | Fu) ()

13

Then ¢, (n) is a martingale (with filtration F,, on the measure space (Q, Bq, I/g:- ))s
whence (using the F-measurability of V)

Yn(n) = El,gf(lv(g,x)('ax) | Foo) () = Lp(e,z)(n, ),

V?—a.s. as n — oo. In particular, for u@w)—a.e. (n,z) € P(&, )

Gn(n,z) =1
as n — oo. It follows from (@.I6]) that
(9.17) p{z)e X | dn(&x)—~1asn— oo} > 0.

The F-measurability of (§,x) — Ve (z) is equivalent to the assertion that

p{(&,x) | do(&2) =1} = 1.

Since Ff(ué"m)) = Nﬁn(g o VYV is DF-invariant, and (§,z) — Dy ff is Fo-
measurable, we have that ¢o(F™ (£, x)) = ¢n (&, x). The ergodicity and F-invariance
of p and ([@I7) then imply that ¢g = 1 on a set of full measure completing the
proof. |

9.7. Sets of good angles, geometry of intersections, and bounds on dis-
tortion. We remark that in this section, all estimates are with respect to the
background Riemannian metric on M. Let X; C X denote the full y-measure
subset such that £ /*(x) is defined and we /*(x) is an injectively immersed curve

tangent to Eg/ *(z). Furthermore, assume the affine parameters and corresponding
parametrizations Z%/* in (64) are defined on W;/S(ac) for every (&,z) € X;. Given
v > 0, let A(y1) C X, denote the set of points where

L (B (x), B (x)) > 7.
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Given 0 < 72 < v1/2 and (§,z) € A(y1) define A, (&, x) to be the set of n € Q with
(1) (n,z) € Xu,
(2) £ (Eg(x),Efl(x)) > 72, and
(3) £ (Ei(@) By(®)) > 2.
As 1(X1) = 1, as remarked in the previous section, for almost every (£, z) we
have (n,z) € X; for l/gf-a.e. n. For 0 < a < 1 we define the set A, », .« C A(71) by

Az = {(€2) € M) [V (Aru(€2) > a}.
From Lemma we obtain the following.

Lemma 9.10. Assume that (§,x) — E{(z) is not F-measurable. Then for any
a>0and 0 < a <1 there exists y1 > 0 and v > 0 with

IU‘(A’qu’Yz,a) >1—o
Fix a uniform pg > 0 to be smaller than the injectivity radius of M, and given
x e M let
exp,: B(po) C TuM — M
denote the exponential map. We recall that for every (£,2) € X; we have selected
V(& x) € E¢(z) and v¥(§, x) € E¢(z) such that (§, x) — v*(§, x) is F-measurable
and (&, x) — v°(€, x) is p-measurable.

By Lusin’s theorem, there is a compact subset Ay C X7, of measure arbitrarily
close to 1, on which the family of parametrized stable and unstable manifolds

(6, CE) — I(U&x)

vary continuously in the C! topology on the space of embeddings C*([—r,r], M)
for o0 = {s,u} and all 0 < r < 1.

Given z € M, a subspace V C T, M, and 0 < v < 7 we denote by C,(V) the
open cone of angle v around the subspace V. We have the following.

Lemma 9.11. Given any v > 0, there exist #1,79 > 0 such that for all (§,z) € A
and all (§,y) € Ay with d(x,y) < 7o,

(1)exp;l(W€%1@ﬂ>(:Cv(E?Cﬂ>;
(2) exp;! (ngl (ac)) ce, (Eg(@);
(8) exp;t (Wer, (1)) € €y (B2(@)) + exp (v).
Fix €1 = €/10. Fix a family of Lyapunov charts ¢(&,z) with corresponding
function ¢: X — [1,00), and retain all related notation from Section Let

A3 C Ay be a set on which £ is bounded above by ¢y and such that there exist
0 < 7o and 0 < 71 such that for (£, x) € As,

(1) Wgz (x) € V(§,x) where V*(£,z) is the local stable manifold built in
Theorem [6.4}

(2) the diameters of W¢ . (x) and W' (z) are less than

6636_’\0_61

0k
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(3) if (&, 2), (&, y) € Ao with d(x,y) < 7o, then
o(&,x) (We s, (v)

is the graph of a 1-Lipschitz function g, ,: D C R® — R*({; e~ for
some D C R3(¢y e Ro—e1),
Note, in particular, for (§,z) and (§,y) above that W¢; (y) is in the domain of the
chart ¢(§, ). We may take p(Ag) arbitrarily close to p(As).

We () W) W) 1)

FIGURE 1. Lemma [9.12]

Appealing repeatedly to Lusin’s theorem, and standard estimates in the con-
struction of stable and unstable manifolds, we may choose parameters satisfying
the following. See Figure [II (Note that in our application of Figure [l we have
We(x) = Wy(x).)

Lemma 9.12. For every 0 < v, 0 < 2 < 71/2, and Az C Ay C A(y1) as above

there exist a subset A’ C Az with u(A') arbitrarily close to u(As), positive constants

ro < 79,71 < 71, and constants C1,Cy,Cs, D1 > 1, with the following properties.
For (&,z) € A" we have

(a) C%d(ac,w) < [Hg o (w)|| < Cod(z, w) for all w e W, (x).

(b) C%d(az,w') < | Hg o (W) < Cad(w,w') for all w’ € W¢, ().
For (&,2), (&,y) € N with d(z,y) < ro

(c) W, (x) n W, (y) is a singleton {z} and the intersection is uniformly
transverse;

furthermore, if 1 € Ay (€,) and (1,), (1,2) € A,
(d) W, () n Wy (y) is a singleton {v} and the intersection is uniformly

71
transverse, and

(€) i Dy~ [|He ()| < [1H{e ) (2)l, then

1 S S
@HH@,I)(Z)H S H ey (0 < Csl[He 2y (2)]]-
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Additionally, we have a uniform bound Cy so that for (§,x) € A" and w € W¢, ()
1 —n —n -
(f) o < IDa f¢ meWg,,,l(m)H || Duw fe fTng,,,l(x)H 1< Cy foralln >0,
and for (§,y) € A with d(z,y) <1 and z as in

1 n n
(8) = < |ID.f¢ fTngle(x)H WD fé T we

c 5 1(y)||71 < Cy foralln > 0.
1 , T

Proof. Conclusions [(a)H(d)| follow simply from the C* topology and Luzin’s theo-
rem.

For @ we work in the exponential chart at x. By the law of sines, given fixed
71 and 72, we pick a sufficiently small v > 0 so that if § € C,(E{(x)), then there

exists C' > 1 with
d(07 y) . u s ~ A ~
o < max{d(0,v) : v € Cy(E¢(z)) N Cy(Ep(x)) + 9} < Cd(0,9).

We then obtain @ from the uniform Lipschitz bounds on the exponential map and
the affine parameters. See Figure [I1

The estimates [(f)] and [(g)| follow from the fact that the pairs fe " (z) and fo " (w),
fi(x) and f'(2), and D, f@(T,W¢, (x)) and D, f(T-W¢, (y)) are exponentially
asymptotic while |fe|c1, Lip(D fgn), and the Lipschitz constants for the variation of

the tangent spaces to f; "(W¢,.(z)) grow sub-exponentially for £ € Qo and (¢, z)
as in the the proof of Proposition O

The following lemma will be needed in Claim below.

Lemma 9.13. Take (§,x) € A and (§,y) € A" with d(x,y) < ro, and set z =
VV;T1 ()N ngm (y) and w = W¢, (y) N W, (z). Let T C W¢, (y) be the curve
with end points w and y. Let n >0 be such that

e~ ro—el (0*16—61j

S(FI (& 2))(f ()| < 0
for all0 < j <n. Then f;"(T) is in the domain of $(F~" (&, x)), and
S(F (&) (f™(T))
is the graph of a 1-Lipschitz function
g: D CR® - RY(e M Y(F"(€,2))7Y)
for some D C R (e~ f(F~"(€,x)) 7).

Proof. We prove by induction on n. For n = 0 the conclusion follows from hypothe-
ses and the choice of Az. For n > 1, assume

S(F~ V(g 2)) (f (D))

is the graph of a 1-Lipschitz function g: D € R® — R*(((F~ (=D (&, x))~te Ao—<1)
for some D C R¥(e~ o~ 1f(F~(=1(¢ 2))~1). From Lemma it follows that
fe (') is in the domain of ¢(F~"(¢,z)) and

PE" (& 2))(f¢ (1))
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is the graph of a 1-Lipschitz function §: D C R® — R%(e 0~ ¢(F~"(¢,z))~)
for some D C R*(4(F~™(¢,2))~'). By the hypothesis, we have that fe"(z) is
contained in the domain of ¢(F~"(§,x)). We have

“ 6—3 —Ao—€1
A" (0)), (" (2))) < Lohoe A H2e) 2
< en(—X“—i—Qel) %6626—A0—61 ]
Thus,
(6,2 (™ (0) — 66 ) (" ()] < e X" 42) g2
< SHF g ) e
hence,
[F (6, 2) (" () — S(F (€ )" (w)| < 5 l(F (€)oo,
Similarly,
(62 (™)) = S (€ ) ()| < 1l (6 ) e
hence D C R*(e o=t f(F~"(&,z)) 1), O

Under the hypotheses of Lemma @I3] if F~"(£,z) € A’ and F~"({,y) € A,
then ¢(F~"(&,z))(T") and

o(F (&) (Witn(er.r, (@)

have at most one point of intersection, thus we have the following corollary.

Corollary 9.14. Forn satisfying the hypotheses of Lemma Q13| if F~™(&,x) € A/,
F=(&y) € N, and d(fg " (2), fe "(y)) < 7o, then

Wi, (2" 0)) O Wiy, (J7(@)) = F (),

Remark 9.15. In the case that Q = X, recall that the stable line fields, stable
manifolds, and corresponding affine parameters are defined using only the forwards
itinerary. As fi' = fi for all n € X,/ (§) and n > 0, it follows that we may choose
v*(€, x) and the corresponding parametrizations If& ) of the stable manifolds to be

constant on sets of the form ¥ _(§) x {z} and thus induce corresponding objects

v*(w, z) and 1§,z for the one-sided skew product on ¥, x M. We may then

take A® € X, x M of (9N x ji)-measure arbitrarily close to 1 so that on A® the
parametrized stable manifolds

(@,2) = (£ T, ) (10° (@, ) )

vary continuously in the space of Cl-embeddings [—r,r] — M for all sufficiently
small 0 < r < 1.

Let my: ¥ — 3 be the natural projection. We may modify parts (e))
of Lemma as follows: Choose A’ in Lemma so that if (§,x) € A/, then

(74 (€),z) € A*. Then the constants can be chosen for the following lemma.



1092 A. BROWN AND F. RODRIGUEZ HERTZ

Lemma [0.12F. For (§,x) € A/, (C,y) € A with 74({) = 71 () and d(z,y) <o

(c") W¢,. () N WE,. (y) is a singleton {z} and the intersection is uniformly
transverse;

furthermore, ifn € A, (&, ), n' € ¥ is such that (') = 74(n) and (', y), (n,x) €
A, then

(") We, (x) N Wy, . (y) is a singleton {v} and the intersection is uniformly
transverse, and

(€) if Dy~ [[Hg (2] < [Hig oy (2)], then

1 S u S
C—3||H(g,x)(z)|| S He oy )N < Csl|He 4 (2)]-

Additionally, for x,y,z as above we have uniform bounds
1

(g’) a < ||sz§n rTng‘;Tl(x)” . ||szg szWg;rl

Note that in |(g")} we have f{ = f{* for all n > 0.

w7t < Oy for alln > 0.

10. PROOF OF PROPOSITION [7.1]

Given the skew product F': X — X and p satisfying ([C]), we have A% < 0 < \¥
given by the hyperbolicity of DF and ¢y < min{1, A\*/200, —\*/200} fixed in Sec-
tion We recall the family 7, .y introduced in Section Recall that our goal
is to prove for such measures that the measurable sets G. and G in Proposition [T1]
have positive p-measure (for some fixed M and all sufficiently small €). This will
be shown in Section [[0.4

We define Xy C X; C X to be the full y-measure, F-invariant subset of Qg x M
where all propositions from Section [6] hold and such that the stable and unstable
manifolds, Lyapunov norms, affine parameters, and the parametrizations Z%/* are

defined. We also assume that for (§,z) € X, the measures e, ,u'(‘E o)’ ,u‘(sE o)’ and
-1
T,y are defined and satisfy Fipe = po(e), F*u?§<sm) ~ M?’/(Z,x)’ and (I}‘,(&EJ o

F OI(u&w) (B(¢,2)) = Br(e,p)- We further assume 7i( .y contains 0 in its support. We

further take Xy so that for (§,z) € Xy and l/g——a.e. n € Q we have f' = f for all

n < 0; for such n we have W¢'(x) = Wy'(x), and corresponding equality of affine

parameters, parametrizations Z%, and measures Be,z) = Pn,z)- Finally, we assume
that if (§,z) € Xo, then pe(Xo) =1 and u{;m) (Xo) = ng({n: (n,z) € Xo}) = 1.
Write Yy = [0,1) x Xp.

10.1. Choice of parameters and sets. We pick any
1+8 A=)\ —2¢

(A.) 0 < B < 1 such that

1-— ﬂ —AS + €0

and fix the following constants for the remainder
A% — A\ — 2¢ A¥ — A\ + 2¢

B. = - e

(B.) 1 ey 2 e
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1 A+8)EN Fe)
2 (1-B)(A* — A — 2¢)’

©) o= (g %)

Note ap > 0 by the choice of 3.
Recall that the measures w and @ are equivalent. We select

(C) a():%—

d
(E.) Ny such that w{p: NLO < ﬁ(?) < No} >1—a/2

(F.) By Lusin’s theorem, we may choose a compact subset Ky C Yy C Y with
w- and w-measure sufficiently close to 1 on which
i) the frames for the stable and unstable subbundles p — Uy, D U,
defined in Section [6.2.Tk
ii) the stable and unstable manifolds parametrized by (6.4));
iii) all Lyapunov norms defined in Section 0.2.T}
iv) the families of measures @,
vary continuously.
We may also assume the functions a(p) in (@7) and L(p) in Proposi-
tion are bounded on Ky, respectively, by ag and L. Finally, we may
assume there is a Ly > 1 so that for p = (¢, &, ) € Ko and y € W ) (@),

writing (6, &, 2¢) = ®(p), and (g, &, yr) = (s, &, y), for any t > 0
d(xta yt) S Llet()\s+€0)d(‘ra y)

(G.) Let My > 1 denote the maximal ratio of all Lyapunov and Riemannian
norms on Kj:

+1 +1
vom (s} (Pl )™ (Il
p=eko 02veT, M | \ lVlle, — 5 o]l [[o]
(H.) As discussed in Section [0.7] fix €1 < ¢/10, a function £: X — [1,00), and
a family of Lyapunov charts ¢(&,x). Let £y > 1 be such that (£, x) < £y
for (§,x) € A3z where A3 is as in Section [0.7]

(I.) By Lemma 010l we pick 71,72 so that p(A, 4,09) > 1 — . We fix
C1,Ce,C3 > 1,0 < 19,71 <1, Dy > 1, and A’ C A3 with measure suffi-
ciently close to 1 satisfying Lemma We write & = [0,1) X Ay, +,.0.9
and for p = (¢, &, 2) € Yy, A’y2 (p) = A’Yz (€ ).

(J.) Take # = min{ry/(2C2), 1}

(K.) Set T = log(LMZC?)/(A* — ).
Fix a compact set A” C Yy and Dy > 0 such that for p € A” and
te|-T,T)

+1

Dy! < ||ID®'[ ey |l < Do

(L.) We fix a compact Q' C Q with v(Q') sufficiently close to 1 and such that
for all j € Z with |j| < T +1 we have £ — 67 (£) and £ — fg are continuous
when restricted to . Consider ¢, € [0,1) x @ x M converging to q €
[0,1) x Q' x M, and let t, be a sequence with |t,| < T, t, — ¢, and
®ln(g,) € 0,1 —a] x Q x M for all n and some a > 0. It then follows that
®tn(q,) converges to ®t(q).
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(M.) The above choices can be made so that setting
K:=KynA"n([0,1)x A)n([0,1) x Q" x M)

we may ensure

o @
10.1 K 1—— (K 1-— .
(10.1) w(K) > 10 and W(K) > 10N
(N.) Fix & = ZL()LN' Let U C Y be any open set to be specified later with
0

w(U) < & We have (K \U) > 1 — 555
Recall if ¢: Y — [0, 1] is w-measurable with [ dw > 1 — ab, then
(10.2) w{p: @) >1—a}>1-b.
Recall that we have the filtration {S™ : m € R} on (Y, ) decreasing to S® =
Niner S™. From ([[0.2) and [(E)] we claim
Claim 10.1. With Ny, K, and U as above
(a) w{p:E,(1xg | S)(p) > 09} >1—«;
(b) w {p : E&J(lK\U | S‘X’)(p) > 09} >1-— Oé/(QNo),'
(C) w {p : E&J(lK\U | SOO)(p) > 09} >1-—a.
(0.) Let Sp:={peY | w5 (K) > 0.9}.
As discussed in Section [@0.4.2] taking ¢g(p) = 1k v (p) we have

WG () (UK N U)) = Eo(lw | S™)(p) = Ba(licwv | 8%)(p)
as m — oo for w-a.e. p € Y. Given M > 0 let

Sy ={p €Y |w§ (¥ (K \U)) > 0.9 for all m > M}.

(P.) Fix M so that w(Sy,) > 1 —a.
Given T > 0, define R(T) C K to be the set of p € K such that for B =

K,/ Sy, or So and any 7", 7" > T

) Ti Leb({t € [0,T"]: ®'(p) € B}) > 1 — a;

i) Ti Leb({t € [=T",0]: B'(p) € BY) > 1 — as

1
and thus W Leb({t S [—T//7T/]I (I)t(p) S B}) > 1-—oa.
(Q.) By the pointwise ergodic theorem, fix Ty with w(R(Tp)) > 0.
P N o romery 2
M 2C5ME 100,

(R.) Finally, set ¢g = min{

10.2. Choice of time intervals. Consider a fixed ¢ < ¢g. This ¢ will be as in
Proposition [[Il Given 0 < § < 1 we define
(1 + B)logd — log(Mg)
>\u — )\S — 260
(1-7p)logd —loge
=A% + € '

(1) ms =

(2) M5 =
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Note that for all sufficiently small 0 < § < 1 we have Ms < ms < 0.For0 < <¢
consider any ¢ with
logd —loge
_/\s + €0
By the definition of 7, 5. (see Section [0.5]) we have 7, 5.(¢) > 0 and

eTr.5.e (DA =€0) (A +e0) 5 <e< eTpo.e (DN +e0) (N —e0) 5.

<(<0.

It follows for such ¢ that
log(g/8) + (—A* + €)¢ <relD) < log(/8) + (—\* — EO)E.
A%+ € H A% — €
In particular, for any Ms < ¢ < ms < 0, (I03) holds and 7, 5.(¢) > 0.
From (I0.3])) we obtain the following asymptotic behavior.

(10.3)

Claim 10.2. For fized € > 0 we have that

(a) Tps.(0) = Ly s5:(0) = o0,
(b) Tp,5.e(Ms) — o0, and
(C) Lp,g,E(M(;) — —00
as & — 0; furthermore, the divergence is uniform in p € Yj.

Proof. Conclusions [(a)] and [(b)] follow from (I0.3).

Forwe have
log(e/d) + (—A° — €g) M,
Lys.e(Ms) < gle/ )/\u(_ o o) Ms + M;s
_loge 4 (A" — X* — 2¢9) M5 — log 0
o >\u — €0
loge (A — X% —2¢) loge (1= B8)(A\* = A\° — 2¢p)
A% — € (/\u — 60)(—)\3 + 60) + —A% + € 089

and the limit follows from our choice of 8 as from the fact that
)\ —/\ —260>1+5> 1 '
-+ ¢ 1-7 1-0
The choice of ms above guarantees that, for (¢, &, z) and (¢, &, y) in K with 2 and
y sufficiently close in M, the image of y under the backwards flow ®! is in general
position with respect to the hyperbolic splitting Tpr(c ¢ )M = E*(®'(, &, x)) &
E3(®'(s,&,x)) for t < mgs. Ms is chosen so that, in addition to the properties in
Claim [0.2] the images of z and y do not drift too far apart under the backwards
flow. We make this precise in the following claim.
Recall 7 is chosen in and that r; and ry were fixed in to be as in
Lemma See Figure

O

Claim 10.3. Let p = (,&,x) and g = (s,&,y) be in K with d(x,y) < ro. Let
2=We, () NWg, (2),  w=W¢, (y) NW¢, ().
Assume z # x and set 6 = ||[Hy(2)||. For any m with
Ms<m<ms<0
set
D) B = s ns &m) = @™(0), dm = (S s ) = D™ (a),
1) (Sms&ms 2m) = (s, €, 2), (Sms sy 0m) = @™ (s, €, w),
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FIGURE 2. Claim [I0.3]

111) ﬁm :~ (fmaéma:zm) = (pr’é’g(m) (p); Qm~: (Gm,gmvgm) = (I)pra,g(m) (Q)7
V) (Gms s Zm) = @Lr0c(M (¢, €, 2), (G, Em, ) = PLroe(M) (¢, £ w).

Then; ifﬁm>(jm7ﬁm7 ij S K7 we have
(a) 077 - |[HE (Zm)ll < | Hg, (Zm)l| < 767,
(b) 07 - [[BE ()| < |1HS, (o) < 707,

(C) d(i'magm) <70,

(d) [Hg, ()| <76,

(&) d(nss i) < CobPF + CyLyems (MK o)y

Proof. Note 0 < § < 1. For [(a)] first observe that ||H/(z)|| < 1. We then obtain
the lower bound

1 ; |
. Losvamme)|!

13, > 3 1, Gl > 37

> LQ(;e(Aweo)m > %560\54-60)17%5

0 0
1 (A +€0) ((1+ B)log § — log(My))
P X — \° — 26

+ (1+ /) logd — log(M§)> — flogd + log(Mél)]

4
My (ae u
2
M

> 6P| HE (2m)ll.

M4
,eo)m(s(s*ﬁ > Mgﬂéiﬁ H|H7fm (,;:«"L)H|607i7ﬁm
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The lower bound in @ is identical. The upper bound in @ and @ follows since

S

1R, (o) < Mo [[|H, Go)ll7, x5 < Moe™NFOM |7 L
< Mgelm Al 1o (2) | < Mgel= X o)Vl i ()|

—(1—=p)logd +loge
-\ +€0

< MEexp {(_)\8 o) + logé
< M2es? < 767,
For [(d]] we have
15, (@)l < Mo || Hy, (@] ,

= Mo ’HD 7 g am p)

| H,, (@m)]]

€0,%,p
< M3 || Do o< puamiy |, o 1, G|
€0,LT,Pm
u S
<6’ My H‘Dqﬁ"*’i(m) lze@mmnl| [[D2™ 15l 2.,

< 6P Mie < 6°¢.

From@and Lemmasandwe have the inequality d(Zm, §m) < 2027
By the definition of # we obtain
For recall that z is in the domain of the chart ¢(&,z). We have

|9(&, ) (2)| < Calod.
Then for 0 < j < |—Ms + 1] we have
|6(F (&, 2))(fe 7 (2))] < A 20y 00
< e—Selje(—As+60)jCQ€O5
< 6—861]'6(—)\3-‘:-60)(—1\/15-1-1)CQZO(S
< e SO Oy 6P
er 0= ro—€1p2

TeP and d(Jm, Zm) < 7o, it follows from Corollary
(). Conclusion [(e]] follows as

Since € < gg <
that w,, € W;

< Col|Hy, (@)|| + Lyem™ oM H0)d(g,, y,)
< Cz(sﬁf + L1€T”'5’E(m)(>\s+60) (CQTl). |

We observe that for

()= Mi—ms _  ((1+5)logd —log(M))(-A" + )
g - Ms o ((1 — ﬂ) log(S — loge)()\" —\S — 260)
we have

lim 9(6) - 1= (1 + 6)(_)\3 + 60) — 20,

530 1 - B)(\ — x* — 269)
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We define one final parameter in addition to those from Section [[0.11
(S.) For Ty > 0 and &g fixed in and given any 0 < € < g9 we define
0 < 00(To,€) < 1 so that for all 0 < 6 < 6¢(Tp, ) we have
1) Ms < mg <0,
Ms—m
) 61\/[6 . > Qo,
) M5 < _TOa
) Lpse(Ms) < —Tp for all p € Yy,
) Lpse(0)>Tp forallpe YO,
) Tps.e(Ms) > maX{M, )\u - } where M was fixed mKEﬂ,
)

6=F > Dy.
10.3. Key lemma. We have the following lemma, whose proof follows from the
above choices.

Lemma 10.4. Given 0 < & < &g and any open U C'Y with &(U) < &, there exist
sequences

1) P = (6_] §] j]):
ii) Qj (Gj fj QJ);
iii) py = (¢, &5, 75),
iv) q; = (5}, &5,y 3/,

1" 1"

v) qf = (<j ),
such that for all j

( ) p;vﬁj,qé/a(jj €K;

) 5, U; -
(c) ¢ = ( 1) for some |t;| < T where T is as in [(K)}
(d) there isvj € Wg;m () with ﬁMga < HH;j; ()|l < C3Mfe and d(y},v;) —
0 as j — oo.
Moreover,

(e) d(z;,9;) = 0 as j — oo and
(f) for every j there are a; and b; with |a;l,|b;| € [My*, Mg with

Wp; ~ (/\aj)*wp;, and  Wg; =~ (Abj)*wqy.

In above, A, : R — R denotes the multiplication map A,: t — at.

10.3.1. Construction of the sequences in Lemma[I0.4l. Let 0 < € < gq be fixed, and
let U C Y satisfy &(U) < &. We take this to be the U in We construct the
sequences in Lemma [[0.4] through a sequence of claims and then show they have
the desired properties.

Recall that we assume p¢ is non-atomic for v-a.e. £. It follows that pe is not
locally supported on W*(§,z) for almost every (£,x). Indeed, as p¢ is assumed
non-atomic, if otherwise it would follow that H(e ) Was not atomic, whence h,,(F |
) > 0. But then M?&,z) would necessarily be non-atomic a.s. and thus p¢ could not
be locally supported on W}*(&, ). It follows that w( ¢) is not locally supported on

WE(s, & x).
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\ ot
o ==
L -

qdo - @t 5

Pog | P \ \
" W (@)

W (po)

u !
w2 () Wy, (a3)

M) Mg M, &)

Mg, ) M(cg’,E;’)

FIGURE 3. Choices of points in Lemma [[0.4] and proof of Lemma [I0.8

Recall R(Tp) fixed in We fix p = (¢,&,2) € R(Tp) C K such that p is a
w(s,¢)-density point of R(Tp) for our fixed Ty > 0 and such that w ¢) is not locally
supported on W} (s, &, x). It follows that there exists a sequence of points {y;} C M
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such that ¢; = (,§,y;) € R(To) C K, d(x,y;) < ro, and y; & W (&, x) for all j
and d(z,y;) — 0 as j — oo. For each j > 0 set (cf. Figure 2]

o zj=W¢, (z) "W (y;);
o wj =W, (y;) NWE, (2);
o &; = |[H, ()l

We have ¢; > 0 for all j and §; — 0. By omission, we may assume J; < 6o(Tp,¢)
for all j.
We select a sequence of times {m;} satisfying the following claim. Recall &

defined in

Claim 10.5. Writing 6 = §;, there exists an m € [Ms, ms] with

(1) @™(p) € Z NK NSy and @™ (g;) € K N Spy;
(2) ®Lrscm(p) € Sy N K and dLeoc(M(g;) € S N K.

Proof of Claim [I0.0l Let

(1) i={teR:d'(p) e KNI NSy};
(2) Fy :{tER:Qt(q]') EKﬂSo};
(3) Fs={teR:®'(p) e KNSy };
(4) F4:{t€RZ<I>t(Qj)€KﬂSM}.

Write L = Ly, 5. Since p,q; € R(Ty), Ms < —Tp, and % > «gp, we have
(10.4) Leb ([Ms,ms] N F1 N Fy) > (g — ba)| M)
Furthermore, as [—Tp, To] C L ([Ms,0]), we have
Leb (L ([M5,0]) N Fy N Fy) > (1 — 4a) Leb (L ([M;, 0))
hence, by Lemma [0.7] and Claim 0.8
Leb (L ([M5,0]) ~\ (F5 N Fy)) < (4a) Leb (L ([Ms,0])) < daks|Ms|.

Then,
Leb ([Ms,0] ~ L™! (F3 N Fy)) < dak] " ke| Ms|.
Thus,

Leb ([M(;,m(;] NRNFNLL (F)NL, (F4)) (a0 — 5 — dak ] r2)| Ms).
Our choice of « ensures ag — o — 4a/€f1n2 > 0. O

For each j, select a m; < 0 satisfying Claim [[0.5] We define p; and §; satisfying
the conclusions in Lemma [T0.4] by

®p; = (5;‘75:]'7533') = ‘I’LLP";J' m3) (p);
o G = (G, &5, 7) = 2P ) (g).
We also define
L4 ﬁ}] (g_]vg]?xj) oM (ZI)) (j = (gj7é_]7g]) = (I)m](q])’
® 5; _pr(Tpt? e(m;j)); g/:y (Tp5 e(mj)).
Then p; = U (pj) and ¢; = TS (g ;) -
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With the above choices, for each j we choose a 7); satisfying the following.

Claim 10.6. Given p,q;, and m; as above, for each j there exists n € Q with
(a) (o 25) € KN (K \U);
(b) (fja%@j) ? Knw? (K):
(c) n € (A, (Py))-
Furthermore, we may choose 1 so that
(d) f&=fy foralln <0;
(&) Wi (&) = W (i) and Bp, =B, .,);
(f) W#(ﬁ]) = Wé (@j) and wqj = w@jm,@j).

Proof of Claim [[0.61 We have p; = (fj,éj,i:j) and §; = (éj,éj,gj) in K C Y.
F_
Then |(d)H(f)| hold for Vg -a-e. 1. A
Recall for p = (s,&, x) we have w;f = X l/g: x 0, as discussed in Section
Since p; € So N, §; € So, we have
(1) wy (K) >0.9;
(2) wi (K) > 0.9;
(3) vZ (A, (5,)) > 09
Furthermore, since p;, ¢; € Sy;, and since
s = (A" —€0)Tps.e(my) = (N — €0)7p5,(Ms;) = M,
and similarly s7/ > M, we have by

(4) s (\II*SQ(K N U)) > 0.9;

pj

(5) wg (v (k) = 0.

From the natural identification of wj and wg with ng , it follows that the set of 7
SJ

satisfying the conclusions of the claim has Vg
J

-measure at least 0.5. O

10.3.2. Proof of Lemma [[0.4l Having selected p,y,, m;, and 7; above, we define
(Gs &1 25) = @Proe(mi)(¢, €, 2), and (G, &, @y) = @Froe (M) (¢, € wy);
(S5 &5, %) = B™(s,€, 2), and (85, €, 105) = @™ (s, &, wy);
p; = (S, 15, %5), and G; = (S5, 75, 95);
th = 5”5;1(39), and t7 = Yajl(s;').
We show Lemma [I0.4] holds with p;, ¢; defined above and
o pj = (<}, &) 75) = \I’S i (p;) = 0% (p,);
o ;= (). yl) = 2%(g,);
o ¢ = (], y)) = U (g,) = O (g)).

Proof of Lemma [I04l Part|(a)|of Lemma[I0.4] follows from the selection procedure
in the above claims. Part llows from Claim [0.6(a)] Part [(e)| follows immedi-
ately from Clalmsmce as j — 00, 6; — 0 and 7p 5. (m;) > Tps.c(Ms,) — oo.

By Claim ] )| we have d(g;,%;) < ro. By Lemma [0.12, and the fact that
(S5, 15, &5) and (gj,nj,yj) are in K C [0,1) x A/, we define 0; to be the point of



1102 A. BROWN AND F. RODRIGUEZ HERTZ

intersection
oy =W (25) NWE L (95) -

&5 571

From Lemma [0.12] Claim and the fact that 5]7ﬁ > Dy, for each j we have
1 s (2 U s (2
FgllHﬁj(Zj)ll < [[Hg, (05)[I < Csl| Hg, (2)]-

mnjsT1

[ HE, (03) || = | Hy, (05)]]-
We define v} in Lemma [T0.4(d)| by

Recall that Wg“ . (&;) =W (&;) and

/ ~ A ~
(55, &5, v5) = ®(S5, 7, 05).

We claim

Claim 10.7. me < ||H;j3 ()|l < C3Mge.

Proof of Claim 0.7l We have the upper bound

1 ()| < Mo ||| ()

o
- M, H}ng @), ’HD@% e, =M H’ng(@j) . e
< Mg || Hy (9;) e = Mg||Hy (8;)]|e* < MgCs|| Hy, (2;)]e"
< MGy || 3, (5| e
= M3Cs || m, )| [|pemer ||
€o,t €0,
sl o o]
< MJCs |02 g1 ., 105 || D275 ||
= M(?ng.
The lower bound is identical. ([l

As g; € K we have
d(y;7 U;) < Llet; ()\S+€O)d(gja {}])
S OQLlet;()\SJreo)’f‘l.

Since g; € K for each j and since s}, — oo, by the upper bound in (0.7) and the
fact that a in (O.7)) is bounded on K we have t; — oo as j — oo. Thus, d(yj,v;) — 0
as j — oo, completing the proof of Lemma

To derive the bound in LemmaIﬂEKEZl7 first consider the case t;- > t;-’ . Asp; € K,
by the lower bound in ([@4]) we have

199 1421

> LD 1|

€0,
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Moreover, as g; and ¢} = % (g ;) are in K,
1D8 ||| > ~og 1P 1y |
J MO J €0,—

Joa) = @Y (p)) and (<], &f,0f) = B (3,1, 85). For n' =

Write p (]’ v
= t”J > 0 we have

1S5 + t}J

1D® [ | PFE Ty, w )l
| D&t lee )| ||Df},§.” rTijWTL‘fj(ij)H

-~
Hfo?] TyJW" y])” ||Df£;/ rTTS/Wgy(m;’)H

= n” 7
1D35 T wiepl 1DIG ooy

1"

IDf7, [Ty, W @yl

- 1" —mn/ : — Iy .
”fo?] TajW;,j z5) || Hngén TTU{'Wg(w;_)H ||Df£/_(n " )rTx,_Wg(mg)H
J Ji J i &N

J

DFS™ Ty el IDFE ™ " 10
I fij TTTSW§5(1])|| l fgj rT%Wé}(mj)H

(10.5)

As p],qj € K we have (7);,9;) € A" and (&] o J) € A’. Moreover, as ||H“( ;)|| <

r1 from Lemmas [ and [ )| we have that (I0.0) is bounded above by C3.
Thus

1 1"
|2 10| = =g || P2 Tea
I ClgMOZL 7 Meq,—
As
H‘D(bt;' rEu (_j — H’D¢t; rEu (ﬁ]) Z E(A“,ED)(t;*t;’) ’D@t;/ rEu(ﬁ])’
— €0,— €0,—
u ! 1 1 1
AY—e - —t N
> (" et mm D2 15(a, "
it follows that
log(C3MEL)
/ " 1 0 _
If t;’ > t; we similarly have
vl 211985 ol 1985 g 098155

Then with n’' = [{; +t}] > 0 we have

DR gyl DS Tr, wi |
IDD% gl I1DF Tz, w2

5wyl 1PIg T wa e
1D T wienl 1T T (o)

(10.6)

’
&5
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and, as above, by Lemmas 0.I12(f)| and [@.12(g)| the expression in (I0.6) is bounded

1
below by ok Thus
1

>
- = C2M2L

and the same analysis as above gives

’
€0,

[lo9 12+,

|0 126

log(CFMZ L)

t—¢ < <T.
J — )\u—éo —

J

Finally, for Lemma we have

W5, >~ | A T s e(mi) Ws. = | A o Wi,
Pi <:|:|D<I> P05 gl )P DY tguppll ), P

where the sign depends on whether DTw55.2 (M) lBup,): EY(Dj) — E“(D;) pre-
serves orientation. We similarly have

Wy ~ A n W = A o [
Pi ( ilD‘I’”E“(p,-)”)* bs ( £|DY i tpumpll ),

Since Wp, = Wp,; we have

Wy, = (Aa,), @,

where

HDW:hw@ﬁHSAﬁMDthw@er::Mg
| D®?: [Eu(ﬁj)” [1DY*s rE“(ﬁj)mEOv*

proving the upper bound in Lemma [J0.4(f)l The lower bound on |a;| and the
existence of b; and its bounds are similar.

laj| =

O

10.4. Proof of Proposition [Z.Il We show Proposition [I.T] follows with
(107) M = C1M34C3D0,

where M, is as in C7 and C3 are as in and Dy is as in For ¢ < ¢
define the set G. as in Remark [[2 Set G. = [0,1) x G.. Consider G, N K. Were
O(G. N K) < @ there would exist an open U D (G. N K) with &(U) < & With
such a U we obtain a sequence p;- € K satisfying the conclusions of Lemma 0.4
We have the following.

Lemma 10.8. Let p be an accumulation point of {p}}. Then p € G..

On the other hand, as p; ¢ U for every j, we have p ¢ U. This yields a contradiction

showing &(G. N K) > é for all € < g9. Then for G defined as in Proposition [7.1]
and for
Gx[0,1)={p|pe él/N for infinitely many N} =: G,

we have that ©(G) > & and hence, as w and & are equivalent measures, w(G) > 0.
Then p(G) > 0 and Proposition [.1] follows.
We prove the lemma, concluding the proof of Proposition [T}
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Proof of Lemma 0.8 With U as above, we recall all notation from Lemma [T0.4
We have that each p’; and ¢j is contained in the compact set K. Let py € G. be
an accumulation point of {p}}. We may restrict to an infinite subset B C Ny such
that lim p} = po = (<0,&0,x0). Further restricting B we may assume that the

jEB—o0
sequence (q7);jep converges. Let ¢; = lim
jEB—o0

"
q; -

Recall that ®%(¢}) = ¢} for some [t;| < T. We may assume (t;)jcp converges.
Note that g} is not assumed to be contained in K. However, as p; = (¢}, £, 7)) jen
converges we have ¢; € [0,1 — a] for some a > 0 and all j € B. As ¢} = (<}, &}, ¥)),
from [(L)] we have that ¢ = @4 (q}) converges to qo = (<0, &0, %0) = ®*(qy) for some
\f| < T. See Figure Bl

Note that g; € K, and by Lemma qo0 € W (po) and

Goig® < IH, )] < CaMge.
We need not have g € K. However—as q1 € K C Yy, qo = @f(ql), and Y is @
invariant—we have ¢p € Yy. Thus, the unstable line field E*(qo), unstable manifold
W(qo) = W"(po), trivialization Z! , affine parameters H;' , and measure &g, are
defined at qq.

Fix v := d((I;))_loIgO (t))/dt(0), and let v := (Z%% )~ " (yo) where Z* is defined in
©4). As pg € K, by Proposition G5 and (€3] (applied to unstable manifolds), and
Lemma @ IX(f)| we have C; ' < |y < C1. We also have (C5M§) "l < |v] < C3Me.
Define the map ¢: R — R by

ot y(t—v).
By construction, we have
(10.8) Gslpy 2 Wy -
Recall that given o € R we write Ao : R — R for the linear map Ay : @ — ax. Let
B = ||D®" | gu(gyll- Asq1 € K we have DLO < B < Dy. Also, Wy, ~ (A1), where

the sign depends on whether D@frEu(ql): E*(q1) — E“(qo) preserves orientation.
It remains to relate the measures twy, and Wy, .

Let a; and b; be as in Lemma [[0.4(f)l We further restrict the set B C N so that
the limits

lim a; = a, lim bj =b
jEB—o0 jEB—o0

are defined.
We claim that (Ag)«Wp, = (Ap)«Wq, - Indeed, for all j we have
()\aj)*wp; ~ w[,j, (Abj)*wq;/ ~ wqj .
We introduce normalization factors
¢ =@y ([may ey 7Y dy =g (b0 )T
and
c:= wpo([_a_lva_l])_lv d:= w%([_b_lvb_l])_l'
We remark that for ¢ € Yp, the measure tw, has at most one atom which by as-

sumption is at 0. It follows that non-trivial intervals centered at O are continuity
sets for each w, and thus c¢; — c and d; — d. Let f be a continuous, compactly
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supported function f: R — R. We note that ¢ — @y(f) is uniformly continuous on
K and that

(00 () = () )uB(F)] = \ [ #tat) = stast) @z

approaches zero uniformly in ¢ as j € B — oo. Thus for any x > 0 and for all
sufficiently large j € B we have

® [c(Aa)«Wp (f) = c(Xa)utp (f) <
|c(Aa) T (f) = € (Aa, )y ()] < 5,

()., () (/\b)*wqy (Nl <k

|[d(Xo) gy (f) = dj(Ab, )stogy ()] <

|ng(f) ij(f)‘ <K,

where the final estimate follows since p; and ¢; become arbitrarily close in K C Y

as j € B — oo by Lemma [I0.4)(e)|

Since
¢j(Aay )@yt () = @5, (f), dj(Np,)«gy (f) = Wg, (f),

we conclude ¢(Ag)«Wp, = d(Ap)«ly,, OF

Wpo = (Ab/a)+Wg, -
Combining the above with (I(Lg]), it follows that map (with the appropriate sign
discussed above)

b
¥ = (Apja) © Aigot 0 §: t 1 iB—Z(t — )
satisfies
Yolpy 2 Wpy -
It follows that py € G.. O

11. GEOMETRY OF THE STABLE SUPPORT OF STATIONARY MEASURES

In this and the following sections, we return to the special case where Q = X
to prove Theorem 8 Recall the measure u constructed by Proposition We
show that if the fiber-wise measures p¢ are finitely supported and if (¢, z) — Ef ()
is not F-measurable, then the stationary measure fi is finitely supported and hence
p-a.s. invariant. This result is analogous to [BQI, Lemmas 3.10 and 3.11] but our
methods of proof are completely different.

In Section [2] assuming (§,z) — Ef(x) is not F-measurable, we show that
the fiber-wise measures are non-atomic under the additional assumption that the
conditional measures along total stable sets (in both the ¥, . and fiber-wise stable
directions) satisfy a certain geometric criterion. In this section we consider the case
in which the geometric criterion mentioned above fails. This degenerate case forces
some rigidity of the measure p which implies that the stationary measure i is -a.s.
invariant.

We remark, however, that in this section we do not use the fact that M is
a surface though we still require that the stationary measure ji be hyperbolic to
obtain Lemma below. Thus, for this section alone, take M to be any closed
manifold, take 7 as a measure on Diff?>(M) satisfying (&), and take /i to be an
ergodic, hyperbolic, P-stationary measure. p is as in Proposition We note that
if /1 has only positive exponents, then, by the invariance principle in [AV], i is 7-a.s.
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invariant and p = 9% x fi. We thus also assume /i has one negative exponent. If
all exponents of [i are negative, the analysis and conclusions in this section are still
valid.

Consider P a py-measurable partition of 3 x M with the property that for u-a.e.
(&,z) € X, there is an r(&, z) with

(11.1) Eloe(§) X Wiie (& m) CP(E,2) C Xy (§) x W2(E,2) .

Let {u@ I)} denote an associated family of conditional measures. We consider
here the degenerate situation where ,ué ») is supported on Yoc(&) x {z} for p-a.e.
(&, x). Note that hyperbolicity and recurrence imply that for any other partition P’
satisfying (II.I]) we have that ﬂnglz) is supported on X (&) x {x} for p-a.e. (£, )
and that

P _ P
Hex) = M)
In particular, the hypothesis that ,uzz +) is supported on X (§) x {x} for p-a.e. (§, x)

implies that the partition P’ given by P’ = {X__({) x W*(&, x)} is measurable.
The purpose of this section is to prove the following proposition.

Proposition 11.1. Assume for some partition P as above that the measures ué 2)
are supported on X, (&) x {z} for p-a.e. (§,z). Then p = 0% x fi and fi is D-a.s.
nvariant.

The idea behind the proof of Proposition [[T1] is that if, for P as in ([I1I),
the conditional measures ué)w) are supported on X (&) x {x}, then the entropy
of the skew product F: (X,u) — (X, u) has no fiber-wise entropy and thus the
p-entropy of F equals the entropy of the shift o: (X,0%) — (,0%). As F is
hyperbolic, the entropy of F: (X,u) — (X, ) should be captured by the mean
conditional entropy H, (FP | P) for any (decreasing) partition P subordinated
to the stable sets of F' in X (a partition P as in (III) will be such a partition
under the assumptions on the support of ,u@w)). Let 3B denote the partition on X

given by B(§,z) = X,,.(§) x {z}. Then § is equivalent to P mod p, and we have
H,(FB | B) = hpz(0). Using Jensen’s inequality in a manner analogous to the
proof of [Led1l Theorem 3.4] (see also [LY1] (6.1)] for the argument in English) one
could show that the conditional measures Mg ) BTC canonically identified with v/
almost everywhere. This would complete the proof.

However, the main technical obstruction in implementing the above procedure is
that hyz(o) is not assumed to be finite. Thus extra care is needed to approximate
differences of the form oo — oo arising from the outline above.

11.1. Proof of Proposition[IT.1l Before presenting the proof of Proposition [TT.1]
we recall some facts about mean conditional entropy. A primary reference is [Rok].
Let (X, u) be a Lebesgue probability space. Given measurable partitions «, 5 of
(X, ) (which may be uncountable) we define the mean conditional entropy of «
relative to 8 to be

Hy(a| 8) = — / log (1 (a())) dp(x),

where {1} is a family of conditional measures relative to the partition 5. The
entropy of a is Hy(a) = H,(a | {@,X}). Note that if H,(«) < oo, then «a is
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necessarily countable. Given measurable partitions «, 8,7 of (X, u) we have
(1) Hy(aVvy|B)=Hula|B)+ Hu(y|aVp);
(2) It a = B, then Hy(ar | ) = Hu(B | ) and Hy(y [ a) < Hu(y | B);
(3) If v, /My and if Hy(a | v1) < 00, then H,(a | vn) N\ Hy(a | 7).
We proceed with the proof of Proposition IT.11

Proof of Proposition Il Let 8 denote the partition on X given by S(§,z) =

Yoc(&) x {z}. As remarked above, the hypothesis that u@z) is supported on
Yoo (&) x {x} for p-a.e. (&, x) for some partition P satisfying (II.I]) implies that all

such partitions are equivalent modulo g and, furthermore, that any such partition
P is equivalent to 8 modulo pu.

Given a measure A on X X M and a A-measurable partition Q of ¥ x M we write
Al g for the restriction of A to the sub-o-algebra of QO-saturated subsets and )\(Qf,m)

for the conditional measure of A along the atom Q(§,x). As we explain below, the
proposition follows if we can show the conditional measures u(ﬂf 2) take the form

i oy (0, y) = 62(y) O™ m-g,11-2,11-1) Bey(10) Oe, (m)dey (m2) - ..
To this end, define a measure A on ¥ x M with A[g = |3 and define )\(55 2) by

AN (1, 9) = 6a(y) AP (..., n-3.m2,11-1) G, (0) Oe, (1)0es () - -

In what follows we show—under the hypothesis that ,ué ») 18 supported on X0 (&%

{z}—that u = A
Define the partition Q of ¥ x M by
Q&) = Xy, (§) x M.
Observe for any k£ > 0 that

(11.2) FFp=FFQv 8.
Given a partition « of ¥ x M we write
a” = \/ [
i=0

We need the following lemma whose proof we postpone until the next subsection.

Lemma 11.2. There exists a finite entropy partition a of ¥ x M with a < 8 and
(11.3) a”VvVa=g.
Our strategy below will be to show that u = A by showing that

(11.4) Hiea) [Pe(3) = M) [Pe9)
for a.e. (§,z) and all £ > 0. Note that the equality Al,- = ulo- and the £ = 0
case

[e3%

Hieay s = Nea I
follow from the construction of A and that a~ < 3. Thus, as F*3 generates the
point partition for k > 0, showing (IT.4) for all £ > 1 is sufficient to prove that
w=A
As noted above, the maps F: (X x M,u) — (X x M,u) and o: (,7%) —
(2, 7%) may have infinite entropy. Thus it is necessary in the below argument to
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approximate (X,2%) by a finite entropy subsystem. Fix an increasing family of
partitions A, n € N, of (Diff>(M), #) with the following properties:

(1) A,, contains n elements;
(2) An+1 Z Ana
(3) A, increases to the point partition on (Diff?(M), D).

Let A, be the partition of (X,7%) defined by A, (&) = {n | no € A,(&)}. Define
the partition Q,, on ¥ x M by

Q,(6,2) = {(1,9) | 1k € An(&) for all £ > 0},
Continue to write 7: ¥ x M — . Then Q,, = (7~ *A,)~. We have
hoe(o, An) = hy(Fn ' Ay) = Hy(FQy | Qn) < log(n).
Given ¢ < j € Z and n € N define a (finite) partition Rg’j] of ¥ x M by
REA(E @) = {(n,y) : me € An(&) for all i < € < j}.

We have R, ©™ Fk(Q,) / F*(Q), respectively, as m — oo and n — oo.
For fixed (&, ) and k > 0, consider the sequence

a~ km
)\( )(R[ }(77 y))
k,m
1 (REE™ (0, )

as (n, y) varies over a~ (£, x). For fixed k, this forms a non-negative supermartingale

(11.5)

(on (o™ (& x), 1 1, x) , indexed by m) and hence converges pointwise.
From (ILZ), (TL3), and the fact that Q < F*Q we have

(11.6) a"VF*Q=a"VFFQVv Q= F*s.

As the o-algebras generated by RL; Fml increase to the algebra generated by F¥Q
as m — oo, by a theorem of Andersen and Jessen ([AJ]; see also [Schl[Hor|] for
statements) the pointwise limit of (I is the Radon-Nikodym derivative

a k,m a”
. )\(5 m)(R[ ](777 v)) d)‘(g,z) [Frp
lim ] =—2=
meo o (R (n,y)) ez Trp

(1, ).

Note that R™ < B for all m > 0 and n > 1, and hence
N (RIS (€, ) = e, (RIS (€, )
for any m > 0. For (n,y) € a= (&, 2) N RO (&, z) we have

a” Rg?’m] —k,m o —k,m a” ,m
New " R ™M 09) Ny (R (1.9) iy (RR(E )

a-vRIO™ k,m [—k,m] o [0,m] ’
M(gz\/) ('R[ ](77, y)) (5I)(R (n,9)) A(gm)(R (& 2))

Thus

a” vRIO™ —k,m o km
New ™ (RS m,y) Mg, RS m,)

[0,m] — eom .
ue R R )y e (RS ()
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For every k,n,m, and (§,x) we have

a” vRIO-™] —k,m
>\(£ gcv) ! (RLL ](777 y)) a~VvRIO™
—yRloml a=vRE ™ [—k,m] d”(&m) ©o(my) <1
(VR ) €) p (RES™ (0, ))

Fgz) "

Consider the expressions
RO ~vRlpm
(n.m) = [ [rog (N 5 REE ) dif s ) dte o)
and
a 72 sm] —k.n a 7?,[
(n.m) = [ [ 1og (e 7 R ) il S ) due o)

From the above inequality and Jensen’s inequality, for every k,n, and m we have
that I (n,m)—Is(n,m) < 0. From the explicit form of )‘(Bﬁ 2 for (n,y) € a” (&, z)V

RL?””] (&, ) we have for k > 1

Ex-

o VRO
Xoe SR (RIRM (g, y)) =

(€,x) v (-An(n—i))

~.

toﬂ

(F Qn(m, y))

—~
d

whence
Bnm) = [ (oS, (FQu(ny)) duln.y) = ~H(F*Qu | Q)
— (P ().
On the other hand, we have
(n,m) / / log (1 ,V)RO"L](RL"“’"”(my))) a0 () dp(e, )
- / [ 10w (S R ) ) e T 00) duté o)

o R[O m] —kom
log (u o (REEM(, y))) dp(n,y)
(ny)
= —H, (RI7*) o VR,
Recall the facts about mean conditional entropy collected above. We have the

formula

H, (RTEM Y Frac [ o= vRI™) = H, (R o v RID™)
(11.7) + H, (Fra™ |a= vRI™ v R

As H, (o) < oo we have H,, (F¥a™ | ™) < co. In particular, as R and RY™
are finite partitions, both terms on the right-hand side of ([[I7)) are finite.
By (II.6) and the fact that Q < F*Q, we have H, (FFa™ | a™ V F¥Q) = 0. As

H, (Fka_ | o™ \/Rgl_k’m]> N H, (FFa™ |a” VF*Q,)

m—r0o0

N H, (FFa™ |a” vV F*Q),

n—00
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given € > 0 we may select mg so that
H, (Fka_ | a™ \/R[T;f’mol) <e
Furthermore for any n > 0

H, (R 5y Fra™ [a= v RO ) = H, (RIF1 v Fra™ [a” vRI™)
N H, (Rﬁ;kv—ll VFa [am v Qn)
m— 00

=H, (F*Q,VFra™ [a” Vv Q,).

But, for any n
H, (F*Q, Vv Fra™ |a~ Vv Q,) =h, (F¥,7 ' (4,) va) > H, (FFQ, | Q.).

Thus for mg above we have

Ii(mo, mo) — Iz(mo,mo) = —Hy (F* Qg | Qo) + H, (R[ ksmol | = \/ROmO])
=—H, (F*Qpy | Qm,) + H, (RL{’“’L] VFFaT o v Rgm])
—H, (Fkof |~V RE;O’“““O])
> —H, (F"Qumy | Qo) + Hy (FF Qg V FFa™ [ @™ V Qpy)
— Hy (Fra™ [ o™ v Rl )
> —H, (Fra™ [ o™ v Rl )
> —e.

It follows that

(R (1)) _
/ / oo Rkl dple (1, y) dp(§, z)
Ez) " (77>y))

a \/7?,[0 m] —k,m
New " (R""n.9) o VROm]
log s VRO [k m) d“(g,x) (n,y) du(é, x)

" (R (n,y)

P,z
= I (m,m) — Iy(m,m)

approaches 0 as m — oco.
We have the following elementary claim.

Claim 11.3. Let f, be a sequence of positive, u-integrable functions. Assume

[ fn du <1 for every n and that [log f, du — 0 as n — co. Then f, converges
to 1 in measure.
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Proof. Given § > 0, there is a ¢5 > 0 such that for all x € (0,00) with |z — 1| > §
we have logx < x — 1 — ¢5. Then for every n,

/Ingn dp < /fn dp — 1_/1'({$ : ‘fn(x) - 1‘ > 6})05
< —p({z:|fale) =11 > b)) cs.

As [log fn dp — 0 we have p ({z : |f(z) — 1] > 6}) — 0 as n — oo. O
MR, y)) A
As (glx)( —F m]( ) — S;w) 1 (n,y) it follows from Claim [T.3] that
1oy (R "™ (ny)) ey Trvp
AN [
d S " ny) =1
Hig x) [Frp

for p-a.e. (¢, x) and I 2)-2-€- (n,y). Taking k — oo it follows that A = p.
Now consider an atom of Q(, ). We have the canonical product representation
Q(&,x) = X, .(§) x M. Let ﬁ(% ») denote the projection of u(% 2 on Xy (&) x M

loc
onto M. Using that 1 = A, in these coordinates we have for n € ¥ (£) and y € M
that

Au 4 (n,y) = di(n-1) do(n-s)---dug ,(y).
Then we have the natural identification u, = ue = ﬁ(QE’I) for oMN-a.e. p € T (€).
In particular, the function  — ¢ is a.s.-constant on almost every local stable set.

As £ — p¢ is a.s.-constant on almost every local unstable set in X, an argument
similar to Proposition shows that & — pg is a.s. constant on X. O

11.2. Proof of Lemma We remark that we continue to assume M to be
a compact, d-dimensional manifold. For © a measure on Diff?>(M) satisfying (&),
we take i to be an ergodic, D-stationary measure. We further assume that  is
hyperbolic. Take x > 0 so that [ has no exponents in the interval [—k, k.

11.2.1. One-sided Lyapunov charts and stable manifolds as Lipschitz graphs. Let
k be the almost-surely constant value of dim E?(x). Given v € R? = RF x R4~*,
decompose v = v1 + v and write |v]; = |v;| and |[v| = max{|v|;}. We will write
dga(-,-) for the induced metric on R? and d(-,-) for the metric on M. We use
the notation R%(r) to denote the ball of radius r centered at 0. To emphasize the
one-sidedness of our constructions we work on X x M. Recall the associated skew
product F: Y4 x M — ¥, x M and the corresponding F-invariant measure 7 x n
on X X M.

As outlined in [LY3] (4.1)], for every sufficiently small £ > 0, there is a measurable
function I: ¥4 x M — [1,00) and a full measure set A C ¥, x M such that

(1) for (w,z) € A and every n € N, there exists a diffeomorphism ¢,, defined
on a small neighborhood of f"(x) whose range is R%(¢(w, )~ te™"¢) with
(a) do(w,z)(x) = 0;
(b) Deo(w,z)ES(x) = RF x {0};
(¢) Déolw,) (B3 (2))" = {0} x RIF;

(2) for n > 1, writing fn(w,2) = ¢ny1(w, @) o fon-1(y) © én(w,z)"! where
defined, for all n > 0 we have

(a) ]?n(wv ;v)(O) =0;
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@)Dduww):(f# g )meAﬂeGMhRLBneGMd—hR)

and |A,v| < e " Fe|u|,v € R¥ e"~¢|v| < |B,v|,v € RIF;
(C) Lip(fn(w7x) - DOfn(wvx)) <&,
where Lip(-) denotes the Lipschitz constant of a map on its domain;
(3) l(w,x)"te ™ < Lip(¢p,(w, 7)) < l(w,x)em.

Note that the domain of ¢, (w, ) contains a ball of radius £(w, r) ~2e~2"¢ centered
at f7(z) in M. We remark that while the Lipschitz constant of f», norm of B,,, and
conorm of A, need not be bounded, the hyperbolicity of Dy fn and the Lipschitz
closeness of f, to Dy fn is uniform in n.

Relative to the charts ¢, (w, x), one may apply the Perron-Irwin method of con-
structing stable manifolds through each point of the orbit {f7(x),n > 0}. See
the proof of Theorem 3.1 in [LQ] or the similar proof of [QXZ, Theorem V.4.2].
Choosing € > 0 above sufficiently small, the outcome is the following.

Proposition 11.4. For (w,z) € A and every n > 0 there is a Lipschitz function
hn(w,2): RF (((w,z)"te ") — REH
with

|falw, @)(y) = fulw, 2)(2)] < (e +e) [y — 2.

Note that we have that graph(h,(w,z)) is contained in the domain of fn. We
have that ¢, (graph(h,(w,z)) is an open subset of W, () (fo (@)).

11.2.2. Divergence from the stable manifold in local charts. We have the following
claim.

Claim 11.5. Fiz (w,x) € A, and suppose y € RY(l(w,z)"te™™¢) is in the domain
of fu(w,z). Write y = (u,v) and f(y) = (u',v"). Then
[v) — hpy1 (w, ) (u))]2 > (e"‘_6 — 26) [v — hp(w, z)(u)]a-

Proof. Write z = (u, hy(w, 2)(u)) and (4, 9) = f,(w,z)(z). Then
V" = A (w, 2) (@) |2 = [0 = Bl2 = [0 = g (w, 2) (W) ]2-
As
Fa(w,2)(y) = fa(w,2)(2) = Dofu(w,z)(y — 2) +w,
where |w| < e|y — z|, we have
(1) Ju' = al = |falw,2)(y) = falw,2)(2)h < ely — 2;

(2) [ = o2 = |faw,2)(y) = falw,2)(2)l2 = |falw,2)(y) = fulw.2)(2)| =

e"Ely — 2| —ely — 2|
As Lip(hp(w,2)) < 1 and as f,,(w, z)(z) € graph(hp1(w,z)), we have
[0 = hnga (@, 2) (W) |2 = [hng1 (W, 2) (@) = P (w, 2) (W) ]2 < |u’ — iy <ely — z].

As |y — z| = |v — hp(w, x)(u)|2, the claim follows. O
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Note that having taken £ > 0 sufficiently small we can arrange that e*~¢ — 2¢ >
K—3e

We write W,fl (w,x) := graph(h,,(w, x)) for the remainder. Note that ’Wvﬁl(w,x)
is the path-connected component of

D (W, @) (Wi () ([ (2)))

in R4({(w, )~ te™™) containing 0.

e

11.2.3. Radius function and related estimates. Fix Ky C 34 X M with a positive
measure on which the function ¢(w,z) is bounded above by some ¢ > 10. Fix
mg € N so that

X = (e—mo(”—‘“)) 22 < 1.

For (w,z) € Ky define n(w, z) to be the moth return of (w,z) to Ky. We define
p: XX M — (0,00) as

n(w,z)—1
1 —1
Zp—4e—2en(w,x) H (|f & ‘ 1) (w :17) e K
_ ok(w)IC ’ 0
p(w,x) - 4 k=0
-1 (w,z) ¢ K.

Consider (w,z) € Ky and y € M with d(z,y) < p(w,z). Let n = n(w,x), and
for 0 < j < n write z; = fJ(z) and y; = f/(y). For all 0 < j < n we have
d(zj,y;) < %6_46_2571, and hence y; is in the domain of ¢, (w, x); it follows that for
0 < j <n—1 we have that ¢;(w,x)(y;) is in the domain of f;(w,x). We claim

(118)  dgs (do(w,)(y), W5 (w,2)) < 267" dga (60w, ) (9), Wi (w,)) -

Indeed write (uj,v;) = ¢j(w,x)(y;). By Claim and the fact that W;(w,z) is
a graph of the 1-Lipschitz function we have

2z (G, 2) (Y)W (@, )) > lon = i (w,2) (un) 2
> ("3 gy — ho(w, @) (uo)|2

> ) dga (Go(w, ) (y), W (@, ))

We now consider the transition between the charts ¢, (w,z) and ¢o(F™(w,z)).
Recall n = n(w,z) and write & = 2, § = Yn, and & = o™(w). Recall that
(@,2) € Ko. As d(2,9) < 10 %" we have that § is in the domain of ¢o(®,2).
Furthermore, as |¢o(w, 2)(9)| < €72 < 0.0147!, we can find z € WS (Z) such that

dia (60(@, 8)(5), W3 (@,2)) = da (60(@,2)(9), 60(@, 3)(2).

Let ¢o(w,2)(2) = (u,v) = (u, ho(w, Z)(u)). As ho(@,Z) has a Lipschitz constant
less than 1, for ¢ € [0, 1] we have

|(tu, ho(@, &) (tu))| = |(tu, ho(w, &) (tu)) 1 < ulr = |(u, v)].
Then for any 0 <t < 1, writing
2(t) = do(@, )" (tu, ho(@, ) (u))
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we have

2)(9)) + dga (¢o(@, 2)(), ¢o(@, 2)(2)) )

<

Thus z(¢) is in the domain of ¢, (w,z) for all 0 < ¢ < 1 whence ¢, (w,z)(2(t)) €
WE(w,z) for all 0 < ¢ < 1. It follows that

dis (60(,) (§), Wi (@,2)) < dia (80w, 2)(5): (. 2)(2))
< te™d (g, z)

Combining the above with (II.8) we have
dgr (Golw, @) (1), Wi (w, )
< 2602 g (0 (@, 8)(9), W (@, 8) )

(11.9) < xdgr (60(@, 2)(5), W (@, 8))

Now let n; denote the (jmg)th return of (w,z) to Ky. Suppose for some k that
d(f5 (), fo’ (y) < p(F™i (w, x)) for all 0 < j < k. By induction on (I19) we have
that

det (0(w, 2) (1), We (0, 2) ) < X dga (90 (B (w, 2)) (2 (1), W (P (w0, 2)) )
This establishes the following claim.

Claim 11.6. Let (w,z) € Ko, and let y € M be such that d(fl(x), f2(y)) <
p(F™(w, z)) for alln > 0. Then y € Wi(x).

11.2.4. Construction of the partition «. Recall the integrability hypothesis ([@). As
w > log™ | fu|ce is integrable, it follows that

[ oz st o)) d6® x ) w.2) < .

We adapt [Man, Lemma 2] to our p to produce a finite entropy partition & of
¥4+ X M such that diam(&(w, z) N M,,) < p(w, x) for almost every (w,z). The only
modification needed in the proof of [Manl Lemma 2] is to replace, for each r, the
family £, at the top of page 97 with the partition 2, = {¥ x P | P € 2,}.
Take a to be the preimage of & under the natural projection 74 : ¥ x M —

¥+ x M. Then clearly a < . Furthermore, if (n,y) € QV a~ (&, ), then

(1) there is an w € ¥4 with 74 (n,y) = (w,y) and 7+ (§,2) = (w,z), and

(2) F™(w,y) € &(F™(w,x)) for all n.> 0.
If (w,z) € Ko, then, by Claim [[T8 y € WS (z). If (w,z) ¢ Ko, then take n so that
F(w,x) € Ko. Then f*(y) € W) (f5 (@) whence y € Wji(x). This completes
the proof of Lemma
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12. PROOF OF THEOREM [£.§

We continue to work in the case 2 = . As remarked earlier, the F-measurability
of (§,z) — E{(s) holds trivially if all exponents of /i are negative and the r-a.s.
invariance of [i follows from the invariance principle of [AV] if all exponents of [
are positive. We thus assume [1 has two exponents, one of each sign A* < 0 < A",
Moreover, assume that the map (£, z) — E¢() is not F-measurable.

As above, let P be a measurable partition of ¥ x M satisfying (IITI). We
show that if u@)x) is not supported on a set of the form ¥ (£) x {z}, then the
measures pe are non-atomic. From this contradiction and Proposition [Tl the
finiteness and 7-a.s. invariance of i follows. The non-atomicity of the measures
fte is established, under the above hypotheses, through a procedure similar to the
proof of Proposition [Tl

We introduce one piece of new notation in the specific case 2 = .

Definition 12.1. Given {=(...,¢-1,&0,&1,&2,...)andn = (..., n-1,70, 71,72, - - - )
in 3 define

[5,77} = ( . 7572757137707771,7723 v )

Recall that in Section we replaced the o-algebra of Zl'gc—saturated sets with
its preimage under o. Let

She—1(6) = 07 (B5c(0(€)) = {n € T 1y = ¢ for all j < 0}.

Then F as modified in Section is the sub-o-algebra of Efgcv_l—saturated sets.
The proof of Theorem K8 is a simplified version of the proof of Theorem [£10]

except our initial points p and ¢ remain fixed and, as p and ¢ are in the same total

stable space, we use only positive times. In particular, the open set U, the choice

of Ms, ms, and the estimates in Section [[0.2] are not used here.

Proof of Theorem [£8. We assume in the setting of Theorem [§ that the map
(§,z) — E¢(z) is not F-measurable.

We recall all constructions and notations from Sections @l and [0lin the case that
Q = 3. In particular, we retain the notation ¥ = (R x ¥ x M)/ ~ equipped with
the measurable parametrization, ®' the suspension flow, .7, (¢) and U*® the time
change and corresponding flow, w and & the ®- and ¥*-invariant measures, and
Tp,s,e, and Ly s . the stopping times.

Recall the choice of k1, ko in Section [[0.1] and take a = (z—2—). Recall the

5(k1+k2)
choices of various parameters

MO>M7’717727T07r1>7ﬁ7017027 CS7D0>D17L170/07£7T7T0

in Section [[0.T] as well as the sets Ko, So, Sy, %7, R(Tp) and the o-algebras S, S™.
In this section, the constants rq, 71, C1, C3, D; are chosen so that Lemma [0 12l holds
and we take R(Tp) C K where K is defined below.

We assume for the sake of contradiction that the measures p¢ are finitely sup-
ported 7%-a.s. but that fi is not 7-a.s. invariant. By ergodicity, each pg¢ is sup-
ported on a finite set F(§) C M with the same cardinality a.s. We fix a compact
A" C ¥ x M such that pe has an atom at (&, z) for every (§,z) € A" and

min{d(z,y) | (§,2) e N,y € F(§) ~ {x}}

is bounded below by some ¢; > 0.
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By choosing the above parameters so that the associated sets have sufficiently
large measures, we can take the compact set
K=KonA"n([0,1) x A)n([0,1) x Q" x M) N ([0,1) x A},

where Ko, A’, A”, ' are as in Section [[0.T] to be such that

[e% " (0%

We have the same estimates as in Claim [I01] (with U = @).

As we assume the measure /i is not -a.s. invariant, by Proposition [IT.1] it follows
that the measures {uf'} are not supported on sets of the form ¥ (£) x {x} Where
P is a partition of ¥ x M satisfying (ITI]). Recall the set R(Tp) C K in We
may find p = (¢,&,z) and ¢ = (¢,¢,y) in Y with

e p € R(Tp), ¢ € R(Tv);
b C € Eloc(g)
RO
Fix § = ||[H3(y)|| > 0. We may assume § < &1/(2C2C3M§).
As in Claim we have the following. Note that unlike in Claim [I0.5] ¢; > 0.
Claim 12.2. The exists a sequence {{;} with {; — oo such that
(a) q)‘( YEKNSyN;
(b) ®%(q) € K N So;
(c) ®Lrssti)(p) e KNSy
(d) @Lrssti)(q) e KN Syy.
Proof. Let Fy, be as in Claim[I0.5 (with ¢ = ¢;). Then, as in the proof of Claim[I0.5]
for our fixed Ty and any T > Ty with L, 55(T) > T we have
Leb([O T]ﬂFlﬁFg) (1—5&)T
and, as Ly 55(0) = 7p,55(0) =0,
Leb (Lp)(;)g ([0, TD N (F3 N F4)) < (404) Leb (Lp’[;’[; ([0, T])) < 404/€2T7
whence
Leb ([o, TN Ly b (Fsn F4)) < dar]k,T.
Then
Leb ([0, TINFNFN Lk (BN L;}s,é(a)) > (1 - 50 — dary 'ha)T

The choice of o guarantees (1 — 5o — 4ok 'ko)T — 00 as T — oo. O

Let {¢;} be a sequence of times satisfying Claim[I2Z2l As in Section[I0} for each j
write ﬁj (§],§],$]) ¢J( ) dj (é]?(]a:gj):@ZJ(q)? ﬁj:(fjvé\jwij):@Lp’&é(Zj)
(p), 4= (Cg,(],y]) Plwaslly )( )s S; =55, (1p.6.6(45)), S;, =S4 (Tp,5,6(45))-

Note that 7, 5.5(¢;) — 0o as £; — co. Then for ¢; large enough,

;/753 > (A" — EO)Tp(s(s(f ) > M
and, since p;,G; € Sy, it follows that

Eo(1x|S%) (5;) > 0.9,  Ea(1xlS™)(q;) > 0.9.
As in Section [[0] we have p;,§; € K, w‘s (K) > 0.9, N(A,,(p;)) > 0.9, ng(\p—s}
(K)) > 0.9, w§ (K) > 0.9, and wg (P =5 (K)) > 0.9.



1118 A. BROWN AND F. RODRIGUEZ HERTZ

Sj and wg_ are, respectively, canonically identified with 7" (the

The measures w
F-conditional measure) on Eltc,—l(éj) and Efgc _1((]-). Furthermore, the natural
identification

.
Sihe-16) = Sibe (&) ne = 1G]

preserves the measure 7. Thus the set of #; € X} (éj) such that

(1) 1 € Ara(By), |
(2) ﬁj = (éjaﬁjvij) € Kﬂ\I}ij(K)’
(3) g, := (S, m), 95) € KN¥™% (K),
where 173- = [éj, 7);], has o"-measure at least 1/2. For each j, fix such a pair 7); and
Ui [ijﬁj]'

As before, write ¢} = Yﬁzl(sg), th = 5%3_1( ”), and define p}; = (¢}, &}, 25) =
Ui (p;) = @tf(ﬁj) € K, q] =(s/,¢/y) = s (qj) = @ (@;) € K, and ¢; =
(< Cryj) = Bt i(g;). For K sufficiently large we have d(z;,7;) < ro. For such ¢;,
as p;,q; € K let

loc,—

ﬁj =W? rl(g])ﬁW (JJJ)

E &jsm1

Since g; € W; (&), by of Lemma [0.12]] we have
571
1 s (. U o s [/~
o, 115, @) < 1H, (05)]] < Coll 5, (§;)1]-
Exactly as in Claim [[0.7] we have

1
md < ||H17;2 (U;)” < C3M(§;57
where (¢}, &, 0}) = @ J(gj,nj,v]) (We take 2; = g; in the proof.) Hence
1
CyC3ME
As in Lemma [[0.4(c)| we have ¢} = Pl (gj) for some |t;| < T. To adapt the proof
to the current setting, we replace the estimate (I0.5]) with

0 < d(af,v])) < CoO3ME6.

RS}

1D 1 guqyll  NPF; T, wicinl
| D&Y | Eu@j)\l ||Df,§§.” fTijW;j(@j)H
(12.1)

" _n’ —(n’—n”)
1Dy fT@jw;Z_(yj)H IDfe fTw;_W;;(m;)” IDfe, rTU/_W“,'(;E;)”

J

HDf?% rTv]W#J(fc,)H ”ng—;n rTU;W?,(g;;)” Hng;(n o ) T/wu( )”

and similarly modify (I0.6]). Note that the bound on the first term of (IZI]) now
follows from Lemma as w4 (1)) = 74 (1)

Consider an accumulation point py = (o, o, o) of {p;} and B C N such that
lim;jep—oo p;» = po. Then the measure w(, ¢,) has an atom at pg.

Note that, as £, — & for some subsequence {ji}, we have (j — &. Indeed,
for any j and any n € N with n < ¢; we have that éj and éj, and hence 7); and 77},
agree in the kth index for all —n <k < oo. As 5% > 0, &} and (} agree in the kth
index for all —n < k < 0.
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Thus, as in the proof of Lemma [I0.8 passing to subsequences of B there are
accumulation points go = (<o, &0, %0) of {¢}} and q1 = (c1,&1,91) € K of {¢]} and
ate [—T, T] such that @f(ql) =qo- Asv; € Wy (9;),q; € K, and t;. — oo and

77;77“1
as f;l? = f§, for n > 0, we have d(v},y;) — 0; hence d(zo,y0) > m
@1 € K C [0,1) x A", the measure w, ¢,) has an atom at ¢;. By the invariance
of w, it follows that w(, ¢,) has an atom at go. On the other hand, zo # yo yet
d(z0,y0) < C203ME6 < e1. Aspg € K C [0,1) x A”, this contradicts the choice of
£1. O

4. Since

Remark 12.3. In the above proof, we have that go € W} (po). Thus one can modify
the above proof to conclude that the skew product F': (X, u) — (X, ) has positive
fiber-wise entropy. In this way, one can show that for any hyperbolic, o-stationary
measure [ such that

(1) Ef(x) is not non-random, and

(2) fiis not P-a.s. invariant
the i entropy h;(X*(M, 7)) is positive. Under the positive entropy hypothesis,
the authors showed in an earlier version of this paper that g must then be SRB.
However, one still needs to perform the more detailed analysis in Section [I0] to rule
out the existence of a P-a.s. invariant, hyperbolic measure fi with zero entropy and
such that E?(z) is not non-random to derive the full result in Theorem Bl

13. PROOFS OF REMAINING THEOREMS

13.1. Proof of Theorem [3.4l

Proof. Let ji be as in Theorem [3.4] and assume fi is not finitely supported and that
the stable distribution E7 (x) is non-random. It follows from Theorem [3] that f
is SRB. Let F: X x M — ¥ x M be the canonical skew product constructed in
Section 1]l and let u be the F-invariant measure defined by Proposition 2] Then
the conditional measures of p along almost every unstable manifold W*(z, &) for
the skew product F are absolutely continuous. Define the ergodic basin B C X x M
of i to be the set of (§,2) € ¥ x M such that

forall ¢: M — R continuous. By the pointwise ergodic theorem and the separability
of C9(M), we have u(B) = 1. Furthermore, for points (§,z) € B whose fiber-wise
stable manifold W#(&, x) is defined we have

W?(&, x) C B.

We have the following “transverse” absolute continuity property. Given a typical
¢ € ¥ and certain continuous families of fiber-wise local stable manifolds & :=
{W¢ .(z) }seq, consider two manifolds 71 and T everywhere uniformly transverse to
the collection S. Define the holonomy map from T3 to T by “sliding along” elements
of §. Such holonomy maps were shown by Pesin to be absolutely continuous in
the deterministic volume-preserving setting [Pes|]. For fiber-wise stable manifolds
associated to skew products satisfying ([C]), such holonomy maps are also known
to be absolutely continuous. See [LY3, (4.2)] or [LQ), IIL.5] for further details and
references to proofs.
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The above absolute continuity property implies that if & is SRB (whence p is
fiber-wise SRB) and if A C ¥ x M is any set with u(A) > 0, then for a positive
measure subset of &,

U W) c
(5,£)EAQM€

has positive Lebesgue measure in M;. It follows that for the ergodic basin B,
(% x m)(B) > 0.

We note that if n € X, _(§), then (under the natural identification of subsets of M,,
and M)

BN M, =BnNM;
since f¢' = fi' for n > 0. Define B to be the ergodic basin of N x i for the skew

product F': ¥ x M; that is, (w,z) € B if

for all ¢: M — R continuous. We have that B is the image of B under the natural
projection ¥ x M — X, x M whence (2N x m)(B) > 0.
Define a measure

= @ @ X ™) s

on ¥, x M. Since both the set B and the measure o x m are F-invariant (recall

that m is P-a.s. invariant), the measure m is F-invariant. Furthermore, for m-a.e.
(w,z) and any continuous ¢: M — R, the Birkhoff sums satisfy

N-—1
Jim S ez = [ o dn.
n=0

which implies that 7 is ergodic for F' and, in particular, is an ergodic component
of #% x m. This implies (see e.g. [Kif, Proposition 1.2.1]) that 7 is of the form
m = 0% x myg for mg an ergodic component of m for X+ (M, v).

Then, for any continuous function ¢: M — R, ?M-a.e. w € ¥, and mop-a.e.
x € M, we have

Furthermore, since # x myq is invariant and ergodic for F, for #N-a.e. w € ¥ and
mo-a.e. x € M we also have that

N—-1
lim - 3 9(2()) = [ 0 dmo,
n=0

n—oo N
In particular, [ ¢ dji = [ ¢ dmyg for all continuous ¢: M — R, whence i = mo. O

13.2. Proof of Theorem Bl Let M be a compact surface, and let u be a non-
atomic Borel probability on M. Let f € Diﬁi(M ) as in Theorem 5.1l In particular,
f is ergodic, hyperbolic, and, as p has no atoms, f has one positive and one negative
exponent which we denote by A} <0 < A%.
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13.2.1. Preliminary constructions and observation. Let K C Diffi(M) be a fixed
compact subset with f € K. Moreover, assume that K is symmetric in that if
g € K, then g~ € K. For this section set

Y=Yk = K~

Let 0: ¥ — ¥ be the left shift, F': ¥ x M — ¥ x M the canonical invertible skew
products, and DF': X xTM — ¥ xTM the fiber-wise derivative. With X =X x M,
we observe that F' and DF' are continuous transformations of X and T'X. In what
follows, we will study the fiber-wise exponents of the cocycle DF as the measures
on X change. We rely on tools developed in the study of continuity properties of
Lyapunov exponents appearing in many sources including [BBBIBGMVI[BNVI[Vial.

Write M(K) for the space of all Borel probability measures on K. Given
v € M(K), equip ¥ with the shift-invariant measure v%2. For any v € M(K),
we have that u is v-stationary. Moreover, as p is preserved by every element of
K, the measure v”* x u is F-invariant and coincides with the measure given by
Proposition We will say that p is ergodic for v if it is ergodic as a v-stationary
measure.

We make some preliminary observations.

Claim 13.1. Let v € M(K) with v(f) > 0. Then p is ergodic for v.

Proof. Suppose = u1+p2 where p; are non-trivial, v-stationary, mutually singular
measures. Then

o :/ gep dv(g) + v(f) fepa.
g#f

By the f-ergodicity of u, fip1 is not mutually singular with respect to po. This
contradicts that pp is mutually singular with respect to po. ]

For v € M(K), we recall the definition of Lyapunov exponents guaranteed by

Proposition 2l for the stationary measure . We recall that the exponent is N-a.s.

independent of choice of word. We write
A () < No()

for the Lyapunov exponents of u for words defined by v at the point x with the
convention that if ¢ has only one exponent at z we declare AL (z) = A2(z). Given
v and x with A\L(z) # A\2(z) and € € ¥ = K7 write

(13.1) T,M = Ei(z) @ EZ(x)

for the associated Lyapunov splitting. If A} (z) = A2(z), then we write E}(z) =
Eg(x) =T, M.

Consider an involution on M(K') defined as follows. For g € K define 6(g) :=
g~ t. For v € M(K), 0,v is the measure

(13.2) 0.v(A) :=v(0(A))
for A ¢ K. We have that 0,.: M(K) - M(K) is involutive.
Lemma 13.2. For v € M(K) and p-a.e. x we have

)\5(37) = —)\3(,/) (z).
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Proof. On ¥ := K7, define the involution ¥: ¥ — ¥ given by

U ("'79—279—1'907915' ) = (591_1790_19:%592_17)

We have ¥, (v%) = (0,v)%.
Consider a p-generic x and v%-generic €. Then

. 1 n : 1 —-n 1
nlgngo n log Hquz(g) rEé(w)H = nhj;o n log ||Df§ ng(m)H = —)\5(95)-
Similarly
.1
Jim —log |[Dfge) 520l = —Aé(®).

Since ¥ takes v%-generic words to (6,v)%-generic words, this completes the proof.
|

Consider v € M(K). We remark that if the fiber-wise exponents were both
positive or both negative, the measure p would necessarily by atomic. Hence for
v € M(K) we have A\L(z) <0 < \2(x).

13.2.2. Invariant measures for the projectivized cocycle. With X := ¥ x M and
TX =% xTM, let PT'X denote the projectivized tangent bundle

PTX =% x PTM.

Given (&, z,v) in TX with v # 0, write (£, z, [v]) for the class in PTX. We write
PDF: PTX — PTX to denote the action induced by DF on PT X.

For a fixed v € M(K) let n be a PD F-invariant, Borel probability measure on
PT X which projects to v% x i under the natural projection PTX — X. Given such
an 7 write {n¢} for the family of conditional measures induced by the projection
PrX — X.

Given ¢, €& € ¥ we have a natural identification of {{} x PTM and {(} x PT'M,
and we view £ — 7¢ as a measurable map from X to the space of measures on
PTM.

Recall we have two natural partitions of X: the partitions into local stable and
unstable sets {¥;__} and {£; }. The conditional measures on ¥ induced by either
partition is naturally identified with v. Recall (cf. Section B3] and ignore the
modification in Section [ILT)) that we write F for the o-algebra of local unstable sets
on X. We will say 7 is a u-measure if § — 7 is F-measurable. Alternatively nis a

u-measure if for v%-a.e. £ € ¥ and vN-a.e. ( € T;F _(€), we have

Ne = 1¢-

We similarly define s-measures and define n to be an su-measure if it is simultane-
ously an s- and u-measure. We remark that u-measures correspond to v-stationary
measures on PTM projecting to p. (See [Vial Chapter 5] for more details.)

If n is an su-measure, then the level sets of the map ¢ +— 7 are essentially
saturated by local stable and local unstable sets. Since the measure v% has product
structure, if 7 is an su-measure, the assignment ¢ + 7 is v%-a.s. constant. In
particular, if v is an su-measure, there is a measure 7y on PT'M projecting to p
on M with n = v% x ngy. If 1) is assumed PD F-invariant it follows that 7 is v-a.s.
invariant.
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Claim 13.3. Let v; € M(K) converge to v in the weak-+ topology. Let n; be a
sequence of PDF-invariant u-measures, projecting to (v;)% x p. Then the set of
weak-+ accumulation points of {n;} is non-empty and consists of PDF -invariant
u-measures projecting to v x .

The above claim follows for instance from [Vial, Proposition 5.18].

We note that there always exist PDF-invariant s- and u-measures. However,
the existence of PD F-invariant su-measures is unexpected, absent the existence of
a v-a.s. invariant subbundle V' C T'M. However, there is a dynamical situation
where every PDF-invariant measure is an su-measure.

Proposition 13.4 ([Led2,[AV]). Suppose v € M(K) is such that AL(xz) = 0 =
\2(z) for p-a.e. x. Then any PDF-invariant measure n for the projectivized cocycle
PDF: PTX — PTX projecting to v x i is an su-measure.

In what follows, we will primarily focus on measures v such that p is ergodic
and has two distinct Lyapunov exponents A, < A2 for DF'. In this case we have
two canonical measures n! and 72 given by

(13.3) dig} (&, @, [v]) = ddpy  ([v]) dps() dV(€),

where Eg(x) is the associated subspace of the Lyapunov splitting (I31)). By the
DPF-invariance of the distributions Eg (x), we have that the measures 1 are PDF-
invariant. Furthermore, it follows from Proposition that 12 is a u-measure and
nk is an s-measure.

In the above setting, the measures defined by (I3.3) are the only ergodic PDF-
invariant measures on PT X projecting to v% x p. Indeed, see the following claim.

Claim 13.5. Let v € M(K) be such that p is ergodic for v and has two distinct
Lyapunov exponents. Then any PDF-invariant probability measure n projecting to

V% x p is of the form
n=an, + (1 —a)n;

for some a € [0, 1].
Proof. For (&, x,v) € TX \ E'(¢,2) write v = v! 4+ v? with v/ € Eg(x) and define
¥(& x,v) € [0,00) by
vlg.r) = oL
02|
As (&, z,tv) = (€, x,v), ¢ descends to a function
Y: PTX ~ E'(€,2) — [0,00).
For (&, z,v) € TX \ E'(¢, ), we have that

DF™¢,2,v) = (07(€), f2(2), Dufiv" + Dy fE0?) |

and hence for any sufficiently small ¢ > 0 and v? x p-a.e. (&, ) there is a ¢ with
b (BDF"(€,2,[1])) < cexp (n(\L — A2 +22)) (€, 2, [o]).
In particular, for almost every (&, x, [v]) € PTX \ E'(¢,z) we have
¥ (PDF" (&, 2, [v])) — 0

as n — oo. By Poincaré recurrence, we conclude that n(4~1(0,00)) = 0. O
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In the context of Theorem B.J] we have the following characterization of su-
measures.

Lemma 13.6. Let v € M(K) be such that v(f) > 0. Then there exists a PDF-
invariant, su-measure projecting to v” x p if and only if one of the subbundles
{E}, E3} or their union EY U B} is v-a.s. invariant.

Proof. The only if case is clear. Indeed, if EY is v-a.s. invariant, then 7 defined by
dn = d5E}¢ dp dv” is an su-measure. If the union EY U E} is v-a.s. invariant, we
may take

dn =3 ddpy dp dv® + 5 dopy dp dv”.

To prove the converse, suppose 7 is a PD F-invariant, su-measure on PTX. As
remarked above, there is a measure 79 on PTM, projecting to u, such that n =
v% x n9. Furthermore, such 7y is Dg-invariant for v-a.e. g. Since v(f) > 0, we have
D f.(no) = no. However, by the hyperbolicity of f and arguments analogous to the
proof of Claim [[3.5] the only such measures are supported on E} UES. O

13.2.3. Characterization of discontinuity of exponents. Let M (K) C M(K) be
the set of v such that u is ergodic for v. Then for v € Mee(K) the Lyapunov
exponents AL < A2 are independent of x. We study the continuity properties of the
maps

/\%) : Mag — R
as v varies in Mo,z (K) with the weak-* topology. The arguments here are well
known. (See, for example, [BNV][Via] and references therein.)

Proposition 13.7. Let v € Me(K) be a point of discontinuity for one of )\%,),
)\(,). Then
(1) AL < A2, and

(2) there exists a PDF-invariant su-measure 1 projecting to v% x pu.

Proof. We first consider the case where A, = A\2. Recall then that A\l = \2 = 0.
Suppose )\%,) is discontinuous at v € Meye(K). Then there is some ¢ > 0 and a

sequence v; — v in M, (K) with )\ij < —e < 0 for every j. For such j, we have
two distinct exponents )\ll,j <0< )\IQ,J_. By the pointwise ergodic theorem we have

AL = [ 108102 fel eyl duo) av*(©) = [ og D el di, (6., o)

where 7, are as defined in (I3.3). Let no be an accumulation point of {7, }. Passing
to subsequences assume n,{j — no- Since each 7, is PDF-invariant, it follows that
No is PD F-invariant.

Note that (§,z,E) — || D, fe[g| is a continuous function on PT'X. By weak-x
convergence we have

(134) ~< 2 tim [log|Dafela | du, (6.2 ) = [ 1og]|Defeliol] dm(é. . o).

From the pointwise ergodic theorem, ([3.4) implies that for (1% x p)-a.e. (&,7) €
¥ X M there is a v € T, M with

N T
lim = ||Df2 ()] < —¢

n—o0o M
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contradicting that AL = 0. This shows that if A} = 0, then )\(1.) is continuous at v.
Similarly, )\%_) is continuous at v if A2 = 0.
We now assume that A\l < A2. Suppose again that )\%,) is discontinuous at v.

Then there is a convergent sequence v; — v in Mo, (K) with

lim AL # AL

j—oo Y
We may then select a sequence of PD F-invariant s-measures 7; projecting to I/jZ X [
with

A i= [ 10102 felgoll duy(€.. o)

Indeed, if )\ij < A2

v,» We may take the canonical s-measures 7; = njl». Otherwise
we have /\,Ej = )\ZQ,J, = 0, and hence, by Proposition [[3.4] we may take n; to be any
PD F-invariant measure with projection I/jZ X [

Let 1o be any accumulation point of {n;}. Again, 7y is PDF-invariant, and by
Lemma we have
o = amy, + B, a+f=1.

Moreover, by weak-* convergence we have
X+ 3 = [ log 1D fell dlat + Bi2) (€. o)
= [tog D felall dm(€.. o)

— Iim / log || Dy fe oy | dns (€, , [o])
j—o0
= lim A, # A,

J—00

It follows that o # 1, whence 8 # 0. By Claim [03.3] 79 is an s-measure. On the
other hand, we have that n! is an s-measure and 7?2 is an u-measure, whence

1
7712/ = 5(770 - Oﬂii)

1S an su-measure. O

13.2.4. Proof of Theorem Bl irreducible case. We prove the conclusion of Theo-
rem Let f be as in Theorem 5.1l Under the hypotheses of Theorem
we may find g1,92 € I' with DgiEY ¢ E3 U E} and Dg2E} ¢ Ef U E}. In-
deed, without loss of generality we may assume there is g» € I' with Dg2 E}(x) ¢
{E#(g2(2)), Ef(g2())} for all z € A with u(A) > 0. Let g € I' be such that
DgE}(z) # E}(x) for all @ € B with u(B) > 0. If DgE}(x) = Ej(g(x)) for
almost every x € B, then there is some k with u(f*(g(B)) N A) > 0. Then take
gr=g20fFog.

Let K = {f, f"%, 91,97 ", 92,95 '} Then M(K) is the simplex A given by the
convex hull of

{85:07-4,001,8,4, 05,8,

g1 ¥g; 927 Vg,

We write int(A) for the interior of the simplex A.
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Proof of Theorem B.Ifa)] Note that for v € int(A) we have v(f) > 0, whence p is
ergodic for v. It follows from the choice of g;, Proposition[I3.7} and Lemma[I3.6] that
every v € int(A) is a continuity point of the functions v — AL, v+ A\2. Indeed, were
v a discontinuity point, there would exist a PD F-invariant su-measure projecting to
v” x pu which by Lemma [[3.6] would imply a union of the two distributions E;UEY
is Dg; and Dgs invariant. Moreover, for v € int(A), at least one AL, A2 is non-zero.
Indeed, by Proposition [3.4] if A\l = A2 = 0, then there exists a PDF-invariant
su-measure over v” x y which again, by Lemma [[3.6] contradicts the choice of g;.
Let P, N C A be the sets

P={reA|)N >0}, N={veA|\ <0}

By the continuity of A\’ the sets P and N are open in int(A). Furthermore, the
simplex A is invariant under the involution (I3:2)) whence P is non-empty if and
only if N is non-empty. Since there are no v € int(A) with all exponents of u of
the same sign or all zero, it follows that {P, N} is an open cover of int(A). In
particular, there exists a 1y € int(A) such that A\l < 0 < A\2.

The conclusion then follows from Theorem .10 for 4. Indeed, we have that pu is
an ergodic, hyperbolic, vp-stationary measure that is not finitely supported. Recall
that sub-o-algebras F and G are on ¥ x M. If (§,z) — Eé(x) were F-measurable,
then since is it G-measurable, we have Eg(x) = V() for some vy-a.s. invariant
p-measurable line field V. C TM. As vo(f) > 0, by the hyperbolicity of f, we can
conclude that V(z) coincides with either E(z) or E(x) for almost every z. By
the ergodicity of f and f-invariance of V, E'¥, and E%, it follows that V() = E%(z)
a.s. or V(z) = Ef(z) a.s. The hypotheses on g; ensure no such V(z) exists, and
thus the measure vZ x u is fiber-wise-SRB for the skew product F.

Repeating the above argument, and using the fact that u is vg-a.s. invariant,
we conclude that v% x p is fiber-wise-SRB for the skew product F~'. It follows
from the transverse absolute continuity property of stable and unstable manifolds
discussed in the proof of Theorem B4l that 1 is absolutely continuous. ]

13.2.5. Proof of Theorem B.1I: reducible case. We prove Theorem Theo-
rem is proved similarly. Note that in this case, the continuity of exponents
follows immediately from the hypotheses.

Let f be as in Theorem and take g € I' with DgE3(x) # E$(g(w)) for a

positive measure set of z. Let K = {f, f~%,g,97'}. For t € [0, 1] write
Vy = t&f + (1 — t)5g

Note that for ¢ > 0 we have v, € Mg (K).
Write V(z) = E}‘(w) By hypotheses, the line field V' is preserved by f and g.
Define

(135 (0= [tlog|Daflv ]+ (1~ ) log | Daglv. | duto).

It follows that x(t) is a Lyapunov exponent for the v;-stationary measure p. Fixing a
Riemannian structure on M, define the average Jacobian J(v;) = [ tlog|det D, f|+
(1 —t)log|det Dyg| du(x). Then from (24

(13.6) X(t) == J(v) — x(t)

is also a Lyapunov exponent. This establishes the following.
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Claim 13.8. Fort € (0,1] the Lyapunov exponents )\f,t are continuous.

We continue the proof of the theorem.

Proof of Theorem . Let t — 1. By the hyperbolicity of f, from (I33) and
([I34), for ¢ sufficiently close to 1, u has one positive and one negative exponent.
Moreover, for ¢ sufficiently close to 1, it follows that the stable bundle for the
random dynamics EZ () does not coincide with £ (z) on a set of positive measure.
Thus, were E? () non-random, as v;(f) > 0 by the ergodicity of f, the line bundle
Eg(z) would have to coincide with E$. As g does not preserve Ef, we conclude
that E?(z) is not non-random.

As p is not finitely supported, by Theorem B.1] it follows that p is an SRB v4-
stationary measure for all sufficiently large t < 1. We show p is SRB for f. Let
6" denote the unstable dimension of p with respect to the single diffeomorphism
f: M — M. We show below that 6* = 1 which implies p is SRB for f. This follows
from the following entropy trick.

Let D = dim(p). Recall the fiber-wise entropy and dimension formulas for
skew products given by Proposition Similar formulas hold for the individual
diffeomorphism f. Suppose for the sake of contradiction that é* < 1. Then given
any € > 0, for all sufficiently large 0 < ¢t < 1,

uy 2 u 1 1 9 2
3N, = (D=0")(=N\,) > (D=1)(=A,) = A, =2 A, — €.
As e — 0 as t — 1 this yields a contradiction. We thus have §* = 1. O

13.3. Proof of Proposition and Theorem Recall the joint cone con-
dition and relevant notation from Section

Proof of Proposition 5.5l If A and B do not commute, it follows that E% # E%
and E% # E%. Then for n > 0 large enough, we have that A" C* and B~"C* are
disjoint. We take f and ¢ sufficiently close to L4 and Lp so that for some x > 1
and any z € M

(1) Df(m)filcs C C® and Dg(m)gflcs c C%

(2) if v € C%, then || Dy(yg~ o]l > klv]| and || Dy f~ ol > &|lv];

(3) Dynpy f7"C* and Dgn (g~ "C* are disjoint in T, T
We further assume analogous properties to the above hold relative to the unstable
cones.

Let X = {f,g}". Given w = (fo, f1, f2,...) € X1 define

M
E:’(x) = m D(fM0-~~0fo)(z) (faro---o fO)_l (C?).
=0

The set Ef(x) is invariant under scaling; moreover, the cone conditions ensure
E¢(z) is non-empty for every w and every x. Note that if v € Ef(z), then for any
J >0, ||D(fjo---o fo)v] € C? hence we have

ID(fj 00 fo)ull < w77 |ull.

Similarly, if w € C*, then ||D(fjo---o fo)u|| € C* for any j, and hence we have
|ID(fjo---ofo)v|| > K7||v|. It follows that every v-stationary measure is hyperbolic
with one exponent of each sign. We claim that E? (x) is a one-dimensional subspace.
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Indeed, if otherwise there are non-zero v,u € EJ(x) with v = u + w for w € C¥,
then for M sufficiently large we obtain a contradiction as

KMl <D (faro -0 fo)wll < ID(faro -0 fo)ull +[ID(far o -0 fo)u]
< &M (ol + Jul)).

In particular, for any v-stationary measure, ES(x) coincides with the stable Lya-
punov subspace for the word w at x.

Recall that the cones Djn(,)f~"C*® and Dgn(,)g~"C? are disjoint. As the set
of words w = (fo, f1, f2,...) € ¥ with f; = f for 0 < ¢ < n and the set of words
w = (fo, f1, f2,...) € ¥ with f; = g for all 0 < i < n have positive v"-measure,
it follows that the distribution E?(z) is not non-random for every v-stationary
measure.

It then follows from Theorem [B.1] that any ergodic, v-stationary measure p on
T? is either SRB or finitely supported. Moreover, fixing f, by choosing a generic
perturbation g, for any periodic point p for f we may further assume that p is not
a periodic point for g. Then, as f and g have no common finite invariant subsets,
there are no finitely supported v-stationary measures. ]

Proof of Theorem 5.6l Recall in the statement of TheoremB.Glwe set vo=>_ pxdr ,, -
We take 0p = > prda, on SL(2,Z). Consider y any vp-stationary measure. The
Lyapunov exponents of p coincide with the Lyapunov exponents of the random
product of matrices given by 7y. In particular, the Lyapunov exponents of u are
constant a.s. and independent of the choice of p. As I' C SL(2,Z) is infinite and
does not have Z as a finite-index subgroup, it follows that I" is not contained in a
compact subgroup and that any line L € RP! has infinite I'-orbit. By a theorem
of Furstenberg ([Fur, Theorem 8.6]; see also [Vial, Theorem 6.11]) it follows that
the random product of matrices given by 7y has one positive and one negative
Lyapunov exponent. The same is then true for any vo-stationary measure on T2.
Moreover, as I' is not virtually Z, one can find hyperbolic elements By, By € I" that
satisfy a joint cone property (defined in Section [£3]) and such that By and By do
not commute. Write

(137) B, = Ai1Ai2 .. 'Aiw By = Alejz A

Jp
in terms of the generators.

For each 1 < k < n take a neighborhood L4, € U C DiH’Q(TQ) sufficiently small
so that

(1) |gi|c2 < O for all g, € Uy and some C > 0, and
(2) writing
fi=gi,0-009, fr=gjo-0g;
as in (I37) for any choice of ¢;, € U;, and g;,, € U;, , f1 and fo are
sufficiently close to By and Bs so that Proposition holds.
In particular, such f; and f5 satisfy a joint cone condition, are Anosov diffeomorph-
isms of T2, and E}, (z) # E3,(x) and EY (x) # E}, (x) for any € T?.

Take U C Diff>(T?) in the theorem to be the set U = {g € Diff*(T?) : |g|c2 <
C}. Let v be a probability measure on U. We moreover assume v is sufficiently
close to vy so that v(Uy) > 0 for each 1 < k < n.

We introduce some notation. Given f € Diffz(']I‘Q)7 consider PD f acting on the
projectivized tangent bundle PTT2?. We naturally identify v with a measure on
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{PDf : f € Diff*(T?)}. Consider a v-stationary probability measure 5 on PTT2.
Note that the projection of 1 onto T? is also a v-stationary measure.
Given f € Diff>(T?), write

O(f,z, E) =log([| Do f 1 1)-
Note that ®: Diff?(T?) x PTT? — R is continuous and uniformly bounded on U.

Lemma 13.9. For all v sufficiently close to vy, every ergodic, v-stationary measure
on T? has a positive Lyapunov exponent.

Proof. Suppose v — vy on U in the weak-* topology and that for each k, there is
an ergodic, vg-stationary measure p with only non-positive exponents. For each
k we may select a vj-stationary probability measure 7, on PT'T? projecting to us
such that

| [ 2trs.8) dne By an) <o

Indeed, the existence and construction of 7y is essentially the same as in the proof
of Proposition [[3.7 and (I33]).

As PTT? is compact, let 19 be an accumulation point of {n;}. Then (see, for
example, [Vial Proposition 5.9]) 1y is vp-stationary. Moreover, 1y projects to a
vo-stationary measure po on T? and by weak-* convergence (and boundedness of
O(f,z,E)on U)

[ [ oty (e, ) an(s) <o

Recall we define 75 = > prda, to be a measure on I' C SL(2,Z). Note that TT?
is parallelizable so PTT2 = T2 x RP'. Then define a factor measure 7jp on RP! by

flo(D) :=no(T? x D).

We have that 7jp is a Dp-stationary measure for the natural action of SL(2,R) on
RP!. Moreover, with ®(A, E) = log||A[g| we have

// $(A, E) dij(E) dig(A) < 0.

On the other hand, by a theorem of Furstenberg ([Furl, Theorem 8.5], [Vial Theorem
6.8]) this is impossible under our hypotheses on I a

Take v sufficiently close to vy so that every ergodic, v-stationary measure on T?
has a positive Lyapunov exponent. Consider p an ergodic, v-stationary measure
on T?. Suppose that all exponents of y were non-negative. By the invariance
principle in [AV], it would follow that y is invariant for v-a.e. f € Diff>(Ty). In
particular, the sets of f; and fs constructed above for which p is simultaneously f1-
and fo-invariant have positive measure. As fi does not preserve E% , E¥ , or their
union, Theorem [E.] implies that either p is atomic or is absolutely continuous. If
1 were absolutely continuous, then, as v-a.e. f preserves an absolutely continuous
measure, it follows from (Z4) that p is necessarily hyperbolic. Hence, for all v
satisfying Lemma [I39] every ergodic, v-stationary measure either is atomic or is
hyperbolic with one exponent of each sign.

In the case that p is hyperbolic with one exponent of each sign, we claim that
the stable line fields for p are not non-random.
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Definition 13.10. v is strongly expanding if, for any v-stationary measure n on
PTT?,

//(P(f,:c,E) dn(z, B)dv(f) > 0.

Let ¢ be an ergodic, hyperbolic, v-stationary measure with one exponent of each
sign. Suppose the stable line bundle is non-random. That is, Ef(x) = V(x) for
some measurable line field V(z) on TT?. Let 1 be the measure on PTT? defined as
follows: for measurable ¥ : PTT? — R set

/ (z, E) dnz, E) = / B(a, V(@) du(z).

It follows from the invariance of E? (z) that 7 is a v-stationary measure. Moreover,
from the pointwise ergodic theorem we have

//@dndu<0.

Claim 13.11. If v is strongly expanding, then the stable line bundle for any hy-
perbolic, v-stationary measure p is not non-random.

Thus, see the following claim.

As in the previous lemma we have the following.
Lemma 13.12. Every v sufficiently close to vy is strongly expanding.

From the above, it follows that for all v sufficiently close to vy, any ergodic v-
stationary measure p which is not atomic is hyperbolic with one exponent of each
sign and, moreover, the stable line field for u is not non-random. From Theorem B.1]
it follows that if p is non-atomic, then y is SRB for v. O
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