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RIGOROUS DERIVATION OF THE GROSS-PITAEVSKII
EQUATION WITH A LARGE INTERACTION POTENTIAL

LASZLO ERDOS, BENJAMIN SCHLEIN, AND HORNG-TZER YAU

1. INTRODUCTION

We consider a bosonic system of N particles with a repulsive interaction. The
states of the system are given by elements of the Hilbert space L2(R3Y), the
subspace of L?(R3N) consisting of permutation symmetric wave functions. We
are interested in describing the time evolution of special initial wave functions
Yy € L2(R3N) that exhibit complete Bose-Einstein condensation.

For a given wave function ¢y, we define the density matrix vy = |[¥n)(¢¥n]
associated with vy as the orthogonal projection onto ¥ 5. Moreover, for k =

1,..., N, we define the k-particle marginal density yj(\lf), associated with ¢y, by

taking the partial trace of vy over the last (N — k) variables. In other words, 'y](\];)

is defined as a positive trace-class operator on L?(R3F) with kernel given by

71(\1;)(Xk§xgc) = /dXka YN (X, XN 1)Uy (Xos XN ) -

Here and in the following we use the notation xj, = (z1,..., %), X}, = (2],...,2}),
and Xy_g = (Tx41, ..., 2N); we will also denote x = (21, z3,...,2n). A sequence
{¥n}nen, with ¥y € L2(R3N) for all N, is said to exhibit complete Bose-Einstein
condensation in ¢ € L?(R3) if

(1.1) 7 = el as N - oo

in the trace-norm topology (here and in the following |¢) (| indicates the orthogonal
projection onto ¢). Physically, complete Bose-Einstein condensation means that all
particles in the system, apart from a fraction vanishing as N — oo, are described
by the same one-particle wave function ¢, known as the condensate wave function.
Note that (1)) implies that

k
(1.2) ) = 1) (| ®F

for all k > 1, as was first proven by Lieb and Seiringer in [18].
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The time-evolution of N boson systems is governed by the Schrodinger equation

(1.3) 10N = HNYn e

with the Hamiltonian operator

N
(1.4) Hy =Y =0 +> V(i —a)).

j=1 i<j
Here and in the following we will use the convention A; = A, and V; = V.
We consider the scaling introduced by Lieb, Seiringer and Yngvason in [20] for the
interaction potential Vi, i.e. we fix a nonnegative potential V' and then rescale it
by defining Vi (z) = N2V (Nx). This scaling is chosen so that the scattering length
of Vy is of the order 1/N.

We recall that the scattering length associated with a potential V' decaying

sufficiently fast at infinity (V' has to be integrable at infinity) is defined through
the solution of the zero-energy scattering equation

(1.5) (—A+ %V) f=0

with boundary condition f(z) — 1 as |z| — co. We usually write f =1 —w. The
scattering length of V', which is a measure of the effective range of the interaction,
is defined by

ap = lim |z|w(x).
|z|—o00

An equivalent definition of the scattering length is given by the formula

(1.6) /dx V(z)(1 —w(z)) = 8mag .

By these definitions, it is clear that if ag denotes the scattering length of the poten-
tial V, then the scattering length of the scaled potential Vy is given by a = ag/N.

Our main result is as follows. Suppose that the family of wave functions {¢n } Nen
exhibits complete Bose-Einstein condensation (L)) with some ¢ € H'(R?) and as-
sume its energy per particle to be bounded (in the sense that (¢, Hytny) < CN
for all N). Denote by %y, the solution of the Schrédinger equation (L3]) with
initial data vn,o = ¥n. Under appropriate conditions on the potential V', we show
that, for every time ¢t € R, the family {¢)n;}nen still exhibits complete condensa-
tion and that the condensate wave function evolves according to a cubic nonlinear
Schrédinger equation known as the Gross-Pitaevskii equation. In other words, if

7](\3 denotes the one-particle marginal density associated with ¥y ¢, we prove that

(1.7) TNy = e (el

as N — oo, where ¢, is determined by the nonlinear Gross-Pitaevskii equation
(1.8) iOrpr = — Ay + 8mag|pe|* o1

with initial data ¢y = . The cubic nonlinear term expresses the local on-site
self-interaction of the condensate wave function. Due to the strongly localized
interaction, the many-body wave function develops a singular correlation structure
on the scale 1/N. As N goes to infinity, this short scale structure produces the
scattering length as a coupling constant in the limiting Gross-Pitaevskii equation.
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This result gives a mathematical description of the dynamics of initial data
exhibiting complete Bose-Einstein condensation. The simplest example of such
initial data are product states ¥y = @®V for arbitrary ¢ € L*(R®). Physically
more interesting examples of complete Bose-Einstein condensates are the ground
states of trapped Bose gases. A trapped Bose gas in the Gross-Pitaevskii scaling is
an IN-boson system described by the Hamiltonian

N N
(1.9) HG™ = " (=Au, 4 Vexs(2)) + > Vi@ — 25)
j=1 i<j

where Vo (2) > 0 with Vet (z) — oo as |z| — oo is a confining potential. The
Hamiltonian (C3]) therefore describes a system of N particles confined by the ex-
ternal potential Ve into a volume of order one, interacting through a potential
with effective range of the order 1/N. Since the typical distance between neighbor-
ing particles is of order N=1/3, and thus much bigger than the effective range of
the interaction, (9] describes a very dilute system.

In [20], Lieb, Seiringer and Yngvason studied the ground state energy En of the
Hamiltonian (I9) with a spherically symmetric interaction, V(z) = V(|z|), and
they proved that

. En .
Jim === %%121&3)5@(@’

where Egp denotes the so-called Gross-Pitaevskii energy functional

Ear(p) = / Az (Vo + Ve () (@) 2 + dmalip(a)]) -

In [18], Lieb and Seiringer then proved that the ground state of (L9) exhibits
complete Bose-Einstein condensation in the minimizer ¢gp of the Gross-Pitaevskii

energy functional Egp. In other words, they proved that if ql)xap denotes the ground

(1)

state vector of (LY), then the corresponding one-particle marginal density vy} ..,

satisfies
(1)
,YN,trap — ‘¢GP><¢GP|

as N — oo, in the trace-norm topology. A survey of results concerning the ground
state properties of the dilute bosonic gases can be found in [19].

Since 1/15\];&‘) describes a complete Bose-Einstein condensate, we can apply (L)
to study its time evolution with respect to the Hamiltonian (I4); it follows that,
for every fixed ¢t € R, e "Nty exhibits complete Bose-Einstein condensation in
the one-particle state described by the solution ¢; of the Gross-Pitaevskii equation
(C8) with initial data ¢gp. This result gives the mathematical description of recent
experiments (initiated in [7, B]) where the dynamics of Bose-Einstein condensates
have been observed.

We already proved (7)) in [I2] (some partial results were previously obtained
in [I0]) under the assumption of a sufficiently weak potential V. More precisely, in
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[12] we required the dimensionless parameter

(1.10) p = sup |z|*V(z) + d—$V(a:)
TER3 |(E|

to be sufficiently small. In the present paper, we remove this condition and consider
arbitrary repulsive potentials V' > 0, with the fast decay property V(z) < C(z)~¢
for some o > 5 (here (z) = (1 + 22)'/2).

The removal of the smallness condition requires completely new ideas. The main
challenge in the derivation of the Gross-Pitaevskii equation is to identify and re-
solve the short scale correlation structure in the N-body wave function. In [12]
we achieved this by locally factoring out the solution of the zero energy scattering
equation (LI). This approach, however, is not sufficiently precise for a large in-
teraction potential. In the present paper we propose an intrinsic characterization
of the correlation structure in terms of the two-particle scattering wave operator.
More precisely, we prove that the action of the wave operator in the relative co-
ordinate x; — x; regularizes )y in this variable. This regularity is essential to
control the convergence of the many-body interaction to the local on-site nonlin-
earity in the limiting equation (L&). An a priori estimate leading to this regularity
will be obtained from the conservation of the second moment of the energy, i.e.
from (Y ¢, H5 YN ) = (YN, H3n). This a priori bound, however, only controls
a specific combination of two derivatives, V, - V., acting on the regularized wave
function. We thus need to establish a new Poincaré-type inequality involving only
this combination of derivatives. In the next section we discuss the main ideas of
our new approach.

2. RESOLUTION OF THE CORRELATION STRUCTURE FOR LARGE POTENTIAL

As in [12], the general strategy of our proof is based on the study of solutions of
the BBGKY hierarchy of equations for the marginal densities 'y](\]f)t associated with

the solution of the N-particle Schrodinger equation (L3):

k k
008, = 32 [-8590] + 3 [Vt — 2,04
j=1 i<j
(2.1) A
+ (N —k) Z Tri41 [VN(xj — Thi1), ’Y](\]rc,:rl)}
j=1

for k=1,...,N. Here Trx11 denotes the partial trace over the (k + 1)-th variable,

and we use the convention that fyj(\’;)t =0 for K = N + 1. The main observation is

the fact that limit points {véf?t}kzl of the families {yj(\lfﬁ)t}szl (with respect to an
appropriate topology) are a solution of the infinite hierarchy of equations

k k
(2.2) iat’yc(ﬁ,)t = Z [—Aj,fyg“]j?t} + 8mag Z Tri41 {5(%— - $k+1),’)’£..]j:‘£l)
j=1 j=1
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It is easy to check that the product ansatz *yg;?t = |s) (p¢|®F satisfies [Z2) if and
only if ¢; solves the Gross-Pitaevskii equation (L8). Therefore, to conclude the
proof of (L7, it suffices to show that: 1) every limit point of the family {7](\’;1 N
is a solution of the infinite hierarchy ([22)), and 2) the solution to (22 is unique.
This strategy has already been used to derive the nonlinear Hartree equations for
the effective dynamics of so-called mean-field systems (see [27, 13| 4, [9]) to derive
the cubic nonlinear Schrédinger equation with different (and simpler) scalings of the
interaction potential (see [8} [I1]) and to derive the nonlinear Schrédinger equation
in a one-dimensional setting (see [T, [2]). We remark that the first derivation of
the Hartree equation was obtained using a different method in [I7, [I4]. With this
method the speed of convergence was recently estimated in [25].

In all works based on the BBGKY hierarchy, the key step consists of finding an
appropriate norm and space of density matrices with which to work. On the one
hand, the topology has to be sufficiently strong to guarantee the convergence of
@) to (Z2) and the space has to be sufficiently small to guarantee the uniqueness
of the solution to ([22]). On the other hand, the norm defining this space cannot be
too strong since we have to prove, via an a priori bound, that limit points of the
sequence 7](\1,“1 belong to this space.

In [12], we use an appropriate Poincaré-type inequality to prove the convergence
of 1)) to (Z2)). To do that, we need a control on a mixed Sobolev norm on
yj(\lfjl) and 7&2?{1) with at least two derivatives (note that the commutator with
the delta function in ([Z2) is even ill-defined unless some regularity is known on

fj;j”). However, due to the singularity of the interaction potential, it turns out
that the solution of the Schrodinger equation 1 + develops a short-scale correlation
structure, living on a length-scale O(1/N), which causes the Sobolev norms with
two or more derivatives to blow up as N — oo.

Instead of considering derivatives of 1 ¢, we therefore prove an a priori bound of
the form [ |V1Vag12 v (¢)]* < C on the N-body function ¢1o n (t) = n,/(1—wi2)
obtained from the original wave function after factoring out the singular short-scale
structure. Here 1 — wia = 1 — wy(z1 — x2), where fy = 1 — wy is the zero-
energy scattering solution to (—A+ (1/2)Vy)fny = 0. Note that, by simple scaling,
wy(z) = w(Nz), where f(z) = 1—w(x) is the zero-energy scattering solution to the
unscaled equation (—A+(1/2)V) f = 0. It turns out that [ |V;Vathn ¢|? grows with
N, but [ \V1V2¢127N(t)|2 remains bounded. Although ¢n; and ¢12 n(t) behave
very differently in the mixed Sobolev norm, their difference in the L2-norm vanishes
in the N — oo limit due to the scaling wy(x) = w(Nz). This allows us to obtain
control on the mixed Sobolev norm of 7., despite the fact that it is defined as
a limit of yy; only in the weak topology of trace class operators. Moreover, the
boundedness of [ |V1Vapi2 n(t)]? explains the emergence of the scattering length
in 22).

The proof of [ |V1Vapi2,n(t)]? < C relies on the conservation of H% along the
time evolution and on the key inequality

2

(2.3) (N, (Hy 4+ N)?y) > CNZ/’V1V2

].7?1)12

valid for all ¥ € L2(R3V).
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To show the uniqueness of the solution of the infinite hierarchy (Z2]), on the other
hand, more information on the limiting densities *yg,f?t is needed; more precisely,

uniqueness was proven in [I1] under the assumption that
(2.4) Tr (1-A1)...(1- AP, < C*

for all £ > 1. Because of the singular short-scale structure characterizing the
solution of the Schrédinger equation for finite IV, the densities fy%c)t do not satisfy
[24). To circumvent this problem, we derived in [12] a higher order energy estimate
of the form

(2.5) (Un, (Hy + N)Eypy) > C’“Nk/dx@k_l(x) V1... Vin(x)]?

for all k£ > 1, where Of_1(x) is a cutoff function vanishing (up to exponentially
small contributions) in regions where a second particle comes close to x;, for some
j < k —1 (see Section [ for the precise definition of the cutoff). This higher
order energy estimate provides a control on the L? norm of the mixed derivatives
Vi... Vi, restricted on regions with no other particle close to zq,...,25—1.
Choosing ©_; to vanish in a sufficiently small volume, it was possible to remove
the cutoffs in the weak limit N — oo and to obtain the a priori bounds (Z4) on
the limit points {'y((f)?t}kzl.

The estimates ([23) and (Z3]) were therefore the two main ingredients used in [12]
to control the singularity of the interaction potential Vy and the singular short scale
structure of ¢ . In [I2], both of these estimates heavily relied on the smallness
of the parameter p introduced in (LI0). Therefore, although the general strategy
of the current paper is similar to the one used in [12], the removal of the smallness
condition on p requires completely new ideas, which we now explain.

In [12], the energy estimate (23] was obtained from an identity of the form
(2.6)

<1PN7HJQV1PN>:N(N—1>/|V1V2¢12|2(1—w12)2+N(N—1)/V1512'912V2¢12+Q,

where ¢12 = ¥n /(1 — wi2). Here g1 is an explicit matrix involving the Hessian
of wy2 and squares of its first derivatives, and € contains irrelevant terms. The
following bound is essentially optimal for the size of g1o:

Cp

< — .
lg12| < 21 — zo[?

The best strategy is then to estimate

V

_ 1
/V1¢12 - 912Vag12 > *CP/ e (IVig12? + [ Vasra|*)
(2.7) e

Y

—Cﬂ/|V1V2¢12|2,

where we used Hardy’s inequality in the last step. This term can be absorbed in
the first (positive) term in (28] only if p is sufficiently small. A closer inspection
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of the structure of the terms in €) reveals that, although some of them are positive,
they cannot compensate for the negative term (2.7). After estimating them from
below at the expense of adding lower order terms to H%, we get the desired bound

(2.8) / ViVaial* < CN~2(p, (Hy + N)*n).

The first main idea of the current paper is to prove the following replacement

for (28) (see Proposition B.2):
(2.9) / V1 VoWitn | < ONT*(¥n, (Hy + N)*¢w),

where Wi, denotes the wave operator of the one particle Hamiltonian —A + %VN
acting on the difference variable 21 — z5. Note two main differences between (2.8)
and (Z9). First, Wi5¢n replaces the function ¢12 v = ¥n /(1 — wi2) that can be
considered as a first order approximation to Wi,y . Second, instead of controlling
the full mixed second derivative, V1V, as in (Z8]), the new bound controls only
V1-Vs. Although the control on V-V is in general much weaker than the control
on V1V, in the radial direction of the relative coordinate z; — x5 the new bound
is as strong as the former one.

Both differences cause substantial difficulties in proving that (Z.I)) indeed con-
verges to (22). First, instead of working with a relatively explicit function w2 and
using its fairly straighforward properties summarized in Lemma 5.1 of [I2], now
analogous properties have to be established for the wave operator. Second, the lack
of the control on the full mixed second derivatives impedes using the Sobolev-type
operator inequality

V(zr —x2) < CV|[1(1 = Ap)(1 - Ag)

that was crucial in controlling many error terms. We have found a replacement for
this inequality (Lemma [T0.1)):

(2.10) V(wy = 22) < V] ((F1- V2)2 = A = Ag +1)

that uses only the Vi - V5 combination in the highest order term. Similarly to
Lemma 7.2 of [12], we are also able to improve (2I0) to a Poincaré-type inequality
(o, (ho(z1 — 22) — 6(21 — 22))9b) — 0 as a — 0, where ho(x) = o 3h(x/a) (with
J h(xz)dax = 1) is an approximate Dirac delta function on the scale a (see Lemma
[[02)). This is necessary to control the convergence of (210) to (Z2).

The second main novelty of this paper is a proof for the higher order deriv-
ative estimates (28] in the large potential regime (Proposition [[I]). Although
the main conclusion is the same as Proposition 5.3 in [12], the proof does not re-
quire the smallness of p. The proof in [I2] started from the trivial energy estimate
Zévzl —A; < Hy and the estimate ([2.8) on HZ, and it used an induction on the
exponent to pass from (Hy + N)* to (Hy + N)**2. The step-two induction allowed
us to start the induction estimate with

(2.11) (Hy + N)**2 > (Hy + N)V:...V;0V,...Vi(Hy + N),

and then we commuted the two Hy + N factors through to the middle and used
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the (Hy + N)? estimate ([Z8). The weaker H% estimate (Z0) however does not
allow us to regain control on full derivatives, so pursuing this path would, at best,
yield control on some complicated combinations of partial derivatives.

In this paper we establish higher order derivative estimates by a step-one induc-
tion, i.e. passing from (Hy + N)* to (Hy + N)¥T1. This eliminates using the HZ
estimate with incomplete derivatives, but the price is that instead of (ZI1I) we have
to work with

(2.12) (Hy + N)**1 > (Hy + N)Y2V5 ... ViOV,... Vi (Hy + N)/?

in the induction step, i.e. we have to commute the square root of the Hamiltonian
through the derivatives. The technical complications involved with the square root
turn out to be reasonably easily managable, so that this new method actually
provides a simpler proof than in [I2] for the higher energy estimates even when p
is small.

Notation. Throughout the paper we will use the notation x = (1,...,2y) € R3V,
and, for k = 1,...,N, x; = (z1,...,2k), X = (z},...,2}) € R¥%* and xy_j =
(Thi1, .-, xn) € RIV=F) . The notation || -|| indicates the L?-norm if the argument

is a function, and it denotes the operator norm (from L? to L?) if the argument
is an operator. For 1 < p < oo, ||f||, indicates the LP-norm of f. Moreover, we
will use V; and A; as shorthand notation for V,, and, respectively, A, . If A is
an operator acting on L?(R3¥), we will denote its kernel by A(xj;x}). The letter
C' denotes universal constants that may depend on V and on the H'-norm of the
initial one particle wave function ¢, but is independent of N.

3. MAIN THEOREM

The following theorem is the main result of this paper.

Theorem 3.1. Suppose that V > 0, with V(—z) = V(z) and V(z) < C{z)~ 7,
for some o > 5 and for all x € R®. Assume that the family ¥y € L2(R3N), with
l¥n| =1 for all N, has finite energy per particle, in the sense that

(3.1) (Yn, HyYn) < CON

and that it exhibits complete Bose-FEinstein condensation in the sense that the one-

)

particle marginal 'y](\} associated with Yy satisfies

(3.2) 7}(\}) — le) (¢ in the trace norm topology as N — oo

for some ¢ € HY(R®). Then, for every k > 1 and t € R, we have

(k)

T = e (e ®*

as N — oo, in the trace norm. Here ¢, is the solution of the nonlinear Gross-
Pitaevskii equation

(3.3) iOppr = — Ay + 8mag| s

with initial data pi—g = .
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Remark. Note that the condition V (x) < C'(z)~7 for some ¢ > 5 and for all z € R?
is only required to apply the result of Yajima in [29], which guarantees that the
wave operator W associated with the Hamiltonian h = —A + (1/2)V maps LP(R?)
into itself, for all 1 < p < oo (see Proposition[B.1l). If one knows, by different means,
that ||W|lrr—rr < oo (it suffices to know it for p = 1 and p = o0), then it would
be enough to assume that V € LY(R3, (1 + |2]?)dz) N L3(R3, dz).

Remark. Compared with our previous result in [12], here we do not require the
potential V' to be spherical symmetric (we only need that V(—xz) = V(x)).

Remark. The fact that ¢ € H'(R?) does not need to be assumed separately, since
it already follows from the assumption (BI).

To prove this theorem we will use an approximation argument and the following
theorem, which proves Theorem [B.] for a smaller class of initial N-particle wave
functions.

Theorem 3.2. Assume the same conditions on the potential V as in Theorem B.1l
Suppose moreover that |V*V (x)| < C for all multi-indices o with |a| < 2. Assume
that the family v € L*(R3N), with ||vn|| = 1, is such that

(3.4) (Yn, Hyn) < C*N*
for all k € N and that

(3.5) ’yj(\}) = ) (¥l in the trace norm topology as N — 0o

for some o € HY(R3). Then, for every k > 1 and t € R,

k k
i = o) (el
as N — oo, in the trace norm. Here ¢, is the solution of the nonlinear Gross-
Pitaevskii equation [B3) with initial data pi—o = ¢.

4. PROOF OF THE MAIN THEOREM

In this section we present the proof of Theorem and we show how it implies
Theorem B, making use of several key propositions, whose proofs are deferred to
subsequent sections.

We start by defining an appropriate space of time-dependent density matrices.
To use the Arzela-Ascoli compactness argument, we will need to establish the con-
cept of uniform continuity in this space, thus we have to metrize the weak* topology.

Let K, =K (L?(R?")) denote the space of compact operators on L?(R3*) equipped
with the operator norm topology and let £} = L£}(L?(R?F)) denote the space of
trace class operators on L?(R3*) equipped with the trace norm. It is well known
that £} is the dual of K. Since Ky is separable, we can fix a dense countable

subset of the unit ball of Kj; we denote it by {Ji(k)}izl € Ky, with ||Jz(k)|| <1

for all ¢ > 1. Using the operators Ji(k) we define the following metric on the space
Li = LYLA(R3*)): for v 5F) € £] we set

(o)
(4.1) ey ®,58) = 3 27
=1

Tr Ji(k) (y(k) — ﬁ(k))} .
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Then the topology induced by the metric 7 and the weak™ topology are equivalent
on the unit ball of £; (see [26], Theorem 3.16) and hence on any ball of finite

radius as well. In other words, a uniformly bounded sequence 71(\, € L'k converges

to () e L} with respect to the weak* topology, if and only if nk(ny ,'y(k)) -0
as N — oo.
For a fixed T > 0, let C([0,77],L}) be the space of functions of ¢ € [0,7] with
[

values in £} which are continuous with respect to the metric nz. On C([0,T], £})
we define the metric
(4.2) (7 (), 7" () = S (v (), 5 (1)) .

€10,

Finally, we denote by 7pr0a the topology on the space P, C([0,T], L}) given by
the product of the topologies generated by the metrics 7 on C([0,77, £}).

Proof of Theorem B2 The proof is divided in four steps.

Step 1. Compactness of 'y = {'y%cl}kzl. We fix T' > 0 and work on the interval
t € [0,T]. Negative times can be handled analogously.

In Theorem [6.T]we show that the sequence FS\’f) = {v(k) be>1 €@, C([0,T7], L3)
is compact with respect to the product topology Tproq defined above (we use the

convention that 7](\’;1 = 0if k > N). It also follows from Theorem that any

limit point Ty t = {vg?t}kzl € @, C([0,T],L}) is such that, for every k > 1,
yéf)t > 0, and 7 . 1s symmetric w.r.t. permutations.
Using higher order energy estimates from Proposition [T, we show in Theorem

[[3 that an arbitrary limit point I'no; = {’Voot}k>1 of the sequence I‘( ) (with
respect to the topology Tprod) is such that

(4.3) Tr(1—Ar) ... (1- Ay, <o
for every ¢ € [0,T] and every k > 1.

Step 2. Convergence to the infinite hierarchy. In Theorem we prove that

o . k k .
any limit point I'sc ¢ = {’Yéo,)t}kzl € Dy C([0,T),L}) of 'y = {'YJ(V,)t}kzl with
respect to the product topology Tprod is a solution of the infinite hierarchy of integral
equations (k =1,2,...)

(4.4) v/ = Z,{(k)( —87ma02/ dsu® t 8)Trpq1 |0(2; — Thyr)s 7(()’348-1)
with initial data 7"} = |©)(p|®* (where ¢ € H(R3) has been introduced in (Z3)).

Here Try11 denotes the partial trace over the (k + 1)-th particle, and ¢®) () is the
free evolution whose action on k-particle density matrices is given by

(4.5) U (t)y*) = — it j,y(k)e—itzj‘:lA
We remark next that the family of factorized densities,

(4.6) HE = o) (04|,

is a solution of the infinite hierarchy (Z4) if ¢, is the solution of the nonlin-
ear Gross-Pitaevskil equation ([B3]) with initial data ¢;—9 = ¢. The nonlinear
Schrédinger equation ([B.3) is well-posed in H!(R?), and it conserves the energy,
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E(p) == L [|Vp]? + 4rmag [ |p|*. From ¢ € H*(R?), we thus obtain that ¢; €
H'(R3) for every t € R, with a uniformly bounded H'-norm. Therefore

(4.7) Tr (1 A1) (1 An)led (edl® < llpdllip < O

for all t € R and a constant C' only depending on the H'-norm of ¢. For the well-
posedness of the subcritical nonlinear Schrodinger equation ([B.3) in H!, see, e.g.,
[21I]. We remark that the well-posedness has been established even for the critical
(quintic) nonlinear Schrédinger equation in [I5] [16] 28] for small data and in [5, [6]
for large data.

Step 3. Uniqueness of the solution to the infinite hierarchy. In Section 9 of [I1]
we proved the following theorem, which states the uniqueness of solution to the
infinite hierarchy (4] in the space of densities satisfying the a priori bound [@3)).
The proof of this theorem is based on a diagrammatic expansion of the solution of
(#4). Remark that the uniqueness of the infinite hierarchy in a different space of
densities was proven in [22].

Theorem 4.1 (Theorem 9.1 of [I1]). Suppose T' = {v¥};>1 € @~ L is such
that -

(4.8) Tr(1—Ap)...(1= Ay <k,

Then, for any fixed T > 0, there exists at most one solution I'y = {%(k)}kz1 c
@B>1 C([0, T, £}) of @A) such that

(4.9) Tr(l—Ay)...(1— Ay < CF
for allt € [0,T) and for all k > 1.

Step 4. Conclusion of the proof. From Step 2 and Step 3 it follows that the
sequence I'y; = {7](\],2}@1 € @,-,C([0,T],L}) is convergent with respect to
the product topology Tproq; in fact a compact sequence with only one limit point
is always convergent. Since the family of densities I'y = {%(k)}kzl defined in (£.0)
satisfies (7)) and is a solution of (L)), it follows that I'y ; — I'; w.r.t. the topology

Tprod- 10 particular this implies that, for every fixed £ > 1 and ¢t € [0, 7], 'yg\];)t —

i) (pi|®F with respect to the weak* topology of L£i, and thus, by a standard
argument, also in the trace-norm topology. This completes the proof of Theorem
O

Next we prove Theorem [BIl To this end we have to combine Theorem
with an approximation argument for the initial N-particle wave function, which is
needed to make sure that the energy condition ([B.4) is satisfied. This argument
was already used in [12]; we present it here for completeness.

Proof of Theorem 3.1l We assume here that, as in Theorem [B.2] the interaction
potential V' is such that [VeV (z)| < C for all multi-indices a with |o| < 2. We
show how to remove this condition in Appendix [Bl

Fix Kk > 0 and x € CP(R), with 0 < x < 1, x(s) =1, for 0 < s < 1, and
Xx(s) =0 if s > 2. We define the regularized initial wave function

TN = X(kHN/N )N
" |Ix(kHN/N)YnN ||
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and we denote by JN¢ the solution of the Schrédinger equation ([3]) with initial
data ¢¥n. Denote by I'n; = {’y } 7>, the family of marginal densities associated

with {/;N,t By convention, we set fy(k) := 0 if £ > N. The tilde in the notation
indicates the dependence on the cutoff parameter k. In Proposition @] part i), we
prove that

(4.10) (e, HY ) < CFN*

if k > 0 is sufficiently small (the constant C depends on k). Moreover, in part iii)
of Proposition [0l we show that, for every J®) e Ky,

(4.11) Tr J® ( B o ><¢|®k) =0

as N — oo. From ({10) and (1T, the assumptions ([3.4) and (B.5]) of Theorem [3.2]
are satisﬁed by the regularized wave function ¢ and by the regularized marginal
densities ¥ fy +. Applying Theorem [B.2], we obtain that, for every ¢ € R and k > 1,

k
(4.12) 79— loa) (el ©F,

where ¢, is the solution of (B3) with initial data p;—¢ = .
It remains to prove that the densities 'y( ) associated with the original wave

function ¥y ; (without cutoff k) converge and have the same limit as the regularized

densities ﬁ%c)t This follows from Proposition 0] part ii), where we prove that

lon,e — {/;N,t” =[N — TZNH < Ck'/?,

for a constant C' independent of N and . This implies that, for every J*) € Ky,
we have

(4.13) T % (3 = 380) | < e a2

Therefore, for every fixed k > 1, t € R, J®) € K}, we have

Tr 0 (440 = len) el |

< e g ® (5 =38 |+ e 79 (38 - e tenl®) |

< CIIM M2 4T %) (5 — oo (dl®*) |

(4.14)

Since k > 0 was arbitrary, it follows from ([@I2) that the L.h.s. of (£14]) converges to

zero as N — oo. This implies that, for arbitrary £ > 1 and ¢t € R, 7](\1,“1 = |pe) (0| ®F

in the weak* topology of £}, and thus also in the trace-norm topology. This
completes the proof of Theorem O

k
5. THE WAVE OPERATOR AND A PRIORI BOUNDS ON A/J(V)t

In order to derive a priori bounds for the marginal densities fyj(\’;)t, we need to

introduce wave operators. We denote by W and Wy the wave operators associated
with the one-particle Hamiltonian h = —A + (1/2)V(x) and, respectively, hy =
—A+(1/2)Vn(z), with Viy(x) = N?V(Nz). The existence of these wave operators
and their most important properties are stated in the following proposition (we
denote by s — lim the limit in the strong operator topology).
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Proposition 5.1. Suppose V >0, with V € L'(R3). Then:
i) (Existence of the wave operator). The limit

W =s— lim eMteidt
t—o0

exists.
ii) (Completeness of the wave operator). W is a unitary operator on L*(R3)
with
W* =Wl =5— lim e te ",
t—o00
ili) (Intertwining relations). On D(h) = D(—A), we have
(5.1) W*pW = —A.
iv) (Yajima’s bounds). Suppose moreover that V(z) < C(x)~? for some o > 5.
Then, for every 1 < p < oo, W and W* map LP(R?) into LP(R?), and
IWltr—rr < 00 forall 1<p<oco.
v) (Rescaled wave operator). If hy =—A+(1/2)Vy (z) with Vy(z) =N?V (Nz),

then the limit
Wy =s— lim ethntint
t—o0

exists and defines a unitary operator Wy on L*(R3) with
=l o1 —iAt  —ih Nt
Wy =Wy s tlggo e e .
The wave operator Wy satisfies the intertwining relations
WxbnWy = —A.
Moreover, the kernel of Wy is given by
Wi (z;y) = N°W(Nz; Ny)  and  Wi(z;y) = N*W*(Na; Ny),

where W(x;y) and W*(x;y) denote the kernels of W and W*. In particu-
lar, it follows that, for every 1 < p < 0o, the norms

Willr—sre = [|Wlroir < 00 and IWille—re = [|W*||Le—rr < 00
are finite and independent of N.

Proof. The proof of 1), ii), and iii) can be found in [24]. Part iv) is proven in [30}[29].
Part v) follows by simple scaling arguments. O

In the following we will denote by W(; ;) and, respectively, by Wy ; ;), the wave
operators W and Wy acting only on the relative variable x; — x;. In other words,
the action of W(; ;) on an N-particle wave function ¢n € L2(R3N) is given by

(meﬂﬂ:/MW%—%@
(5.2)

2 272 2’

if j < 4 (the formula for ¢ > j is similar). Here W (xz;y) is the kernel of the
wave operator W. An analogous formula holds for the rescaled wave operator Wy.
Similarly, we define W i) and Wy

Ti+x; v Ti+x; v . )
o, TN

XwN <$1,...,

(6.9)°
Using the wave operators, we have the following energy estimate.
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Proposition 5.2. Suppose V >0, V € LY(R3) and V(z) = V(—x) for all z € R3.
Then we have, for every i # j,

2
(5.3) (. Hiow) = ON* [ ax |9 9,7 Wi o]

where W3, (i) denotes the wave operator W5 defined in Proposition 0.1l acting on
the variable v = x; — x; (defined similarly to (5.2)).

Proof. We define, for j =1,..., N,

1
hj = —Aj =+ 5 ZVN(.’L‘
i#j
Then we have Hy = Zj\;l hj, and thus

(N, H ¥n) > N(N — 1) {(n, hihoton)

=N(N-1) <1/)N, (—A1 + % ZVN(% - xl))

il

(54) X (—AQ + % Z VN(I‘]‘ — 1‘2)) ¢N>

#2

1
> N(N <¢N,< A1—|-2VN $1—$2))
1
X ( Ay + 2Vv]\] xr1 —.1‘2)) ¢N> .
Now we define the new variables
r1+ X2
u:72 and v=x; —x2.
Then we have
1 1
Vi = ivu +V, and Vy= évu -V,

and thus
AlziAu‘i’Av‘i’Vuv'u and AQ:iAu+AU7VUvU
We set
1
hy = —A, + §VN(”) .

Then
(5.5)

1 1
> N(N )<¢N, <4Au+hv+vu.vv> <4Au+hvvu.vv> YN

)
).

2
(—iAu + hv) — (V- Vo) + %VU - (VVn(v))

=N(N-1) <7/)N7
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Next we note that
(YN, Vi - VVN(0)YN) = /dUdU On(u+v/2,u—v/2,x5-2)VVN(v)
VN (u+v/2,u—v/2,xy_2) =0.

In fact, by the permutation symmetry, ¥y (21, x2, Xy—2) = ¥n (T2, 1, Xn—2). This
implies, in the u, v-coordinates, that

Un(u+v/2,u—v/2,xN_2) =Vn(u—v/2,u+v/2,XN_2)

and also that V, ¥y (u+v/2,u—v/2,xn_2) = Vv (u—v/2,u +v/2,xy_2). On

the other hand (VVy) (—v) = — (VVx) (v). Therefore, the integrand in (G.0]) is

antisymmetric w.r.t. the change of variables v — —wv, and the integral vanishes.
Also using the fact that

(Vu : V’U)Z S (_Au) (_A'u) S (_Au) h'u7
it follows from (B3] that

(5.6)

(5.7) (¥n, HY ¥n) 2 N(N = 1) <¢N7 (_%Au - hv) 1Z)N> :

Next we make use of the wave operator Wy defined in Proposition (.1, acting on
the variable v = x5 — 1. By the intertwining relations (&I, we find

1 2
(5.8) (YN, Hy ) > N(N 1) <WE,(1,2)¢N, <4Au - Av) WE,(1,2)¢N> :

In terms of the coordinates x; and x5, we have V1 -Va = (1/4)A,, — A,,. Therefore,
by the permutation symmetry, the bound (5.8)) implies (5.3]). O

Proposition implies strong a priori bounds on the solution of the N-particle
Schrédinger equation.

Proposition 5.3. Suppose that V. > 0, V € LY(R?), and V(-z) = V(x) for all
x € R3. Let ¢+ be the solution of the Schridinger equation (L3), with initial data

satisfying assumption BA) (with k = 2) of Theorem B2], and let {'y](\l,c’)t}ff:l be the
marginals associated with ¥ . Then, for every 1 < j < N, we have

(N, (1 —Aj)ny) < C, and thus Tr(1— Aj)%(\lf’)t <C

for every 1 < j < k < N (and for a constant C which only depends on the initial
data 1N through the constant on the r.h.s. of B4)). Moreover, for any i # j,

<W;,’(i,j)z/w,t, (V2 V37— A A 4 1) W;7(i)j)¢N)t> <C

uniformly in N > 1 and in t € R. Here Wy (; 5y denotes the wave operator Wy
defined in Proposition 511 acting on the variable x; — z;. In terms of density
matrices, we obtain the a priori bounds

. k
Tr (Vi V)2 = A —Aj+1) WN,(Lj)’y](V,)tWN’(iJ) <C

uniformly in N > 1 and int € R and for all 1 < i < j <k (with a slight abuse
of notation, we denote here by Wy ; jy and Wy (i) the operators acting on the

k-particle space L?(R3*)).
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Proof. The first bound follows simply by the symmetry of the wave function, by
energy conservation, and by the condition V' > 0. To prove the second bound, we
compute

<WJ§,(i,j)1/}N7t’ ((Vz‘ ’ vj)Q AR Aj + 1) W;\(f,(i,j)wNﬁ
(5.9) = <WJ§,(1,2)¢N,ta (Vi VQ)ZWXI,(LQ)‘/’N,O
+ (WR 1,2 UNe (=81 = Do) W (1 0)¥ne) + 1.
The first term on the r.h.s. of the last equation can be bounded by
(Wi a2V (Vi Va2 W oy ne) < ONT* (e, Hin e)
= CN * (YN0, Hy¥no) < C

using Proposition B2l and ([34). The second term on the r.h.s. of (59 is estimated
by

(5.11)
<W1>:/'7(1,2),l/)N,ta (*Al - AQ) WI>:/'7(1,2)1Z)N,1§>

* 1 *
=2 <WN,(172)¢N¢’ <—Awlwz - ZA(11+12)/2> WN7(1,2)¢N¢>

(5.10)

1 1
=2 <¢N,t, (_Awlwz + EVN(M —T2) — 1 A(m1+zg)/2> ¢N7t>
= </¢)N,t7(_A{L’1 _AIQ +VN(‘/'E1 _./,CQ)) ¢N,t>

2 2
< N(%//N,uHNwN,t) = N(¢N,0,HN1/)N,0> <C.

6. COMPACTNESS

In this section we prove the compactness of the sequence I'y; = {7](\17),5} E>1 W.I.t.
the topology Tprod (defined in Section M.

Theorem 6.1. Let the assumptions of Theorem be satisfied and fix an arbitrary
T > 0. Then the sequence I'ny € @, C([0,T], L) is compact with respect to the
product topology Tproq generated by the metrics 0}, (defined in Section ). For any
limit point I'g v = {’yélg?t}kzl, ’yg“]f?t 18 symmetric w.r.t. permutations, 'yg“]f?t >0,
and

(6.1) 4% <1

0o,t
for every k > 1.

Proof. By a standard argument it is enough to prove the compactness of vj(\lfc)t for

fixed £ > 1 with respect to the metric 7. To this end, it is enough to show
the equicontinuity of fyj(\’;)t with respect to the metric ng. A useful criterium for
equicontinuity is given bgr the following lemma, whose proof can be found in [I1]
Proposition 9.2].

Lemma 6.2. Fix k € N and T > 0. A sequence ’y](\]f)t €L, N=kk+1,...,

with ’y](\’;)t >0 and Tr ’yj(\];)t =1 forallt € [0,T] and N > k, is equicontinuous in

C([0,T), L}) with respect to the metric ny, if and only if there exists a dense subset
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Ti of Ky such that for any J*) € i, and for every € > 0 there exists a § > 0 such
that

(6.2) sup |0 g ® (4§, =) | <

for allt,s € [0,T] with |t — s| <.

We prove (6.2)) for all J*) € K}, such that ||J®)|| < oo, where we introduced the
norm
(6.3)
70 = sup (w1)* . () Yah)t . (ap)!

xk,xk

k
x {179 30|+ (W0, ) (s 3| + 970570 (o 01 )

Jj=1

It is simple to check that the set of J*) € Ky, for which [|J*)|| < oo is dense in K.
Rewriting the BBGKY hierarchy ([21]) in integral form and multiplying with an
arbitrary observable J*) € K, with ||J*)|| < co, we obtain that, for any r < t,

(6.4)

k
T (o o) | <3 [
j=1"7

koot
+Z/ ds‘Tr J(k)[VN(ﬂ%*xj)v’Yz(\];,)s}

i<j v’

T JO[-A;, )]

S

To control the first term on the r.h.s. of the last equation, we observe that, using
the notation S; = (1 — A;)'/2, we have

Tr JW[-A5,9\)]

= |1 (871905, - 8,09871) 5,940
(6.5)

IN

([|s52 7@ 55| + [[850®72 ) (1 = 208
<cla®y.
Here we used the fact that, by Proposition [£.3]

sup Tr(1 — Aj)y, < C
seR ’
uniformly in V.
To bound the second term on the r.h.s. of ([€4]), we decompose

k k k k
v = D AP e e
YA

for fék) € L*(R%), with Hfék)H =1, )\ék) >0,and ), )\f) =1 (here we omitted the

(k)
¢

dependence of £, and )\E,k) on N, s from the notation). Then we find, for example
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for the term with ¢ = 1,5 = 2,
(k) _ (k)
Tr JWVN (21 — 22) 7N

6.6 _
(6.6) — YW / doci dxy T (s ) Vg (1 — 22)6® ()€ ().
Y/

Denoting by Wy the wave operator associated with the Hamiltonian hy = —A +
(1/2)Vn(x), and by Wy ; ;) the wave operator Wy acting on the variable z; — x;
(as defined in (5.2)), we can estimate (introducing the new variables u = (z1+z2)/2
and v = 1 — 22)

—(k
| [ O ks V(o = )8 000E1 o)

= ‘ /dudvdxg...dxkdx;€ JEN (K +v/2,u— /2,3, ..., 1)

—(k
< Vy @R (w4 v/2,u— v/2, 25, ..., 2x) & (xp)

S/dudvdxg...dxkdxf€ JEN (K u+v/2,u— /2,3, . .., 1)
—J(k)(x;c;u,u,xg,...,xk)’

V. (k) 2 _ 2 (k) (7

X V()€ (u+v/2,u—v/2,23,...,2)[ € (x3)]|

+ /dudvdx3 o dagdx), [JT® (K s u s,z | (W V) (0)]

< | (Wa ) et v/2,u = v/2, s, )| 16 ()],

where in the last line we used the L2-unitarity of the wave operator in the v-variable
(before taking the absolute value inside the integral). Hence

) —(k
’ /dxk dx), T (x}; x5 ) Vi (21 — 22) ék) (Xk)fé )(X;f)

TU

7,133, ...,l‘k)|

2 1
i=1 0 ’ 2
k
x o] Vi () [€5F) (x4 2

v TU

2 1
+Z/dudvdx3...dxkdx§€/ dT\ijJ(k)(x;c;u—l— %,u— 7,x3,...,xk)|
j=1 0

[V ()€ (u+ v/2,u — v/2, 23, ... )2
+ /dudvd:cg o dagds |T® (X, u, s, )| (W V) (@)] €8 (x4) 2

+ /dudvdxg o dagdx, [T® (s u,u, ws, . 2)] (W V) (0)]

2
X ‘(Wﬁ’(l’g)fék)) (u+v/2,u —v/2,23,...,2)
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Using the norm defined in (€3], we find
(6.7)
| [ W ks V(o — g 000E, o)
k
<y TP P2 / dv o] Viv(v)
+ Cr TP /dvdudxg day oV () |65 (u+ v)2,u — v/2, a5, . )2
k *
FCITPN P [ dol WiV )

+C TP / dudvdas . .. day (W5 V) ()]
2
X ‘ (W;\cf,(l,Z)gtgk)) (’LL + 0/25 u—= U/27 Z3,... axk‘)

Since, by scaling || |[v|Vi |1 < CN~2 and || [v|Vy [|3/2 < CN~! and since |[W3 V|1
< C||Vn|l1 £ CN~! (by the Yajima’s bounds in part v) of Proposition B.1I), we
conclude that

—(k
‘/dxk dx), J ™) (x5 x1) Viv (21 — 22) ék)(xk)ﬁé )(X;c)

o 1 T*) . R
< UL w5 a8, (1 927 = = 20+ 1) W3 60

(6.8)

for a k-dependent constant Cj. Here we used Lemma [I0.1] to bound the last term

on the r.h.s. of (61), and, by the Sobolev inequality Hﬁék)HLg < C||Vv§ék)“Lg we
used

/dudxg ...dagdo |v|VN(v)|§ék)(u +v/2,u—v/2,x3,. .., 71)|*

v v
< 10|V s 2 /dudxg o dapdv [V, (u 4 53U 50T, ez
(69) S CN71 <é—£k)7 (_Av) gék)>
< ONTHe®, (=, + (1/2)Vi(0) €7

- . k ¥ k
<CN7! <WN,(172)£§ (~A1 — Ay) Wi 1.2) ; )>
to bound the second term on the r.h.s. of (67) (applying the intertwining relations
(1) and adding a positive term —A,, as in (5I1)). From (64), (68)), and from
Proposition (.3l we obtain that

Tr J(k) VN(.’L‘l — l‘g)’}/](\’;)s

CL Il T®) .
(610) < 7k|”N ||| Tr ((V1 . VQ)Z — Al — AQ + 1) WN7(1,2)7§\I/?7)5WN,(172)
(k)
- CllI®]

- N
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for all s € R and a constant Cy, only depending on k (and on the constant appearing
on the r.h.s. of (84)). Similarly to (6I0), we can also show that

Cell71

(6.11) Tr J*) vj(\écylVN(xl —z9)| < N

Since (6.10) and (6I1) remain valid for all summands in the second term on the
r.h.s. of (64), we obtain that, for all k¥ € N, for all ¢ € [0,7] and for all J*) € K,
with [|J®] < oo,

k
01| < CelIM]
(6.12) S| ™ Vit — )40 | < Fe—

i<j

for all s € R.
Also the third term on the r.h.s. of (64]) can be bounded similarly. In fact, again

using the decomposition 'y( i =%, /\f,’““) |§§k+l)><§ék+l)| we have, for example
considering the term with j =1,

Tr J N Vi (a1 — $k+1)7§\]f€j1)
(6.13) = A /dx’“ dxdag 1 J M (o xk) NViy (21 — 2p1)
¢

k —(k+1)
X fé D g ap1)Ef (K ) -

The absolute value of the ¢-th summand can be estimated by

(6.14)

—(k+1
‘ /dxk dxdags1 JH () x6) N Viy (21 — $k+1)€[gk+1)(xk,$k+l)€2 )

(X;c’ xk+1)

§/dudvdx2...dxkdx§CNVN( )\f(k+1)(u+v/2,x2,...,:Ek,uf’u/Q)\

—(k+1)

% [T0 s+ 0/2, 5, )€ (= 0/2)
—I® (s, sy ()

+ /dudvdzg o dapdX, N|(WEVE) ()] | T (K w, o, . )|

k X k
X |§é H)(x;wu)‘ ‘(WN,(l,kH)fé +1)) (u+v/2,29,...,25,u—1v/2)
=I1+1I.
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Here

(6.15)
I= /dudvdxz ... dzpdx), NV (v) |§£k+1)(u +v/2,29,...,25,u—v/2)]

1
d _
8 /0 dTE [J(k)(x;ﬂ;u+ %U’fb-'-axk)gél“rl)(x;cau* TU)H

1
< /dudvdxz...dxkdxﬁﬁ/ dTNVN(v)|v||§ék+1)(u+v/2,x2,...,xk,ufv/2)|
0

TV k TU
% 1V TP g+ )| (g u = )
TU k41 TU
IO @, o) Vi €6 (xf u = )

Through a weighted Schwarz inequality, we find

1
I< /dudvd:cg...d:ckdxﬂc/ dr NV (0)|v| |V, J®) (x5 0 + ;—U,xg,...,xkﬂ
0

X (N_l/2 |§§k+1)(u +0/2,29,. .., T, u —v/2)|?

TV
_’_N1/2|§ék+1)(xz7u . 7)|2>

2
X (N71/2 |£ék+1)(u+U/2ax23"'axk’u7v/2)|2

1
+/dud’l)dl'2...dl'kdx;€/ dr NV (v)|v] \J(k)(xﬁc;quT—v,xz,...,xkﬂ
0

N2V 6D (- 22

Extracting the observable from the integral (after integrating some of its variables
and taking the supremum over the other), and using Sobolev inequalities where
needed, we find

1< Cu N2Vl 178

X /dudvdxg : ..dxk|VU§§k+l)(u +v/2, 19, .., T, u—v/2)

(6.16)
T G N2 oV 1 179 <||£§'“)|2 + [ adudx; |vk+1eé“l><x;,u>|2)

Ci [l7®) . k1 X k+1
S —Niz <W1\r,(1,k+1)§zE V(A = Agpr 1) WN,(1,1€+1)§15 )> :

In the last line we proceeded similarly to ([6.9) for the two terms with derivatives,
using the bounds ||[v|Vy|lz/2 < CN~! and |||[v|Vy |1 < CN72.
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As for the second term on the r.h.s. of ([GI4]), we can bound it by applying a
Schwarz inequality and Lemma [I0.1] by

< /dudvdzg - dadxy, N|(WEVN) ()] [T®) (X w, g, - @) [[€5FT (x, w)?

+ /dudvdxg - dapdx), N|(WEVa) )] [TE (X5 u, 2, . . ., 2)]

2
X ‘(Wﬁ,(l’kﬂ)@gkﬂ)) (u+v/2,29,..., T8 u— U/Q)‘

< G NP W Vi
* k " k
x <WN7(1J€+1)§§ . (V1 Vi) = A1 = Agpa +1] WN,(l,kH)QE )> '

Since, by Yajima’s bounds (Proposition Bl part v)), [[WXVn|1 < C||Val1 <
CN~1, it follows that

. k . k
II <Cy ”|J(k) Il <WN,(1,k+1)£§ )7 [(Vl V1) = A1 — Apgr + 1] VVN,(Lk-s-nfzE )> .

Inserting this and (6.16)) into the r.h.s. of (6.14), it follows from (6.13]) after resum-
ming over £ that

TrJ* N Vn(z1 — xk_s_l)’yj(\]f:l)‘

< Ol IPPTe (V1 Virn)? = Ar = Dt + 1) Wi ey Yo W
< CL[lT®

for all s € R (in the last line we used Proposition 5.3). Since the same bounds

remain valid if we replace x; with an arbitrary x;, j = 2,...k (and also if the

potential lies on the right of the marginal density %(\l[c-:l))’ it follows that

Te JO) [NViv(z = asn), 80 0] | < g @,

k
(6.17) >

From (6.4), [@5), (6I12), and ([GI1), it follows that

Te @ () =80 ) | < CrlT M 1=l

This implies ([6.2)) and thus the equicontinuity of the sequence I'y; = {7](\1,6)1}{6\]:1
with respect to the metric Tproq.

The proof of the fact that yg’j?t is symmetric w.r.t. permutations, that it is

(k?t < 1 can be found in [I2] Theorem 6.1]. O

nonnegative and such that Tr~y.
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7. HIGHER ORDER A PRIORI ESTIMATES ON THE LIMIT POINTS ' ;

The goal of this section is to establish strong a priori bounds for the limit points
I of the sequence I'ny; = {fy](\]f)t N . As we did in [12], we will obtain strong
a priori estimates on I'o ; by proving higher order energy estimates, which compare
the expectation of powers of the Hamiltonian (¢, H&vn) with certain Sobolev
norms of the N-particle wave function vy. It turns out that the expectation of
powers of the Hamiltonian can only control the Sobolev norms of 1 in appropriate
regions of the configuration space. To characterize these regions, we introduce the
same cutoffs we used in [12]. For a given length scale £ > 0 (in our analysis, we will
need that N=1/2 < £ < N=/3)  we set

(7.1) h(x) := e

Note that h ~ 0 if |z| > ¢, and h ~ e~ ! if |z| < £. For i = 1,..., N we define the
cutoff function

(7.2) 0;(x) := exp —%E Z h(z; — x;)
i

for some € > 0. Note that 6;(x) is exponentially small if there is at least one other
particle at distance of order ¢ from x;, while ;(x) is exponentially close to 1 if there
is no other particle near z; (on the length scale £). Next we define

(7.3) 9§n)(x) = 0;(x)>" =exp | - Z h(x; —x;)

and their cumulative versions, for n, k € N,

(7.4) @Eﬁn)(x) = 9§n) (x)... 9,(€n) (x) = exp —i—z Z Z h(x; — ;)

i<k j#i

To cover all cases in one formula, we introduce the notation 62") =1 for any k£ <0,

n € N. Some important properties of the function @;n), used throughout the proof
of Proposition [[1] are collected, for completeness, in Lemma [A1]

Proposition 7.1. Suppose that V' > 0, with |V*V (x)| < C for all || < 2. Let
Y € L2(R3N) be a function symmetric in all its variables. Suppose that £ > N~1/2
(in the sense that there exists § > 0 with N'/20 > N?). There exists Cy > 0 such
that for every integer k > 1 there exists No = No(k) such that

(7.5) (w, (Hy + NYFo) > cg'N’f/dx 0® (x) V1 ... V()|

for all N > Nj.
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Proof. We use induction over k. For k = 1 the statement follows directly from
VN > 0, since on the symmetric subspace

N
(7.6) Hy+N >)» V;V;=NV;V;
i=1
for any fixed j = 1,2,..., N. We will present the £k = 2 case in detail and then

comment on the general case. Set T = Hy + N > 0 for brevity and use the
induction hypothesis

T2 > CoNTY/2viv,T1/?
> CoNTYV2v30iv, /2

1
(7.7) > EcoNv;:rl/%;*Tl/?vl — CoN[TY2, V10112, V]

Y

1
ZCONVTQfTefvl — CoNVI[TY2 621 [TY2, 04V,
— CoN[TY2, V) 61 TY?, v ,].

In the first term we use the fact that Hy + N > Z;VZQ V;Vj to obtain

1 1
ZC’ONVIF)%Tval > 1CON(N — 1)VI03V5EVL602V,
(7.8)

1
> gcoNQV*;v;a;*vzvl — CoN?Vi[Va, 62]* V2, 03]V,

for all N large enough. Since 952) = 63, we would obtain (7)) for k = 2 with

Cy < 1/8 once we show that the commutator terms in (Z.7) and (7.8)) are negligible.
The commutator in (Z8) on symmetric functions can be estimated by

(7.9)

N I
CoN2V;[Va, 03] V2, 01V = go_ -

j=2

Vi(V;61)*V1
<OW2N"HYN? ViV, <O 2N"HT? = o(1)T?,

where we used (A, recalling that 67 = @§1)7 and where we also used T' > N and

(75).

To estimate the two commutators in (7)), we express

1 [/ 1 1

7.10 T2, A :f/ —— [AT] —— s'%d
(7.10) T A= [ AT g 5
for any operator A.

To estimate the first commutator term in (Z7) we note that, by Schwarz in-
equality,
(7.11)

[T1/2 92]*[1—'1/2 92] < C(l K) /K 1 [92 T]* 1

ol o1l =t los o TH+s"b (T + )2

1

2
T
[91’ ]T+S

(s)%ds

<1 1 1
—— [0%, 1] —— [02,T] —— (s)°/%d
+C [ T G LT s (07 s
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where K = exp(N¥¢) for some ¢ > 0. Estimating (T + s)~2 < (s)~2 (using T' > N),
we have

(7.12)

1
NV[TY?,02)*[T?,602]V, < cN1+E/ Vi T+ [T, 63]*[T, 92] - Vids

* 2 1/2
1] [T7 6‘1] T—|—8 <8> ds’

and we can estimate

(7.13)
[T, 63]"[T, 67]

D (25 (V60) + (8,61)) (2AVif}) - Vi + (Ai61))

’L

IN

CZ[ (V,63)(Vi63) - V;

+ V18,0319 + [Vi03]18,6%1 .63 + | 8:63]12, 63|

CZV* (17,022 + |Aj9f|)vi+c(Z|Ai9ﬂ)2

K3

IN

< c€_2 Z Vi-V,+ Al < el72T

by using (A and (A2) and the fact that 67 = O () Thus, the first commutator
term in (7)) is estimated as

(7.14)

1 1

1/2 p21%pl/2 g2 < 14e

NVITY? 021 [T?,03)V, < O(N'te¢~2 /V1T+ TT+ Vids

1

N72 * T 1/2
+O(NE )/ Vi T+ Vi ()2 ds

(le )ViVi+ O(N( 2K~ Y2)wvi TV,
(NS0T + o(1)T?

o(1)T?

IN A A
OO

if we choose € > 0 so small that /2 < N'7¢. When estimating the term ViTV;
in the last step, we could afford estimating any commutators, since K ~!/2 is expo-
nentially small:

VITV, = Zv TV, Z [(—A-)T—v;-z(vvm(xj —xi)]

- N*1T2 -1 Z [VN —2,)T = V5 - (VV) () — xi)]
<2NTIT? 4 O(NS)

using the fact that |V (z)] < CN? and |[VVy(z)| < ON?3 for all x € R3.
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Finally, we estimate the second commutator term in (7)) by again using the
Schwarz inequality in (ZI0), but this time we do not split the integration:

[T1/2’v1]*9411[T1/27 Vl]

> 1 1 1
< 5/2
<o T O IV Tl (s
(7.15) 1o, 1
<cN _—
¢ ;/ T s VYW@ -z g
1 5/2
x (VVn) (21 :cz)T_i_S(s} ds

where we used [V1,T] =3, (VVN)(z1 — ;).
Since Tp = Y j —Aj; + N is a positivity preserving operator and V' > 0, T is also
positivity preserving and its resolvent kernel satisfies

. < .
T oY) € (),
and thus
1
I:= H(VVN)(ﬂfl *%’)T_i_ %T—l- (VVN)(21 — )

(7.16) ] a1

< . - Ti—%i) — 1.

< |19V a1 =)l s e s (Vv (e =l

where we also estimated 6; by keeping only one summand in its definition ([T.2]).
Introducing the variable y = 1 — x; and observing that

LA(R3N dx) ~ L2(R?, dy; LA(R3*N D dzdas ... dz; .. day))

(where the hat means that the variable z; is omitted), we obtain that

1 —e 1
I< —4L7"h(y)
- EUEPOHKVVN)(yH —-Ay —|—M—|—N—|—se Ay+M+N+s |(VVN)(y)|H
1 —e 1
< —4L"%h(y) v
*zswug’oHWVN)(y)'—Ay+M+N+se R, TN N)(y)‘HHS

where the norms on the last two lines are, respectively, the operator norm and the
Hilbert-Schmidt norm of an operator over L?(R3 dy). The last equation implies
that

_Ap—c¢ 1 2
I< /dydy’e 447 h(y) m(%y') IVVn ()|
—2v/N+s|ly—y’|
7.17 _ e
( ) /dydy/ e h(y)w VVN(ZUI)|2

<0,

since h &~ e~! on the support of Viy. We will use this bound for s < K := exp(cl~¢)
with a sufficiently small ¢ > 0. From (ZI6]), we also have the trivial bound

(7.18) I< e
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that will be used for large s. Inserting these estimates into (ZI5), we have

(T2, V1T 2, V] < OV%e™ ) /K % +O(N?) /OO %
0 S K S

_ O(e—céfi)7
i.e. this commutator term is subexponentially small in N, and this completes the
proof of (73] for k = 2.

The proof for general k£ > 2 follows the same pattern as for k = 2. Introduce the
notation

Dy =V1Vsy... V.
We recall the summation convention: for any operator A, we denote

3 3
DiADg:= > ... ) Virer Vi AV Vo

041:1 Oék:].

where z; = (z;1,2;2,2;3) are the three coordinates of x; € R3.
Using the induction hypothesis, @gi)l > [@Eﬁk)]Q = G),(Ckﬂ) and (6) we obtain,

similarly to () and (T8,
Tk+1 Z C(])CNle/ZDZ@]ikL)IDle/Z
> CgNle/ZDZ [@](Ck)]QDle/Q

1 * * *

(7.19) > gc(l’)cNk+le+1@’(€k+l)Dk+l _ C(/)cNka [T1/2, @;k)] [T1/27 G,Qk)]Dk
— CYN* [TV, Dy e [TY/2 Dy
— CYN* ' D;[Vii1, 01 Vi1, 001Dy,

for all N sufficiently large (depending on k). The first term gives the desired result

if Cy < 1/8; in the sequel we show that all three commutator terms are negligible.
The first commutator in ([T.I9) is estimated exactly as the first commutator in
(1), after replacing 67 = @gl) with @,gk). The estimates (L)) are (CI12) are
identical for k > 1 as well. In the key estimate ([LI3]), the only properties we used
regarding 67 = @gl) from Lemma [AT] were those that hold for @,(Ck) as well.
The last commutator in (Z.I9) can be estimated similarly to (T.9) by using (A]):

cknk+1 N
CHN D[V, 01 ) Vi, 01D = B2 37 DiV;0(0)D,
j=k+1

(7.20) o)
<O 2N"YN*1D;e, "V Dy

< OR(UAN"HYNTF = o (1)THH

by the induction hypothesis and T' > N (here we use the notation f = og(g) if
f/g — 0as N — oo for fixed k; analogously for f = Ox(g)).

Finally, the estimate of the second commutator in ([(.I9) is similar to that of the
second commutator in ([Z.7]), but more commutators need to be computed. Similarly
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to (TI8)) and taking the permutation symmetry into account, we have

[TI/Z }*®(k+1)[T1/2,Dk]

< CkNZ/ s Di 1 (VW) (s xl)Tise),(f“)
itk
(7.21) X 7 ~(VVN) (@ = 2:) D1 1+ - (s)°/%ds
+ck/0°o Ti D (V2Vy) (s — 2 1)T1+ B+
x i (VY (2 1)Di o i (s)"/2ds

We will need the following lemma whose proof is postponed.

Lemma 7.2. Let ¢ € L2(R3*N) be a function symmetric in all its variables and let
0 > 0. Choose a strictly increasing sequence of positive constants {cx}r>1. Then
for every integer k > 1 there exists Ny = No(k,d) such that

(7.22) W, (Hy + N)kep) > e’ /dx V1 ... Vith(x)|?

for all N > Ny.

We demonstrate the estimate of the first term in (Z.21]); the second one is similar.
Using @;kH) < e M=) e obtain, similarly to (Z16)-(ZI8) that

(VVar) (@ — 20) O L (9 (g — 22)

<O(e "
T+s K T+s < Ofe )

and also
6
1<
~(9)?
Let K := exp(cf—¢) with a sufficiently small ¢ > 0. Choosing a sufficiently small 4,
so that N? < ¢~¢, by using (7.22)) we have

> 1 1 (k+1)
— D5 V; —x;
/o T+s k= 1(VVN) (i, x)T+s@k
1

X
T+s

0

1
(VVN) (zr — xi)Dk—lm <s>5/2d5

K k—1
T
<s>5/2ds

[e%e} Tk—l NG
+0 ec’“lN&/

) fe Trar e
<O(e )T < o(1)TH .

(5)°2ds

This completes the proof of Proposition [[.1] O

Proof of Lemma [[2l We proceed by a step-two induction on k; for k = 1 the claim
follows from (.6). We now consider the k = 2 case. Similarly to (&.4]), but also
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keeping the 7 terms in the expansion of HY;, we find

1 1
T2 Z N(N — 1)(— Al + EVN(Il — Ig)) ( — Az + §VN($1 — $2>)
1 2
+ N( - A+ §VN(331 - 932))
(7.24) > (N?/2) (D;D2 — VIV, — 2VEV, — 4||VVN||§O)
(VA ACER A
> (N?/2)D5Dy + N(V;V,)? — CN?V;V, — CN®
> (N?/2)D3Dy — O(N®).
Combining this bound with T2 > N2, it follows that
(7.25) T? > cN~*D} D,

for a sufficiently small positive c.
Now we show how to go from k to k + 2. By the induction hypothesis, we have

1
(7.26)  TH+2 > =N TDED,T > e~ N’ (§D;;T2Dk - 2[Dk,T]*[Dk,T]).

In the first term we can use (Z25) in the form 72 > cN*4V,”;+1V,”;+2V;€+2V;€+1,
which holds for all N large enough. (Because of the factors Dy, we only have
symmetry on the last N — k variables. This means that instead of (Z.24]), we are
going to obtain T2 > (N — k)(N — k — 1) Ap 1Ak 42 > (N?/2)Ajy 1Ak 1o for all N
large enough.)

The commutator term, after several Schwarz inequalities, can be estimated as

[Dk, TV [Di, T) < Cr(N2Dji_y [V Vi |2 D1 + Do V2V |2 i3 )
(7.27) < CuN*(Dj_yDiy + Di_yDi2)
< CkNS eCk—1N5Tk—1 S CkNS eck—lNéTk‘i‘Q,

where we used the induction hypothesis for £k — 1 and k — 2 and, by convention,
D,, =1 for m <0. Inserting this estimate into (.26]), we obtain

S5 S5
T2 > eN=e N Di oDy yo — CpN8e~ (kN pht2

Since ¢y, is strictly increasing, we obtain (.22) for k + 2.

Actually the proof shows that a sufficiently large k-dependent negative power,
NP would suffice on the r.h.s. of (T22)) instead of the subexponentially small
prefactor. O

The higher order energy estimates proved in Proposition [ZI] are used to show
the following strong a priori estimates on the limit points I'no + = {’Yé’.f?t}kzl of the
sequence 'y ;.
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Theorem 7.3. Suppose that the assumptions of Theorem are satisfied and fix
T > 0. Assume moreover that T {’y(k) es1 € @5, C([0,T), L}) is a limit

oot*

point of the sequence I'y ¢ = {’yN,t}k,1 with respect to the topology Tproq. Then
(7.28) Tr(1—Ap)...(1- Ay, < C*
for allk>1 and t € [0,T].

Proof. Theorem [Z.3] follows from the higher order energy estimates of Theorem [Z.1]
The proof of this fact can be found in [I2] Proposition 6.3]. O

8. CONVERGENCE TO THE INFINITE HIERARCHY

In order to prove Theorem B2l we need to prove the convergence of the BBGKY
hierarchy towards a hierarchy of infinitely many equations. In the argument, we
will make use of the a priori bounds from Proposition and Theorem [7.3] for
k=2.

Theorem 8.1. Suppose that the assumptions of Theorem are satisfied and fix
T > 0. Suppose that I'soy = {yg’j}t}@l € @y, C([0,T], L) is a limit point of

Iyt = {fyg\];)t}év:l with respect to the topology Tproq. Then I'o ¢ is a solution to the
infinite hierarchy

(8.1) 'ygf)t U® (t) ’Yooo 87raozZ/ dst™® (t— ) Tryqq Oz — Trt1), ’yé’fgl)}

with initial data fy( = |p)(|®*. Here UF)(t) denotes the free evolution of k
particles defined in (Im)

Proof. Fix k > 1. Passing to an appropriate subsequence, we can assume that, for
every J®) € ICp,,

(8.2) sup Tr J® (7](\];),5 %E’,j)t) —0 as N — 00.
t€[0,T]

We will prove ([B]) by testing the limit point against a certain class of observables
that is dense in K. To characterize the class of observables we are going to consider,
we define, for an arbitrary integer k > 1,

k
Q= H ({zj) + (iV;)) -

We will consider J*) € ), such that
8.3 HQ7J("’)Q7H :
(8.3) k klus <0

where ||A|lgs denotes the Hilbert-Schmidt norm of the operator A. Note that
the set of observables J(*) satisfying the condition (83) is a dense subset of Kj.
Moreover, using the fact that e?®it(z;)e "%t = (z; — itV;), it follows that

(8.4) HQZL{(’“)(t)J(’“)QZHHS <C(+ )7 HQ; J<k>Q;HHS
Note also that, with the norm [|J*)|| defined in (6-3)), we have
(8.5) 17® < ¢ [af s®af||
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for a constant C}, only depending on k (see [12], Eq. (7.8)). Combining ([84) with
B3], we also have

(3.6) U @19 < 01+ )7 oL 1997
In order to prove Theorem Bl it is enough to show that, for every J*) e K,
satisfying (8.3),
k
(8.7) Tr T 07y = Tr 7o) (] **
and
Tr J(k)’ygf?t =Tr J<’“>u(’€>(t)7§’§?0
(8.8) koot . .
- 87ra0iZ/ dsTr JRUB (t — 5) [6(z; — 2h11), ’yéngl)}
— Jo

for all ¢ € [0, 7).

The relation ([8X) follows from the assumption (&3] and from (82]).

In order to prove ([8X), we fix ¢t € [0,T], we rewrite the BBGKY hierarchy (21
in integral form and we test it against the observable J*). We obtain

(8.9)

Tr J® A& = T 78 1y ®) (£)4 )

N,0

zZ/ ds Tr J® UB (t—5)[Viy (2 — z5), m(vl]

1<

koot
—i(N — k) Z/ ds T ©y®) (t— 3)[VN($]‘ — Tpy1), 71(\1;711)] .

From (82 it follows immediately that
(8.10) Tr J8 4 () — T J0A L),

and also that, as N — oo,
(8.11) T JPU® (1)) = Tr (u(k)(—t)J(k)> T
= Tr (UP(=4)7®) 48 = T SO UB (1)

Here we used the fact that, if J*) € K, then also U(k)(—t)J(k) € Kg.
Next we consider the second term on the r.h.s. of ([89) and we prove that it

converges to zero, as N — co. To this end, we note that, setting Jt(k) = Z/{(’“)(t)J(’“),
we have

k
Z Tr JB U (¢ — §) [V (a4 Z Tr J t VN (z; — x5), 'YJ(\];)S]

1<J 1<j
and therefore, from ([GI2]) and (0], we obtain that

k (k) ™IOT 7(k) )7
Cr |7, T

> ‘Tr J<k>u<’€>(t—s)[VN(xi—xj)m(V’f)s] < '“"'T,S‘tm SC’“(H )”]8’“] O s
1<j
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for all 0 < s <t < T. This implies that for all k£ € N, for all ¢ € [0,7] and for all
J®) such that (83) is true,

k t

(8.12) > [ a5t a0 U e - s) [Virtar - 23),080] >0
i<j /0

as N — oo.

Finally we consider the last term on the r.h.s. of (8). First of all, we observe
that, for every k € N, t € [0,T] and J*) € K}, such that (83) is satisfied, we have

k t
(8.13) k Z/ dsTr J(k)u(k)(t —8) |Vn (2 — zp41), 7§\]Zjl)] —0
j=1"0

as N — oo. This follows (similarly to (812)) from (GI7), and from the bound
B.9)

It remains to show that, for every fixed k € N, ¢ € [0, T, and for every J*) € K,

with (B3]

k t

NZ/ dsTr J(k)u(k)(t —8)[Vn(z; — xk+1),’yj(\]f:1)]
— Jo

814) 7

k t
— 8mag Z/ ds Tr J(k)u(k)(t —5)[0(x; — xk+1),vé§:1)]
j=1"0

as N — oo. To prove [8I4), we fix s € [0,t], and we consider, for example, the
contribution with j = 1. We write

(8.15)
Tr JOUB (= s)NViy (21— 20)73 2

k * k+1
=Tr I, NV (21 — 21 )W, (s ) W iy T

where W (1 x41) denotes the wave operator associated with the Hamiltonian —A+
(1/2)Vy acting only on the variable xx11 — 1 (as defined in (5.2))). Therefore, if
we choose a probability density h € L'(R3), with A > 0, [dzh(z) = 1, and we
denote h,(z) = a 3h(z/a) for all a > 0, we have

(8.16)

‘Tr JPUR (- )NV (21 — xk+1)’71(\?,—:1)
— 8magTr JPUM (t — 5)6 (1 — wpp1)7ELY

< *) +1>‘

Tr Js(f,5 [NVN(m — Ty 1) Wi (1,541) — 8Tag 0(x1 — 33k+1)] W;\(L(l,kJrl)’YJ(\];,s

+ 8mag | Tr Js@t [0(z1 — 2py1) = ha(r1 — Try1)] Wﬁr,u,kﬂ)“fx(\?,il)’
+ 8mag | Ir Js@t ha(r1 — Tri1) (W;r,(l,kﬂ) - 1)7%:1)
00,8

+ 8mag | Tr Js@t ho(z1 — Tpy1) (7](\’&1) _ ,Y(k+1)) ‘

+ 8mag |Tr Js(ﬁ)t [ha(z1 — Tt1) — 0(21 — TRy1)] 'yg.f:l) .
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Here we insert the wave operator Wiy (1 1), because we only have a priori bounds

on the quantity Wy N1 kﬂ)vj(\’fjl). Then we replace NV (21 — Zp 1) Wy (1,5641)

by 8magd(x1 — xp41). Afterwards, in order to remove the inverse wave operator
Wj{,y(mﬂ) and to take the limit ’Yz(v RN %..’ft ). we need to replace the §-function
by the bounded potential h, independent of N. At the end, h, is changed back to
the d-function.

In Lemma and Lemma, we prove that, for every k € N, for every 0 < s <
t < T, and for every J*) € K}, with (83),
(8.17)

‘Tr T8, [NV (@1 = 2is) Wi, ) — 8700 6(21 — 241 Wy, k+1)%\’r€jl ’ =0
as N — oo and that
(8.18) ’Tr Jsg]i)t [0(z1 — 2k41) = ha(T1 — Tpet1)] Wztf,(1,k+1)’71v+l)‘ -0

as a — 0, uniformly in N.
As for the third term on the r.h.s. of (8I6) we remark that, for fixed k € N,
5€10,7T), J® € K, and o > 0,

(8.19)

Tr Js@t ha(z1 = o) (WR (1 1) — 1)7N+1)‘ —0

as N — oo. In fact, for the bounded operator A = )t ha(x1 — Tk41), we can use
the spectral decomposition 'y( = =25 A |§ (k1) >( k“ | with 37, A =1, A; >0,
||€§k+1)|| = 1, and estimate

(8.20)
X (k+1) k41
TrA(WN,(l,kJrl) 1 A/N:: ’ < 14| ZA I WN 1Lk+1) — 1)53(' - )||2

< ()||A||N—1/3 Tr(l— A — Mgy
< CIAIN?? (s, (Hx + N)ons) < C| AN

by the energy conservation and ([Bl). From the first to the second line we used
Lemma Since the operator A is bounded for any fixed J*) and a > 0, we
obtain (&I9)).

To control the fourth term on the r.h.s. of (BI6) we observe that, for arbitrary
6 >0,

(8.21)
TI' Js(i)t hog(irl - «Tk:«i»l) (’7](\5-:1) Vé]g:‘gl))
) 1 ( (k+1) (k+1))
=TrJ, 2 h — :
TJds a({l)l $k+1)1 +6(1 — Ak+1)1/2 ’YNs — Voo,s
1
T J(k) ha _ 1— (k+1) (k+1)
+ 1r J, (-'151 -'L'k+1) 1—|—5(1 — Ak+1)1/2 (’YNS — Yoo,s )

The first term on the r.h.s. of the last equation converges to zero, as N — oo, for
every fixed §, @ > 0. This follows from assumption ([82) and from the observation

that J*, ho (21 — 241) (14 6(1 — Apsr)) ™) is a compact operator on L2(R3(k+1),
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As for the second term, we notice that it can be bounded by

" JS(E)t ol = ) (1 N 1+0(1 _1Ak+1)1/2> (’Vg\]fgjl) 7&5,4;1)) ‘
(1= Bua) 2 (517 2 o20),

< 5073 T®| 1Al ( (1= Ay 8+ (1 - Akﬂ)mﬁ’gﬁ”)
< Céa™?

(8.22) < STH [l ha oo T

uniformly in N. Choosing, for example, § = o, it follows that
(8.23) Te I, a1 = wie) (85 =&)< e, N) + Ca

where n(a, N) — 0 as N — oo, for every fixed @ > 0, and where the constant C
only depends on J®*).

Finally, using Lemma [[0.3] and Theorem [(3] the last term on the r.h.s. of (8I6)
can be controlled by

Tr Js(li)t [ha(xl — ZL’k+1) — 5(3;1 — xk—i—l)] ’Yé]ngl)
(8.24) < Ca 2 TP Te (1= A (1 — Agpa )y &EED

< C(k, T, J®Yyal/?.

From ®I6), BTd), ®IF), @I9), (823), and 24 it follows that, for every
E>1,0<s<t<T,and J® € K, with E3),

(8.25) ’Tr TOUE (= )N Viy (21 — 1)yt

— 8magTr JPUP (t — 5)6(x; — :ck+1)fyol.f+sl ‘ —0
as N — oo. Similarly to (825]), we can also prove that
(8.26) ‘TY JPUR (& — 3)’71(5,?1)NVN($1 — Tk1)

— &ragTr JPUF (¢ — s)’yg’gfgl)(S(zl — £k+1)’ —0
as N — oo. Since (825) and (820) remain valid if we replace z; by any x;,

7 =2,...,k, in the potentials, it follows that, for every £ > 1,0 < s <t < T, and
J*) e K with 83),

k
|7 (e S9Nt~ 5) [NV (g = )
(8.27) j=1

— 8magTr JPUB (t — s) {5(:3]- — Tht1)s ’yéﬁtl)} )} -0
as N — co. From (6I7) (with J®*) replaced by U*) (s —)J*) using the fact that
|tA®) (s =) JF)|| < Cp for all 0 < s < t < T) and from an estimate similar to (G.17)

but with 75\];:' ) replaced by ’y(kH) and NVn(z; — zx41) replaced by 6(x; — 2p41),
we can now apply the dominated convergence theorem to conclude (8I4). O
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The following lemmas are important ingredients in the proof of Theorem Bl

Lemma 8.2. Under the same assumptions as Theorem Bl and using the notation
Jt(k) =UP(t)J®), we have, for everyk >1,0=1,....k, 0<s<t<T, J*) € K,
such that [83)) is satisfied,

+1)

’ Tr J(k) [NVN(xg — T 1) Wi (e, k41) — 8Tag 6(xze — $k+1)] WJ”\‘L(Z,M_I)V](\]ZS -0

as N — oo.

Proof. We fix £ = 1. Decomposing 'y( T = =N 1¢ k+1)>< k+1)| and introducing
the variables u = (x1 + xp41)/2 and v =1 — ZTg+1, we find

Te J&, NV (@1 = zn)yies
(8.28) = Z Aj /dudvdxg e dxkdx;Jéﬁ)t(xﬁc;u +v/2,29,...,2)NVn(v)

(k+1)

X §§k+1)(u+v/2,x2,.. T u—v/2) &5 (X, u—v/2).

The potential Viy(v) forces v to be of order 1/N. Using this fact, we are going to

1
remove the v-dependence from the observable and from the wave function 5; )

After removing this v-dependence, we introduce the wave operator using its L2-
unitarity. We find

(8.29)
Tr I\, NV (a1 — @)y

= Z)\j /dudvdxg dzpdx), NVy (v )§(k+1)(u +v/2, 29, oy T, u —v/2)
J

X |:Js(ﬁ)t(xgc1 u+ ’U/27.’I,'27 IR xk:)ggk-i_l)(xz, u — ’U/2)

—(k+1
_Js(li)t(xﬁc; U, T, .., xk)§§. )(X%, u)}

—l—Z)\j/dudvdxg...dxkdx;c N(W5VN) () I8, (x)5 0, xg,...,xk)ggkﬂ)(x;c,u)

< W& ) @+ 0/2, 20, i w = 0/2)
* k+1
_(WN,(I,k+1)£§ * ))(U,,xz,...,l'k,’ll/):l

+Z>\ </dv (WHVN) (v )> /dudxz...dackd)(;c I (b, xa, ... k)

(k+1)

X & (Ko W) Wiy sy &) (w2, - 2, ).
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From Lemma B4 we know that

/dv N(WxVn)(v) = 8mag .
Therefore, from (8.29), we obtain that

(8.30)

Tr 0, [NV (21 = i) Wiy, en) — 870 (21 — 1) va,(l,ml)%(\];;rl)

< Z)\j /dudvdxg...dxkdx;CNVN(v) |§J(-k+1)(u+v/2,xg,...,xk,u—v/2)|

[T (X u + 0/2, 39, . . ,xk)é-kﬂ)(x;ﬁu —v/2)
—(k+1
I, w8 ()

+Z Aj ‘/dudvdxz o dapdX, N (W5 V) (0) I, (X, 20, xk)ékﬂ)(x;, u)
J

* k+1
X | Wi & ) et v/2 2, g = 0/2)

* k+1
_(WN,(I,k+1)§j(' * ))(U” o, .- '7xkau)] ’

= Y A (1 +11)

J

The terms I; can be bounded exactly like the term I on the r.h.s. of (6I4), after
replacing J (k) by J.~,. Following the steps (G.I5])-(G.I6l), we find that

Ci 175 . "
(8.31) ZA L < — iz Tr(=Ar = Agpr + D)W s Vs W)

which converges to zero as N — oo for all 0 < s <t < T and all observables J (%)
satisfying (B3] (here we used the a priori estimate given in Proposition (.3 and the
observation (8.0)).

Next, we consider the second term on the r.h.s. of (830):

(8.32)
II; = ‘ /dudvdxz . drpdx, Jgi)t(x%; U, Ta, - - - ,xk)5§k+1)(x;€, u)

X (NH(W*V)(NY) = 8(0) (Wi &) 02,20, gy v/2)]

To control this contribution, we first insert a cutoff x(v); this will allow us to apply
Lemma [10.2] to bound the integral over u and v. To this end, we choose a function
X € C§°(R?) such that 0 < x(z) < 1, x(x) = 1 for |z| < 1 and x(z) = 0 for |z| > 2,
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and we put Y = 1 — x. Using x, we decompose the r.h.s. of (832)) in two parts:

(8.33)
II; < } /dudvdxg dagdx), T (xh u @, ,xk)x(v)gékﬂ)(x;c, w)

X [NH W V)(N0) = 6(0)] (Wi 1€l 0/2, 02, u = 0/2)

+ ‘ /dudvdxz o dagdx), TP (% u, wa, ,xk))_((v)gg-kﬂ)(xz, )

< N3 (W*V)(NO)Y W5 s ) w+v/2,0,. . ap,u— v/2)‘

:ZAj—l-Bj.

The term Bj; can be bounded by

7®

s—t

B; < /dudvdxz .. dzpdx),

(X s 72, - 2k) | X(0) NP (W V) (Vo)

2
x (|§j(-k+1)(xﬁwu)2+ W&+ /2,0, nyu = 0/2) )

>~ |‘£§k+1)‘|2 <Su1?/dx2...dxk

u, X},

+ (sup / dx;,
X

x / dzy .. dpe1 X(@ — 2re ) NSV VY(N (21 — 20s1))

A

Jé’i’t<xz;u,x2,...7xk>\> / |(WV)(w)]dv
[v|>2N

I, i)

2
* k+1
X ‘(WN,(l,k+1)€J(' i ))(Xkaiﬂkﬂ)’

From Lemma [[0.J] we obtain

(8.34) S AB; < C(k,T,JW) (/
] v

X <TT ((V1i-V2)? = A; — Ay +1) WN,(1,k+1)'Yz(\lrcjl)WXr,(LkJrl)) —0

dv I(W*V)(v)|>

=N

as N — oco. Here we used Proposition 53] and the fact that, since W*V € L!(R?),
/ |[W*V (z)|dx — 0 as N — oo.
|z|>N

As for the term A; on the r.h.s. of (833)), Lemma [[0.2 implies that there exists
a sequence oy — 0 as N — oo (dn corresponds to the sequence f;,y defined in



1136 LASZLO ERDOS, BENJAMIN SCHLEIN, AND HORNG-TZER YAU

Lemma [[02] with V replaced by W*V') such that
(8.35)
A; < 5N/dx2 o dzgdx),

X (/dudv } ((A"_AU)Q_AU—AU+1)1/2

2\ 1/2
X (W]Q(l,k-ﬁ-l)f‘;k—‘rl)) (U+U/2,.’£2,...,xk,’ll,*?}/2)‘ )

) </dUdU ‘(1 = Ay + A 2X(v) Js(’i)t(x§c§ U, T2, - ,xkf('kﬂ)

—(k+1 2\ /2
S(SNHXHH2/dJCQ...dl‘kdxg€ </du‘(1—Au)1/2€; + )(X%,U)‘ )

Js(li)t(x;c; Uy L2y« vy Zk)‘ + ‘vu Js(i)t(xgc;uax% s ,xk)H

xsup[
u

x (/dudv \ (Au—A)*— A, — A, +1)"

& (Xpu

>\2)1/2

2\ 1/2
X <W1§’(1,k+1)§§k+1)> (u+v/2,x2,...,xk,u—v/2)‘ ) .

With a Schwarz inequality, we find
(8.36)

A; < <51\z||><\|Hz/d952...d:vkdx;C

X sup [ J&)t(xﬁc;u,xg, . ,xk)‘ + ’Vu Jéli)t(xﬁc;u, Ta,. .. ,xk)H
—(k+1 2
x (/du}a—Au)U?gg. (i )|
2 1/2
+ /dudv‘ (Au—A)2— A, — A, +1)
. (k+1) 2
X (WN,(L,CH)fj ) (u+v/2,$2,...,xk,u—v/2)‘

<Ok, T,J®) 6y (<£J(_k+1),(1 _Au)fj(-k+1)>

+<W1’ff,(1,k+1)f§k+l), (Vi Vi1)? = A1 — Apyr +1) W;,(l,k+1)§§k+l)>) -

From Lemma [I0.2] and Proposition (.3 we find

(8.37) D NA;<Coy =0 as N — oo,
J

and this, with (834]), implies that

> NI =0 as N - oo.
J

Together with (831 and ([830), this concludes the proof of the lemma.
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Lemma 8.3. Under the same conditions as in Theorem B, we have, for every
E>1,0=1,....,k,0< s <T, and J*) € K}, satisfying [&3),

Tr I, [8(z0 — 2r41) = halze — 2o0)] Wi sy Yas | = 0

as o — 0, uniformly in N. Here we use the notation Jt =UM (t)J*),

Proof. We fix £ = 1. Using the decomposition 'y( 1) Zj )\j|§§'k+1)><§§'k+1)|, we
find that

Tr I, [8(21 — 241) — hal@) — 24i1)] Wltf,(LkJrl)'YJ(\’fc,Jsrl)
< Z Aj ‘ /dudvdxg dagdsy, T (kw4 v/2, 20, - k) [6(0) = ha(0)]
J

k+1
X 5; )( _'U/Q)(WN 1k+1)€(k+1))(u+v/2 xz,...,xk,u—v/Q)

<3y ’ / dudvdzs . . . dzpdx, ha(v)
J

x [0kt 02,0, )8 (= 0/2)
X (Wﬁ,(l,k+1)§§k+1))(u +v/2,m9,. .., Tk, u —v/2)

(k+1)( ’

- Js(lf)t(x;c; U, T, . . . ,xk)gj X}, u)(W]’(,)(lka)g](.kH))(u,xg, ... ,xk,u)} ‘ i

Similarly to (E20), we first replace v by 0 in J{(xjut /222, 2)8; (0,
u—v/2) and then in (W5, y )& )@+ 0/2,, . 24, u = v/2). We obtain

(8.38)
(k1)

Tr I, (021 = 2x41) = ha(@r = 2a0)] Wi s I,
<> N / dudvdzs . . . dzgdx), ho(v)
J

* k
X (WN,(MH)&](- Jrl))(qu’u/Q Ty Ty — V/2)
—=(k+1)

M ok u = v/2)
—=(k+1
0, oE )|

+ Z A ‘ /dudvdxg oo dzgdxy, he (v) Js(li)t(x;; U, T, ... ,xk)ékﬂ)(x;w u)

X [in)t(x;;u +v/2,29,...,7)E;

|:(WN 1 k+l)£ (k) )(u + ’U/271‘27 sy Tl U — U/Q)
* k
_(WN,(I,IC+1)§§ +1))(U, L2y ey Tk U)] ’
=y A (I +1V5).

J
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To bound the first term, we expand the difference in an integral

(75,6t 02,0, )& (= 0/2)
—(k+1
— I s, w)E T (0]
8.39 1/2 _
(8:39) = / drv~V1Js(lf)t(x§€;u+rv,x2,...,l‘k)fg'kﬂ)(xﬁc,u—rv)
0

1/2 B
- / dr in)t(xﬁc; U+ TV, T, .., TE)U - Vk+1§;k+1)(x;€, u—1rv)
0

and we obtain that
(8.40)

1/2
II1; < /dudvdxg . drgdxy, / dr he(v)|v]
0
X ‘(W}‘{,gj(-kﬂ))(u—l—vﬂ,xg,...,xk,u—v/2)‘
% (|91 ks 0,2, ) [ (= 7o)

+

Jsli)t(X;€7 U+ 70,22, .. ,$k>HV}¢+1§§k+1) (x;m u— 7"1/)‘) )
which implies that

SN < a Ok, T, W) (Tr (1= App )y HY
J

FTx (V1 Var)” = Ay = Agpy +1) 741
<Ca.

The terms IV; can be estimated similarly to the terms II; considered in (832)). In
particular, analogously to (834)) and ([837), we also find

SNV, <Ok, T, J®) B, (Tr (1 Apr)riy s
J

+Tr (V- Vit1)? — Ay — Apyr + 1) %(\Irc;rl))

< CBas
where $, — 0 as @ — 0 uniformly in N (the sequence S, comes from Lemma [[0.2]
with V replaced by h). This concludes the proof of the lemma. O

Lemma 8.4. Suppose that V. > 0, with V(z) < C{x)~7 for some o > 5 (this
implies, in particular, that V € L*(R3) N L?(R3) and thus that V is in the Rollnik
class of potentials). Let W denote the wave operator (as defined in Proposition [(5.1])
associated with the Hamiltonian h = —A 4+ (1/2)V(x). Then

/da: (W*V)(x) = 8may,
where ag is the scattering length of the potential V.

Proof. First of all, we observe that, under the assumption that V' > 0 and V(z) <
C(x)~9, for some o > 5, the operator h = —A + (1/2)V cannot have a zero
energy resonance (recall that a zero-energy resonance of b is a solution ¢ of (—A +
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(1/2)V)¢ = 0 such that |p(z)] < C/|z| for all z € R3); this can be proven using
the maximum principle. We will make use of this observation in the proof of this
lemma.

Next, we note that, since W* maps L!(R?) into L*(R?) (see Proposition [.1]),
we have that (W*V) € L'(R3), and thus

(8.41) /dx (W*V)(z) = lim [ de (W*V)(x) xe(z) = lim [ dzV(z)(Wxe)(z)
e—0 e—0
with
(z) = 1
Xel) =y g2
We expand W x. in terms of solutions ¢(z, k) of the Lippman-Schwinger equation
8.42 By etr - L g, k
(8.42) Pz, k) =e —g/ ym (W)e(y. k).

It follows from [24] Theorem XI.41, a)] that Eq. (842) has a unique solution
©(x, k), such that p(x, k)V/2(x) € L?(R?), for all k € R3 such that k? ¢ £, for an
exceptional set £ with Lebesgue measure zero. The set £ consists of all values of
k? for which zero is an eigenvalue of the operator

1 1
8.43 My =1+ V2 y/2,
( ) K| + 2 —A — k2
From the observation that the operator h = —A + (1/2)V does not have a zero

energy resonance, it follows immediately that 0 ¢ £. In fact, if My = 0 for some
¥ € L*(R3), then

vle) = =5V"2a) [y =V R )et).

which implies that ¢(z)/V1/2(x) < C/|x| for |z| > 1 and thus that ¢(z) :=
Y(2)/V/?%(x) is a zero-energy resonance solution of (—A + (1/2)V) ¢ = 0. Since
My is a nonnegative Fredholm operator with no eigenvalue at zero, it follows that
there exists A > 0 with o(My) C (A, 00) (here o(My) indicates the spectrum of
My). Since moreover M, — My is a compact operator with kernel

1 etlkllz—yl _ 1

(8.44) (Miyy — Mo) (w;y) = VV/2(x) V12(y),
2 |z — v
we obtain that
1 eilklle=yl —1* RV

and thus that there exists x > 0 such that o(My) C (A/2,00) for all |k] < k. In
particular it follows that

(8.46) IM I <2/x  forall k € R® with [k[ < k.

From [24] Theorem X1.41, e)] we also find
(8.47)

(Wxe)(z) = LLM. (27r)*3/2/dk (e, k) X=(k) = L.I.M./dk ol k)

Ar|kle 7
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where L.I.M. denotes the L?-limit as M — oo and § — 0 of the integral over
{k € R3: |k| < M and dist (k?,&) > §}. Inserting (8.47) on the r.h.s. of 841, we
find (recalling that x > 0 is chosen such that (846) holds true)

e~ |kl/VE

4r|k|e

dadk V il
+ /| k¥ (@)ple, )

/dx (W*V) () xe(z) = / dzdk V(x)p(z, k)
(8.48) e

The first term on the r.h.s. of (848) can be controlled by

/ dwdb V()oK / Ak V(R
i x)plx, _— = -
k|>r 4rlkle Ik|> 4rlkle
1/2
—2[k|/Ve
(8.49) < C|V¥|[ 12 / a0
<CIV¥L o T2
=1/ (213)
S C||V||L2637 — 0,

as € — 0. Here we introduced the function
VE(k) = Lim.(2m) 3/2 / da V(z)p(x, k),

where Li.m. denotes the L?-limit of the integral over |z| < M as M — oco. The
existence of V¥ for V € L?#(R3) and the fact that ||V¥||z2 < ||[V]|z2 (actually, in our
case, ||V*#||z2 = ||V||z2) are proven in [24, Theorem IX.41]. As for the second term
on the r.h.s. of (84Y), we have

(8.50)

/ Ak V(@) k) / kel V () (i, 0)
2V(z)p(x, k) —— = 2 Vi(x)p(x,0)—-
k|<r 4 dr|kle k|<r 4 4 |kle

/ dhda V(&) (a2, £)—p(,0))
+ xV(x x,k)—pl(z,
k| <k i 4 dr|kle

- (1— (1+ns*1/2)e*“_”2>/d:cV(x)w(x,O)

NG
4 / dkda V(z) (o(z, k) —p(z,0)
|k|<k dr|kle

Using the fact that ¢(x,0) is the solution of the zero energy scattering equation
(=A+(1/2)V(2)) ¢(x,0) = 0

with the boundary condition ¢(x,0) — 1 as |z| — oo, it follows that (see (L8]))

(8.51) /dx V(z)p(x,0) = 8mag .

To bound the second term on the r.h.s. of ([850), we define

Yi(x) = V2 (2)p(z, k)
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and we observe that, from the Lippman-Schwinger equation (842),

Yr(x) — Yo(x) = VV/2(x) (** — 1)
etlkllz—yl
(8:52) / AV 2(@) T V) (k) — o))
zlkllw yl _
- dyv1/2<x>?y|lv1/2<y>wo<y>,

which implies that (with M defined in (8.43]))
(Mg (¢r = 100)] (2)

8.53 ) etlkllz—yl _

(559 = V2 (2) (e ~1) /dy B SV2(y)o(y)
By (B46]), we have

(8.54)

[en—wol| , <c (Hvl%) (™~ 1) |

1/2 3/2

< Clil (I=PVIE + IVIEe)

< Clk|.
Therefore, the second term on the r.h.s. of (850) can be bounded by
o—Ikl/vE
dmlkle
o—Ikl/VE
4r|kle

—|kl/ve

Arlkle

IV | v1/2<y>¢o<y>|)

L2

‘/|k< dkdz V(z) (p(z, k) — p(z,0))

< / dkdz V2(x) [r(z) — Yo ()|
k<

8.55
(8:55) < Ve /W Qs 6k — ol 12 &

o Ik/VE

< C||V||1/2/ dk

|k|<r €
< Ce'/?,
and thus it converges to zero as ¢ — 0. The last equation, together with (84T]),

®4]), (849, (RE0), and ([®E]), concludes the proof of the lemma. O

Lemma 8.5. Suppose that V >0 and V(z) < C{x)~°, for some o > 5. Then, for
every g € L*(R?,dx), we have

|y =1y <N glm

Proof. Let hy = —A + (1/2)Vn(x). Since
Wy =s— lim e“’NteiAt,
t—o0

it is enough to prove that

(8.56) sup | (7Nt — e*A) g|| < CNTHO|g|| e
teR
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Note that
d
<
which implies that

e thnt _ eiAt) g||2 — 9Tm <€7ihz\nfg7 VN(x)emtg>,

¢
(8.57) | (e=#nE — ei21) gH2 < 2/ ds |(e7¥*g, Viy(z)e'**g)| .
0

Next we observe that
[(e7%g, Vi (2)e>*g)| < [le™ " glloo [l€"*glloo IV |1
(8.58) B g gy 7 P
— N83 b

where we used the fact that

IWNllp—p = [Wllp—sp

for every N and 1 < p < co. For small s we need a different estimate of the
integrand on the r.h.s. of (851). To this end we remark that

(™™g, Viv(2)e'2g)| < (€9, Viv (2)e"°g) /2 (e"2%g, Viv (2)e'*g)
(8.59) < C[Vivlls 2l Ve gl Ve 22y
< CIVla2(L+ 1VII2) 2 gl
where we used the fact that ||[Vi|/3/2 = ||V ||3/2 and we estimated
[Ve™og||* = (g, —Ae™*g) < (g,bng) < 1+ [IVi3/2)llglF -
Combining (858) and (859), we obtain from (R51)

N-o
—i i 2
| (e71xF — ei20) g||” < 2/0 ds [V [ls/2(1+ [VlI32)""? gl 3

(5.60) c2 [ ap I I e o
—a Ns3
< (C1N7a + CQN2O‘71) ||g||fq1
for every t € R. Choosing o = 1/3, we obtain (856)). O

9. APPROXIMATION OF THE INITIAL DATA

In this section we show how to regularize the initial wave function ¢y given in
Theorem

Proposition 9.1. Suppose that ¥y € L*(R3*N) with ||[Yn| = 1 is a family of
N-particle wave functions with

(9.1) (Yn, HyYn) < CON

and with one-particle marginal density 7](\}) such that

(9.2) T = ledel  as N = oo
for a ¢ € HY(R®). For k > 0 we define
(9.3) TN = X(KHN/N)Yn

" |Ix(kHn/N)Yn |
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Here x € C§°(R) is a cutoff function such that 0 < x <1, x(s) =1 for0<s<1
and x(s) =0 for s > 2. We denote by %(\If), fork=1,..., N, the marginal densities
associated with Yy .
i) For every integer k > 1 we have
Qka
(9.4) (O, Hy dn) < pra

ii) We have

sup [ — v < Cr/2.
iii) For k > 0 small enough and for every fized k > 1 we have
(9.5) hm Tr "y(k) ><<p|®k‘ =0.

Proof. For the proof of part i) and ii), see [I2, Proposition 8.1]. To prove iii), we
begin by noticing (see (L2)) that it is enough to show that

lim Trl3® _
i, T3

@)l = 0.

Moreover, since the limiting density is an orthogonal projection, trace-norm con-
vergence is equivalent to weak™ convergence. In other words, it is enough to prove
that, for every compact operator J() € K; and for every ¢ > 0, there exists
Ny = No(JM, ¢) such that

(9.6) T I (5~ Il ) | < e

for N > Ny. To show (@.0)), we start by observing that, from ([@.2), there exists a
sequence §J(VN_1) € L2(R*W—1) with ||§](VN_1)H = 1 such that

(9.7) Iy —p @€y V=0  asN—co.

This was proven by Alessandro Michelangeli in [23] using the following argument.
Choose an orthonormal basis {f;}i>1 of L?(R3) with fi = ¢. Also choose an
orthonormal basis {g;};>1 of L2(R**¥~1). Then one can write

N = Zagv)fi ® gj
ij

and

W) nl = > @V £ (frl @ lgi)g] -
i,j,i/,j/
This implies that

1w =3 (1 Ployel + ot ST al o (i

J i#£1
+a™ ST oM el + Y @l
i#£1 1,4’ #1

and therefore, using (@.2), that

Z‘Q(N)
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as N — oo. Thus, putting §(N 2 =2 alj)g], we get
N-1 N N
lon —p @8 V1P =D oY P =1 ler P
j il j
as N — oo. It is then simple to check that 5 V=1 — §~J(VN71)/||£~§VN71)|| satisfies

@).

On the other hand, there exists ¢, € H(R3) with [¢.| = 1 and such that

le — Il < g3
AL PV
Let 2 = x(kHn/N). Then
- K
I(E - Dwl® < ~ (YN, Hygw) < Ok
independently of N. Therefore, choosing x > 0 so small that |2y || > 1/2, we find
YN (‘p* ® f(N 1)

IZenll iz (0. 0 e0) H H

= (77[1N — P ® fz(val)) H

(9.8) <4fen -0l
<4 szv -o® fEVN_”H + 4l — ol
&
R

for all N sufficiently large. Next we define the Hamiltonian
(9.9) ZA + Z Vi (i — ;)
1<i<y

Note that Hy acts only on the last N — 1 variables. We set Z := X(nﬁN/N). Then
we claim that, if € > 0 is small enough,

_ = (N-1)

2y E(pod) =
= — - 1
Eynll (¢*®g§VN 1>) 1 31w

for N sufficiently large. The proof of ([@.I0) can be found in [I2] Proposition 8.1].
To get ([@.0) we define

~ CAT) SN

_ =P ® N-1)
E (e 0 e ) ]

where we used the fact that = acts only on the last NV — 1 variables and the fact
that ||¢«]| = 1. Define

(9.10) H ”

1

[

[an

A (15 2) ::/de_1 O (@1, XN 1) (T, XN k) -

Note that {ﬁ\ ~ is not symmetric in all variables, but it is symmetrlc in the last N —1

variables. In partlcular "/J(V) is a density matrix and clearly ¥ 'y = |p«){p«|. There-

fore, since [fx — |l < &/(3]JV) by @ID) and since [|lp — .|| < &/(32[TD]),
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we have
T O (5 = Ikl ) | < [T IO (3 = len el |

(9.11) + |Tr T (o) (el = o)D) |

<2 JO) llpw = vl + 20TVl — oull < e

for N sufficiently large (for arbitrary ,e > 0 small enough). This proves (@.6). O

10. POINCARE-SOBOLEV TYPE INEQUALITIES

In the proof of the convergence we need to estimate potentials converging to a
delta function, and their difference to a normalized d-function. To this end we make
use of the following three lemmas.

Lemma 10.1. Suppose V € L*(R3). Then

(o, V(zy — 22)9)| < CI[VI[1 (%, (V1 V2)? = Ay — Ay + 1) ) /?

(10.1)
(0, ((V1-V2)? = Ay = Ay + 1) )12

for every 1, p € L?(R®,dxy, dzs).

Proof. Switching to Fourier space, we find

(10.2) (o, V(x1 — 22)9) = /dpldpgdqldq2 B(p1, p2) (a1, o)

X ‘A/(Q1 —p1)0(p1+p2—q1 —q2) -
Therefore, by a weighted Schwarz inequality,
(10.3)
(0 V(@1 = 2)0)]

(p1-p2)?+pi+pi+1
(1 @)?+¢+¢+1

< V]oo (/dpldp2dQIdQZ

1/2
X |@(p1,p2)*6(p1 + p2 — a1 — qa))

(- @) +ai+q3+1
(p1-p2)?+pi+p3+1

<Vl (Sbip/dq (C]'(p—Q)>2+;2+(p—Q)2+1>

< (,((V1 - V2)2 = Ay = Agt 1) )2 (0, (V1 - V2)2 = Ay — Ay + 1) )

X (/dpldPZdQId(h |$(QIMI2)25(]91"‘}?2_(]1_(]2)>1/2

1/2

The lemma will then follow from

1
104 sup /dq < 00.
(104) pER? (¢ (p=9)*+¢+(p—-q?+1
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To prove ([I0.4]), we proceed as follows:

/e 1
TG -0l ++ -9 +1

1

(10.5) /§’|>Ip da ((q— g)g_%)Q-qu—i—(p—q)g—l—l

+/ dg 5 L .
la—5I<Ip| ((q_g)Q_%) +@+(p—q2+1
The first term on the r.h.s. of the last equation is bounded by
(10.6)

1 1
/ da 2 —/ dg 5———
geel ((g-)" -1 =515l g 2"+ 1

A

16

_ - 00,
-9 R3 q |q|4 +1

uniformly in p € R3. As for the second term on the r.h.s. of (I0L5]), we observe that

1
/q—§|<|p 4 ((

,E2fﬁ2 2 _ 4\2 1
-5 -2) +@+(p-9*+

1
= / dx 2 ; ;
|| <|p| (x2_%> +(z+2)°+ (2 -2) +1

[p| r2
(10.7) =d4r [ dr 2 ;
o (=) w2 P
Ipl/2 ]
< Clpf* / dr 5
2
)+ (o )
Ipl/2 1 1
<C dr — < C/ dr —— < o0,
—pplyz o1 R r2+1
uniformly in p. O

Lemma 10.2. Suppose V € LY(R?) with [ V(z)dz =1. For a >0, let Vo(z) =
a3V (z/a). Then there exists a sequence B, with Bo — 0 as o — 0 such that

(@, (Valz1 — 22) — 6(z1 — 22)) ¥)]
(10.8) < OB, ((V1-V2)® = Ap = Ay + 1) )/
x (o, (V1 = Vo) + (V1 + V2)2 + 1) ) /2,
for all o, € L*(R").

Proof. Switching to Fourier space we find

<<p, (Va(xl —as) — 8(x1 — xg))¢> 411,
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where we defined

I= / dp1dp2dqr dgeda V(z) $(p17p2)
|- (p1—q1)|<a=1/2
% (eiaw-(m*qﬂ — 1) qZ(ql, q2)0(p1 +p2 — @1 — G2),
(10.9)
I / dp1dpadqrdgeda V (z) B(p1, p2)
|#-(p1—q1)|>a—1/2
v (eiaz-(m—(h) — 1) Z/b\((h, @2)d(p1+p2—q1 — q2) -

To bound the first term we use the fact that |ei* — 1| < |x|, for k € R, and we
observe that

VIpr—polt+ (p1+p2)?+1
> 5 5 |<P(p17p2)\
Vi @)P+@+¢@+1

« Vi @)?+@+¢+1
\/|P1—P2\4+(P1 +p2)2+1

With a Schwarz inequality, we obtain that

p1—pal* + (p1 +p2)? +1
I < a2V, (/ dp1dpadgidgn |
| IV (- @)+ +¢+1

—~ 1/2
X |B(p1,p2) 2 8(p1 +po — a1 — @)

Vg @)+ @+ @ +1
X dp1dpodgid
(/ p1dp2dq1dqge \/|p1—p2|4—|—(p1+p2)2+1

1 < a2Vl / dprdpadards
(10.10)

\@(Q1,Q2)| dp1+p2— a1 — @)

~ ) 1/2
X (g1, q2)|” 6(p1 +P2*Q1*QQ))
1/2 4 9 1/2
< a2Vl (o, (Vi = V2)' + (V1 + V22 + 1) )

) 1/2
x (4, (V1 V2)? = A1 = A +1) ¥)
1/2
X | sup L /
pers.) g —pl*+p?+1

1/2
dp
g (jgngs/(p-(q—p))2+p2+(q—p)2+1> '

From

/ dg < / dg -
sup < 00
pers ) g —p[t+p?+1 lal* +1

and (I0:4) it follows that

1/2
I < Ca1/2<<p, (V1 = Va)* + (V1 + V)2 + 1) <p>
(10.11)

/
< (. (91 V2)? = Ay —A2+1)¢>1 °
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In order to control the second term in (I0.9]), we bound it by

(10.12)
) < 2 / dpydpadqrdgadz [V (2)] |3(p1, p2)|
|z (p1—q1)|>a—1/2

X (g1, 42)] 6(p1 + P2 — a1 — q2)

< 2/ » dp1dpadgidgadz |V (x)| [@(p1, p2)]
je|>a-
X |0(q1,q2)| 6(pr + P2 — 1 — q2)
+ 2/ dp1dp2dgidgeda [V (z)| [(p1, p2)|
[pr—q1|>a—1/4
X (g1, q2)| 9(p1 + P2 — 1 — q2)
< Bia /dpldpdeIdQ2 B(p1,p2)| [9(a1,42)| 8(p1 + P2 — a1 — q2)
+ 2HVlll/ dp1dpadqidgs |P(p1, p2)]
lp1—q1|>a—1/4

% |9 (q1, 42)| 5(p1 + P2 — @1 — @2)
< Bra (o (V1= Vo) + (V1 + V2)* + 1) 90>1/2
x (. (V1 - V2)* = A = Ag 1) ) */?

+2|V||1/| -~ dp1dpadqidgz|B(p1, p2)| [9(q1, 42)| S(p1+p2—a1 —2) ,
pP1—q1|>a~

where we defined

m@:2/ V()|
ja|>a=1/4

and we bounded the first integral analogously as we did with the integral in (T0I0).
Note that 81, — 0 as a — 0, because V € L'(R?). We still need to control the
last integral on the r.h.s. of the last equation. To this end, we observe that

(10.13)

/ dp1dpadqidgs [G(p1, p2)| [9(q1, 62)| 8(p1 + P2 — @1 — g2)
[pr—q1|>a—1/4
< 2/ dp1dpadqidgz |B(p1, p2)| |{/;(Q1,QQ)| dp1+p2— @1 —q2)
lq1|>a—1/4/8
+/ dp1dpadgidgs |@(p1, p2)| |TZ(L]17 q2)|6(p1 +p2 — @1 — q2)
lg2|>a—1/4/8

+/ iza-1/4ss  Ap1dpadgidgs |G(p1, p2)| [¥(q1, g2)1 6(p1 +p2 — @1 — ¢2) -
lg1+g2]<a=1/4/4
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The first two terms can be bounded by

/ dp1dpadqidgs |B(p1, p2)| [0(q1, 42)| 6(p1 + P2 — a1 — ¢2)
lgj|>a=1/4/8

(10.14) < Cal™2 (i, (V1 = Vo) + (V1 + V2)2 +1) ) /°

1/2
% (i, (V1 V) = Ay — Ay + 1) 1)
which holds for both 7 = 1,2 and for a universal constant C', independent of «, ¢, .

To show ([I0.I4) note that, proceeding as in [I0I0) (for example for j = 1), we
have

(10.15)

/ | oy dp1dpadqides |2(p1, p2)| \%Z(Qh(h)\ dp1+p2— a1 —q2)
q1|>a—1/4/8

< (0, (V1 = Vo) + (V1 + V)2 +1) )2 (4, (V1 - Vo) = Ay — Ay + 1) )2

1/2
dp
g <;§u§/ (p- (q—p))2+p2+(q—p)2+1>

1/2
x / dg
sup D I w— )
pek3 Jjgza-1/1/8 [¢ — p[* +p? + 1

and thus (I0I4) follows from (I04) and

S / da
up —_—
peRr? Jig|>a-1/4/8 |¢ —p|* +p* + 1

(80<1/4 /3 sup /dq 1
(10.16) peRr? lg — pl

|1/3
+p?+1
: +p|'/? dg
< (8al/4)1/3 sup. lg
B S Gt g2 v 76 ) | (it 1770

< Cal/12 .

As for the last term on the r.h.s. of (I0.I3]), we note that
(10.17)

/ o 15a-1/4/  Ap1dpadqidge |D(p1, p2)| [¥ (a1, ¢2)| 0(p1 + P2 — @1 — ¢2)
lg1+ga|<a—1/4/4

<{p, (V1= V)* + (Vi +V2)? +1) >1/2 (0, (V1 Vo)t = Ay — Ay + 1) 7/1>1/2
x | su . da "
penfs lg—pl*+p*+1

1/2
X sup/ dp
¢ Sl (0 (a—p)2+p>+(@—p)2+1 '
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Since

(10.18)

dp
/p£521?4/2 (p-(a—p)>+p>+(q—p>+1

< (2a1/4)1/3/ dp ‘5
Ipl=2lal ((p -4 - %) +p2+(a—p)?+1

< Ca1/12/ dp ,
Ip|>ql <p2_%) +p2+§+1

|1/2

|1/3

p+ 4"

<CO[1/12/C1 |p
B e

< Calt/12 :

it follows that the last term on the r.h.s. of (I0I3) is bounded by

/ o sa-1/42  AP1dpadgidge |D(p1, p2)| [¥(q1, ¢2)| 6(p1 + P2 — @1 — ¢2)
lg1tgz|<a=1/4/2

(10.19) 1/2

< Ca'’'? (o, (V1 = Vo)l + (Vi + V2)2 +1) )

x (1, (V1 V2)* = Ay — Mg+ 1) )2 .

From the last equation, (IILI4), ([0I3), and (IIID), it follows that
| < C(Bra +a'/'?)

x {p, (V1= V) + (V1 + V2)2 +1) o)

x (i, ((V1-Va)* = Ay = Ag + 1) )7 .

1/2

This together with (T0.IT)), implies (T08) with 8, = C(B1.a + a/1? + al/2).

When dealing with the limit points 7§’j?t, for which we have stronger a priori

estimates, we will make use of the following lemma, whose proof can be found in

[11] (Lemma 8.2).
Lemma 10.3. Suppose that 6,(x) is a function satisfying
0 < 6a(x) < Ca?1(|z| < @)

and [bo(z)dz = 1 (for exzample 6o(x) = o 3g(x/a), for a bounded probability
density g(z) supported in {x : |z| < 1}). Moreover, for J*) € Ky, and for j =
1,...,k, we define the norm

1T = sup aa)t . (@) @) ()
(10.20) R
X (19 s X3)] + [V, ) (35 30| + (Vg T (31571
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and Sj = (1—A,,) (here (x)? :=1+22). Then if’y(k+1)(xk+1;xfc+1) is the kernel
of a density matriz on L*(R3*+1) we have, for any j < k,
(10.21)

’/dxkﬂdX%H T® (5% ) (S (@h 11 = Ty )00 (@5 — Ty1)

(k+1)(

—(5(.’1}k+1 —J};CJrl)é(.’I}j —kar]))’Y Xk+1;X;c+1)

< Cp 1T PN; (e + Vaz) Tr|S;Sky T8 Sk 4] -
The same bound holds if x; is replaced with xg in (I021) by symmetry.

APPENDIX A. PROPERTIES OF THE CUTOFF FUNCTION 95”)

Recall the cutoff functions @,(Cn) = @,(c") (x) defined for k =1,...,Nand n € N
in Eq. (Z4). In the following lemma, whose proof can be found in [I2, Appendix
A], we collect some of their important properties which were used in the energy
estimate, Proposition [[.1]

Lemma A.1. i) The functions @,(Cn) are monotonic in both indices; that is,
for any n,k € N,

vy oyt <1.

)

Moreover, @,(cn) is permutation symmetric in the first k and the last N — k
variables.

ii) For everyk=1,...,N andn € N, we have

2

(A.1) - ‘vj@,@ _op(n—1)
. ZW <orre .
j=1 k
iii) For every fizxedk =1,...,N and n € N we have
" 5 |vv6f| < oo .
,J

APPENDIX B. REMOVAL OF THE ASSUMPTION ON DERIVATIVES OF V'

The goal of this appendix is to explain how the assumption
(B.3) VV(z)|<C  forallz € R?, |a| <2

in Theorem B3] can be removed. The main observation is that (B.3) is only used
in the proof of the higher order energy estimate, Proposition [Z.]], in the form
IVVN]loo < CN3, |[V2VN|leo < CN?* More precisely, the estimate on |[VVy||s is
first used in the study of the third term on the r.h.s. of (ZI9) (the third term on
the r.h.s. of (T7) in the case k = 2); namely the term containing the commutator
(T2, Dy] = [(Hy + N)Y/2,V, ... V}]. Bounds on the first and second derivatives
are also used in the proof of Lemmall.2l However, in both cases, the final estimates
turn out to be subexponentially small in N (see (Z.23) and (Z.27))). For this rea-
son, the proof of Proposition [Tl remains unchanged if, instead of (B.3), we allow
V =V to depend on N and only assume

(B.4) VoVl < e, ol <2,
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for some sufficiently small £ > 0.

More precisely, suppose that the potential V' > 0 satisfies V(z) < C{x)~7 for
some o > 5, with no assumptions on the derivatives V*V| for |o| > 1. Then
consider the evolution ¥y, = e "INty of an initial N-body wave function ¥y
satisfying the two assumptions (BI) and (32), with respect to the evolution gen-
erated by the Hamiltonian

N N
Hy = Z—Aj —|—ZVN($1' —33]‘)
j=1 i<j
with Vi (x) = N2V (Nz). As in Theorem Bl we claim that, for every fixed t € R

and every k > 1, the k-particle marginal 'y](\]f)t associated with i is such that

(B.5) T = lon) (o

as N — oo, w.r.t. to the trace-norm topology.
To prove (B) we can assume, without loss of generality, that the initial data
1N is such that

(B.6) (Yn, Hin) < CFNE.

In fact, if this is not the case, we can use the argument outlined in Section @ (in
the proof of Theorem B]) and based on the analysis of Section [ (which does not
use any assumption on the derivatives of V') to approximate ¥ y.

From Theorem it follows that the sequence rg\’,ﬁ)t = {7](\],2}@1 is compact
with respect to the product topology Tproa defined in Section[dl If we could prove,
similarly to Theorem [T3] that an arbitrary limit point e, ; = {m()g?t}kzl satisfies
the a priori estimates (Z.28), it would follow from Theorem Bl that I'w; is a
solution to the infinite hierarchy ([@4]) and, by the uniqueness result of Theorem 1]
we could conclude the proof of (B.) using the same strategy outlined in Section [l

To prove that every limit point I'w ; satisfies the a priori estimates (T.28]), we
introduce a potential V™) = Vi) where vV (z) = (const) €3V /2 exp(—eV" 22)
with some sufficiently small £ > 0 (here the constant is chosen so that [ dz (V) ()
= 1), and we consider the evolution JN,t = e Nty of the initial data ¢n with
respect to the modified Hamiltonian

N N

Hy ==Y Aj+ > NV (N(x; — ;).
j=1 i<j

The potential V) satisfies the bounds |[VAV) || e < Cel®N™/2 for all |af < 2.

As we remarked above, this very weak control on the L norm of VAV ) is enough

to prove Proposition [[.Il Therefore, it follows from Theorem [7.3] that for any fixed

t € R every limit point To, ; = {’iéf?t}kzl of the sequence T'y; = {ﬁg\’f)t N (wrt.

to the product of the weak* topologies) satisfies the bound
(B.7) Tr(1- A1) ... (1- A7, <

for all £ > 1. To show that a limit point I'o ; = {fyé’;?t}kzl of the original sequence

Iny = {75\2}@1 also satisfies this bound, it is therefore enough to prove that, for
every fixed t € R,

(B.8) [¥ne — Yl — 0
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. . N o k k) .
as N — oo. In fact (B.8) immediately implies that every limit point *yéo?t of ) is

also a limit point of the sequence %(\]f)t and therefore satisfies (B.7)).
To verify (B.8), we observe that

(B.9)
ons
= 2Tm (¢, (HN - f{rN) DNe)
= N*(N = 1) Im (Y, (V % (6 — v)) (N (21 — 22))¥n )

— N¥(N —1)Im / dxdy Py () V()6 — v ™) (N (a1 - 2) — )i o(x)

i
dt

—(N-1)Im / dy V(y) / dx Ty o) (6 — o) (1 — 2 — /N ()

where we defined vy (z) = N3v(V) (Nz) (this implies that vy (z) = (const) N3e3N"/2

ce=N* e e? i still normalized with lvnlli = 1). Therefore

2 ~
SCON|V |1 sup (¥, (6 — vny) (21 — 22)YN )
yeR3

(B.10) ‘%ijv,t - 1ZN,t

with 6, (x) = é(z —y) and vy y(z) = vn(z — y). It is simple to check that

(B.11)

sup |(Yn,e, (8y — vny) (21 — 22)PN,e)
yER3

< CE_NTKWN,t, (1-A)(1 - A2)¢N,t>1/2<1;N,ta (1—-A)(1 - AQ)JN,OI/Q .

In fact, (BII)) can be proven using the Fourier representation

(W1, (6y—VNy) (@1 — 22)Un.e)
= /de—2 dpidpadqidgs 5(p1 + pa — @1 — go)e’ ¥ (Pr=1)

% (1 e NTPe N <p1—q1>2/4)
(B.12)

= )
+[+] +|+
R M Bl Ko
NN N N[N
+[+] +|+
=] =] =] =
y

X

<

N,t(p17p27 PN72)

—~

)
NN

)

T
3
[\
=)

X

N,t(qla 92, PN-2)

| —] ~—||—



1154 LASZLO ERDOS, BENJAMIN SCHLEIN, AND HORNG-TZER YAU

with py_2 = (ps, ..., pn). Using the fact that |[1—e=?| < Ca!/* for a > 0, applying
a Schwarz inequality, and changing variables ¢ — p in {/; N,t» We obtain
(B.13)

Sup | (W, (8, = vivy) (w1 = 22) )|
yER3

% 1|2 +1
< Ce s dpn—_2dp1dpadgidgs d(p1 +p2 —q1 — %)m

< (72 + 1)+ 1) (m%,t(m,m, py_2)l?

+B7 M w1t (p1, P2, PN—2)|2>

for every 8 > 0. This implies (BII) because

la'/? + 1
B.14 sup /dq < 00.
(314 pER? (14+¢*)(1+(¢—p)?)

To bound the expectations of (1 —A;)(1—As) on the r.h.s. of (BII]) we observe
that, as an operator inequality on L2(R3"), we have
2

N
(HN—|—N)2: Z(l—Aj)+ZVN($i_.’Ej)
j=1 i<y
(B.15) A ’ ’
>3 ;(1_Aj) —2 ;VN(xi_xj)

> N(N = 1)(1— A1) (1~ Ag) — N8|Vl

which, by (B.6)), implies that
(B.16)

(s (1= 801 = Aot < (o (LTSRN )
= (uw <(HN;<?2—+1>CNS> ) SON"

Using (B.6) and a Schwarz inequality similar to (BIH) to compare H% and ﬁ?\,, it
is simple to check that

(n, Hygn) < ON®,
and therefore, proceeding analogously to (B.IH) and (B.I6]), we also obtain that

(B.17) (O, (1= A1)(1 — Ag)ihy,) < ONO.
Inserting (B:I6) and (B:I7) into (B:I1)), and using (B:I0), we find
d - e
el _ < c
Lons | <o
for some ¢ > 0, which implies that
(B.18) [ona = dwa| < ct2emev" 50
as N — oo, for every fixed t € R. This completes the proof of (B.J).
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