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ZETA FUNCTION OF REPRESENTATIONS OF COMPACT
p-ADIC ANALYTIC GROUPS
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1. INTRODUCTION

Let G be a profinite group. We denote by 7,(G) the number of isomorphism
classes of irreducible n-dimensional complex continuous representations of G (so
that the kernel is open in G). Following [20], we call r,(G) the representation
growth function of G. If G is a finitely generated profinite group, then r,,(G) < oo
for every n if and only if G has the property FAb (that is, H/[H, H] is finite for
every open subgroup H of G) [I, Proposition 2]. In the case when G is a finitely
generated pro-p group, the property FADb is equivalent to the condition that all
derived subgroups G*) are open.

In this paper we shall investigate the function

Cl) =Y m@n= 3 A1),
n=1 Aelrr(G)

when G is an FAb compact p-adic analytic group. This function is called the zeta
function of representations of G. The main result of this article is as follows.

Theorem 1.1. Let G be an FAb compact p-adic analytic group with p > 2. Then
there are natural numbers ny,...,ng and functions f1(p~°),..., fr(p~*) rational in
p~* such that

k
ORI

In particular, if G is an FAb p-adic analytic pro-p group, then (%(s) is a rational

function in p~*.

The proof of this theorem is based on the correspondence between the characters
of a uniform pro-p group and the orbits of the action of the group on the dual of its
Lie algebra. This correspondence is an analogue of the Kirillov theory, introduced
first in the context of nilpotent Lie groups and then used in many other situations
(see [16]). The correspondence is quite explicit, and it also gives the exact formula
for characters in some cases. We believe that Theorem [[.1] also holds when p = 2,
but now we only can prove it when G is a uniform pro-2 group (see Theorem [[2]).
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Recall that a pro-p group G is called powerful if [G,G] < GP when p > 2 or
[G,G] < G* when p = 2. We say that a pro-p group G is uniform if G is finitely
generated, powerful, and without torsion.

Theorem 1.2. Let N be an FAb uniform pro-p group. Then for any g € N,
Z Alg)
A1)

Aelrr(G)

s a rational function in p~*.

The layout of the paper is as follows. In Section 2] we describe Howe’s version
of Kirillov’s correspondence, emphasizing the case p = 2, which was not considered
by Howe. The correspondence permits us to “linearize” the problem and apply
the potent tool of p-adic integration which we introduce in Section [Bl In Section
[ we prove Theorem and deduce Theorem [[.J] when G is uniform. Section
is dedicated to some results from the character theory of finite groups. We apply
these results in Section [ where we prove Theorem [[LIl In Section [0 we calculate
CSM(R)(S), where R is a complete discrete valuation ring with finite residue field of
odd characteristic.

The notation is standard. If G is a profinite group, then Irr(G) denotes the set
of the (complex) irreducible smooth (not only linear) characters of G. If L is a
Zy-Lie lattice of finite rank, then Irr(L) is the set of the irreducible characters of
the additive group of L and L* = Homg, (L,Z,). The set Ch(G) is the set of the
finite dimensional smooth characters of G. So any element of Ch(G) is a finite sum
of elements from Irr(G). If p is a Haar measure on G such that u(G) = 1, then the
scalar product of two square integrable complex functions f and g is

(frg9) = /Gfgdu-

Let H be an open subgroup of G. Given a function a of G, we denote by ay its
restriction to H. If ¢ is a class function of H, then ¢ denotes the induced class
function on G. If N is a normal open subgroup of G and x € Irr(NV), then

Irr(G|x) = {A € Irr(G)[(An, x) # 0}

and Ch(G|x) is the set of finite sums of elements from Irr(G|y). We will say that
characters from Ch(G|x) lie over x. The set Irr(G|N) is the set of irreducible
characters A of G such that N £ ker . We will regard the characters of G/N also
as characters of G. Thus Irr(G) = Irr(G|N) | |Irr(G/N). We will use [, ] to
denote the Lie bracket and [, ]¢ for the group commutator. If ¢ is an element of a
group, o(g) will mean the order of g. The order of a nonzero complex number is its
order in C*. We will write [N, M]q for [...[N,M],---, M]qg, where M appears k

times.

2. CORRESPONDENCE BETWEEN CHARACTERS AND COADJOINT ORBITS
OF A UNIFORM PRO-p GROUP

In this section we describe the correspondence between characters of a uniform
pro-p group N and coadjoint orbits of the action of N on the dual of the Z,-Lie
lattice associated with N. Our approach is based on Howe’s papers [12] [II]. Our
main contribution in this chapter is an extension of some results from [I2] to the
case p = 2. The language of [12] is not so convenient for us, because we do not
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relate the groups under consideration with a fixed field. Therefore, we also present
proofs of some results which are contained implicitly in [12].

Recall that according to Lazard (see, for example, [7]) there is an equivalence
between the category of uniform pro-p groups and the category of uniform Z,-Lie
lattices. The uniform Z,-Lie lattice N corresponding to a uniform pro-p group N
has N itself as its underlying set, and the Lie lattice operations are given in terms
of the group operations as follows: for all z € Z,, and all z,y € G we have

z-r=2x%,

(2.1) gth=lm " RP
l9,h]p = lim [g?", n7" 12"
n—oo

Conversely, given a uniform Z,-Lie lattice N, the uniform pro-p group N cor-
responding to N can be constructed via the Baker-Campbell-Hausdorff formula
H. Its underlying set is again N, and the group product of x,y € N is given by
Yy = H(.’L‘, y)

Recall that the Baker-Campbell-Hausdorff Formula (BCHF) is H(xz1,22) =
log(e*1e®2) regarded as a formal power series in two noncommuting variables.
Equivalently, this is a formal power series H (x1, z2) such that

H(x1,72) T1 ,T2

e = e e

The homogeneous component of H(x1,x2) of degree n is denoted by H,(x1,x2),
so that H(zy,z2) = Yoo, Hy(z1,22). The main fact about the BCHF is that
H,(z1,22) is a Lie word in z; and x2 (see [I8 Theorem 9.11]). For example,
Hiy(z1,22) = 21 + x2 and Ho(x1,29) = 2129 — Tox1 = |21, 22 L.

Let {er} be a Z-basis of the free Lie algebra generated by x; and 9, consisting
of simple commutators. Then we can express H, as H, = > A;nex, for some
Ain € Q. We need the following fact about the coefficients Ax ,, (|2, Proposition
I1.8.1]):

(2.2) vp(Aen) 2 =(n=1)/(p = 1),

where v,($p°®) = s if (a,p) = 1 and (b,p) = 1. We also will use the following
well-known formula:

(23 v ye = H(H(=2y)0) =y + 3 gl ole.
i=1

Although a uniform pro-p group and its associated Zp-Lie lattice are the same as
sets, sometimes it will be important to emphasize whether we speak about the
group or the lattice. Therefore, in the following if A, B, N, etc., are pro-p groups,
the associated Z,-Lie lattice will be denoted by A, B, N, etc. For example, Irr(N)
will be the set of irreducible characters of the group N and Irr(N) the irreducible
characters of the abelian group (N, +).
The Lazard correspondence can be used not only in the context of uniform pro-

p groups. Indeed, Lazard [19] constructed his correspondence for a more general
family of pro-p groups, saturable pro-p groups. We will call a pro-p group M strong
if

(1) M?" = {m?" | m e M},

(2) the map = — P is a bijection between M and MP,



94 A. JAIKIN-ZAPIRAIN

(3) [Mpk7Mpk]G < Mp%v
(4) operations (2.I)) are well defined and M is a Z,-Lie lattice with respect to
these operations.

For example, in [I3] it is shown that any subgroup of a uniform pro-p group of rank
less than p is strong. More results in this direction can be found in [I7]. It follows
implicitly from [I0] that any normal subgroup of a uniform pro-p group is strong
if p > 2. In Lemma 2] we present a family of strong pro-p groups which appear
naturally in this work.

We say that a pro-p group G is k-powerful if [G,G] < Gr. A pro-p group G
is k-uniform if G is finitely generated, k-powerful, and without torsion. Thus, a
uniform pro-p group is l-uniform if p > 2 and 2-uniform if p = 2. A pro-p group
H is called k%-uniform if there exists a (k 4+ 1)-uniform pro-p group G such that
GP? < H < G. The notions of k-uniform and k%-uniform Z,-Lie lattices are
defined in the same way.

Lemma 2.1. Let A be a k%—um’form pro-p group, where k =0 ifp>2 and k=1
if p=2. Then the following properties hold:

(1) A is strong, and A is k% -uniform;

(2) (A AlL < pBFHI=TA: in particular (A, Alp < pBF DA AL
(3) ab=a+b+ i[a,b]p + 57 mod [A,A]L, where T € [A,A,A]L;
(4) z[A, Alg = =+ [A,A]L for every x € A.

Proof. By the definition of a k%-uniform pro-p group, there exists a (k+ 1)-uniform
pro-p group N such that N? < A < N.

(1) We divide the proof of the first statement into several steps:

Step 1. If z,y € A, then (2Py?)'/? € A.

Note that zPy? = (xy)? mod NP’ Since N is powerful, (zy, NP) is also powerful
(see [18, Lemma 11.7]). Hence xzPy? = 2P for some z € (zy, N?) < A.

Step 2. If x,y € A, then [:497f’,g/p]é;/p2 € A.

Note that [zP,yP]e = [x,y]’cf mod N?°. Since N is powerful, ([a:,y]g,N”2> is
also powerful ([I8, Lemma 11.7]). Hence [z7, y?]¢ = 22" for some z € ([z,y]a, N?')
< A.

Step 3. If x,y € A and n > 1, then (zP"y?")1/P" € A and [xp",y”"]lg/pM € A.

The case n =1 is proved in Steps 1 and 2. Since NP < AP < NP we have that
AP is uniform. Hence 2" y?" is a p"~!-power of an element from AP, and so by
Step 1, 2" y?" is a p™-power of an element from A. Again using that A? is uniform,
we obtain that [zP",y?"]g is a p>(»~D-power of an element from [AP, A?]. By Step
2, [#P",yP"]g is a p**-power of an element from A.

Step 4. Final step.

Since A is a subgroup of N and N is a uniform pro-p group, A satisfies the
second property in the definition of a strong pro-p group. The first and the third
properties follow from Step 3.

Since N is closed under the operations (Z1)), the limits lim,, o (z? y?" )P~ " and
limn_,oo[srpn,y”"]g%1 exist for any x,y € N. By Step 3, these two limits are in A
if z,y € A. Hence A is closed under the operations (2.J), and since N is a Z,-Lie
lattice with respect to this operations, A is a sublattice. Clearly A is k%—uniform.
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(2) Since N is (k + 1)-uniform,
[Av’i A]L S p(k+1)iN S p(k+1)i71A.
(3) This is a consequence of (2.2) and part (2) of this lemma.
(4) Since
A= || 2[4 Ale=| | z+[A AL,
€A T€EA

it is enough to show that z[A, Alg < x + [A,A]r. First, using 23)), 22) and
parts (2) and (3) of this lemma, we obtain that [A4, A]g < [A,A]r. Then, applying
again parts (2) and (3) and ([22), we conclude that z[A, Alg < x + [A, A]L for any
x € A O

If N is a strong pro-p group, then N acts on N by conjugation (recall that N and
N coincide as sets). The definition (2IJ) of the Lie operations on N implies that the
action by conjugation of an element from N is a Lie homomorphism of N. Hence
N also acts on Irr(N):

w”®(a) = w(afl), a€N, x €N, we Irr(N).
The group Irr(N) is a direct limit of Irr(N/p™N), whence any N-orbit in Irr(N) is
finite. If Q C Irr(N), we define ®o: N — C by means of
Do(u) =272 > w(w).
weN

Note that if  is an N-orbit in Irr(N), then ®q is a class function on N. In the
following lemma we collect some basic properties of these functions.

Lemma 2.2. Let N be a strong pro-p group.
(1) Let Q1 and Qg be two N-orbits in Irr(N). Then
1 i =Q,
(®q,, Po,) = { 0  otherwise.
In particular, two different orbits Q1 and Qs give two different functions
b, and Pq,.
(2) Let K be a powerfully embedded open subgroup of N. Then K is a Lie

ideal of N and the functions {®q | Q is an N-orbit in Irr(N/K) } form an
orthonormal basis for class functions on N/K.

Proof. (1) Let v,w € Irr(N). Since (v,w) =0 if v # w and (v,w) =1 if v = w, we
have the statement.

(2) Since K is powerfully embedded, a + K = aK for every a € N. Thus
N/K = N/K. The number of N-orbits in Irr(N/K) coincides with the number of
N-orbits in N/K = N/K. Hence it is equal to the dimension of the space of class
functions on N/K. O

If w € Irr(N), we define
By (L, k) =w([l,k]L), I,k € N.
We see that B, is a bilinear form on N. Put
Rad(w) ={l € N | B, (I,N) =1}.

We have the following important result.
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Lemma 2.3 ([IZ, Lemma 1.1]). Let N be a k-uniform Z,-Lie lattice and w € Irr(N).
Then Rad(w) is k-uniform. Moreover, if k > 1 when p > 2 or k > 2 when p = 2,
then Rad(w) and Stn(w) coincide as sets. In particular, Sty (w) is a uniform pro-p
group.

Let w € Irr(N). We say that a subgroup A of (N,+) polarizes w in N if
w([A,A]L) = 1 and A is maximal with respect to this property. Note that in this
case Rad(w) < A and |A : Rad(w)| = [N : A|.

The following lemma is a well-known fact. For instance, its proof is contained in
the proof of [I2] Lemma 1.4].

Lemma 2.4. Let V be a finite dimensional Fp-vector space and o : VANV — C*
an antisymmetric bilinear form on V. Suppose that a pro-p group G is contained
in Isom(V, o). Then there exists a maximal isotropic subspace U of (V,a) which is
G-invariant.

Lemma 2.5. Let N be a (k+1)-uniform Z,-Lie lattice and w € Irr(N). Suppose that
a pro-p group P acts on N and fizes w. Then there exist a polarizing k%—uniform
Z,-Lie lattices A for w, which is stable under the action of P.

Proof. We adapt the proof of [12] Lemma 1.4] to our case. First, let us assume that
k =0 and w(p[N,N]z) = 1. Thus, pN < Rad(w) and B,, can be considered as a
bilinear form on N/pN. Hence, by Lemma 24l there exists P-invariant pN <A <N
which polarizes w.

Now let us assume only that £ = 0. We will prove the lemma by induction on
IN : Rad(w)|. The case pN < Rad(w) is considered in the previous paragraph.
Suppose now that pN £ Rad(w). Let n > 1 be such that

w([p" TN, N]) = 1 and w([p"N,N].) # 1.

Define T = {t € N |w([t,p"N]r) = 1}. Note that T = Rad(w?"). Hence, by
Lemma 23] T is 1-uniform. Now we can apply the induction hypotheses because
IN : Rad(w)| > |T : Rad(wr)| and T is P-invariant. Hence there exists a polarizing
%-uniform Zy,-Lie lattice A for wt that is stable under the action of P. We show
that A also polarizes w. If b € N satisfies w([b, A]) = 1, then w([b,p"N].) = 1,
because p"N < Rad(wt) < A. Thus, b € T and so b € A.

Now we consider the case k > 1. Let M = p~*N. Then M is a l-uniform Z,-

lattice. Define v € Irr(M) by v(p~Fn) = w(n)pk. From the previous discussion we

know that there exists a %-uniform Zy-lattice B < M polarizing v. Then A = p*B

is a k%—uniform Zyp-lattice polarizing w in N. O

Lemma 2.6. Let A be a strong Z,-Lie lattice and let w € Irr(A) be trivial on
[A,A]L. Then the following hold.
(1) If A is k%-umform with k =04 p>2 and k =1 if p = 2, then for every
a € A andb € [A, Alg, w(ab) = w(a). In particular, w4 is a class function
on A.
(2) If A is %—uniform and p > 5, then wa is a linear character of A.
(3) If A is uniform and p = 3, then wa is a linear character of A.

Proof. The first part of the lemma follows from Lemma [21[(4) and the second and
third from Lemma 2T3). O
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Lemma 2.7. Let N be a uniform Z,-Lie lattice and w,v € Irr(N). Let A be a
polarizing Z,-Lie lattice for w (as in Lemma[ZH). Then va = wa if and only if v
and w are A-conjugate.

Proof. Note first that by Lemma 2.6]1), if v = w® for some a € A, then for any
be A,

v(b) = w(b) = w(b® ) = w(b).
Now let ¥ be the set of elements v of Irr(N) such that v4 = wa. We have that ¥
has |N : A| elements. On the other hand, A acts on ¥ and the A-orbit of w has

|A: Sty (w)] =|A: Rad(w)| = N : Al = |3
elements (we have used Lemma [233]). Hence ¥ is exactly the A-orbit of w. (]

Lemma 2.8. Let N be a uniform Z,-Lie lattice and w € Irr(N). Let A be a
polarizing Z,-Lie lattice for w (as in Lemma 23]). Suppose that Q is the N-orbit
of w in Irr(N). Then ®q = (wa)¥.

Proof. Let w = ﬁ(lA)Nw, ie,w(g)=0if g ¢ A and w(g) = w(g) = wa(g) if
g € A. Fix a transversal {g;} for the right cosets of A in N. By the definition of
(wa)™, we have that

(2.4) (wa)N = ng

Let X be the set of elements v of Irr(N) such that v4 = wa. Then, by Lemma

27 )
_ 1 s
“’_|N:A\§:“_\N;A|;“’ ’

where {h;} is a transversal for the right cosets of Stg(w) in A. Together with ([2.4)
this gives us that (wa)" = ®@q. O

2.1. The case p > 2. Now we consider the case p > 2.

Theorem 2.9. Let N be a uniform pro-p group, with p > 2, and £ an N-orbit in
Irr(N). Then ®q € Irr(N) and all characters of N have this form.

Proof. Let us first assume that p > 5. Then by Lemmas 2.8 and 2.6 @, is a class
function induced from a linear character of a subgroup. Hence ®q is a character
of N. By Lemma [Z2(1), ®q has norm 1, and so ®q is an irreducible character.
Using Lemma [2.2(2), we obtain that {®y | ¥ is an N-orbit in Irr(N)} is the set of
all irreducible characters of N.

Now suppose that p = 3. The argument of the previous paragraph does not work
in this case, because not every w € Irr(A) that is trivial on [A, A]y, is a character of A
when A is %—uniform (see Lemma [2:6). We will use another observation. Note that
any orthogonal matrix over QQ with nonnegative entries is a permutation matrix.
Therefore, if we have two orthonormal bases and the matrix of change of bases has
only nonnegative rational entries, then these two bases coincide. Hence it is enough
to prove that for any A € Irr(N) and any N-orbit © in Irr(N) the scalar product
(A, @gq) is nonnegative. We divide the proof into several steps:

Step 1. Let N be a uniform pro-3 group, and let w € Irr(N) be N-invariant.
Then (w, A) is a nonnegative integer for any A € Irr(IV).
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By Lemma 26 w is a linear character of N. Therefore, (w, \) is a nonnegative
integer for any A € Irr(V).

Step 2. Let N be a uniform pro-3 group, and let w € Irr(N) be such that
w([N,N,N]p) = 1. If Q is the N-orbit of w, then (®q, \) is a nonnegative rational
number for any A € Irr(V).

Since w([N,N,N].) = 1, w(32~%[N,s N]) = 1. Hence if a € Sty(w) and x € N,
then, by 23)),

w*(a) =w(@® ) =w(a+ [a,—z|r + z

2![a, —z,—x]p+ ) =w(a).

Thus if v € Q, Vs (w) = Wsty (w)- Since there are only [N : Sty (w)| = |Q| linear
characters of N satisfying this property, they are all in Q. Hence ®q(a) = 0 for any
a & Sty (w). Thus,

1 1
(Pa, \) = ‘Q|<((I)Q)StN(w)a)‘StN(w)> ‘Q|1/2< St (w)» ASt (w))

is a nonnegative rational number by Step 1.
Step 3. Let N be a uniform pro-3 group. Then for any A € Irr(N) and any
N-orbit  in Irr(N) the scalar product (\, @) is a nonnegative rational number.
By Lemma [2.5] there exists a %—uniform lattice A polarizing w in N. Put

B= A+Z (A AlL

Note that B is uniform. Since A is $-uniform, [A,;;1 Al < 3"7'[A, Al by Lemma
211(2). Hence

3

[B,B,B]L

[Air1 Al < [AA]L.

By Lemma 28 wf = ®x, where X is the B-orbit of wg in Irr(B). Thus, we obtain
that

(A, @a) = (A wl) = (Aa,wa) = (Ag,wk) = (Ap, Px)

is a nonnegative rational number by Step 2.
As we have indicated previously, Step 3 implies the theorem in the case p = 3. O

2.2. The case p = 2. Let N be a uniform pro-2 group. The main difference
between the cases p = 2 and p > 2 is that not every N-invariant w € Irr(N) is a
linear character of N (see Lemma [26]). Moreover, w is a linear character of N if
and only if w is trivial on 27N, N]p.

Let us study first linear characters of a uniform pro-2 group. Let B be a 1%—
uniform pro-2 group. Put A = B?, and let u € Irr(A) be a linear character of A.
Let w € Trr(B) be such that (u,wa) # 0. Note that w4 is A-stable.

Lemma 2.10. The functions w and p coincide on St4(wg). In particular, w(a)? =
w(a)? for any a € A.
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Proof. By Lemma 23] St4(wp) = Rad(wg) N A, whence if a € A and = € St4(wp),

then w([1a,2]) = 1. Therefore, using Lemma 21I(3), we obtain that

1 1
w(azr) = w(a+ x + §[a,m]L) =w(a+x+ [5(1,
In particular, we see that ws, (w,) € Irr(Sta(wp)). Let R be a transversal of A
over St4(wp). Then we have

z)r) = w(a)w(z).

(, wa) =\ ZM WSt 4 (wp)s BSta(ws))-
reR

Hence <wStA(’LUB)7NStA('wB)> # 0, and so WSta(wn) = HSta(ws):
Since A? < Sta(wp),

for any a € A. (]
For every a € B and = € A define v,(z) = w([z,a]) and c(z) = p(x)w(z)~L.
By the previous lemma c(x) = 1. It is clear that 7, is a linear character of A of

order 2. Moreover, v, = 14 if and only if a € Stg(wa).

Lemma 2.11. Let T be a transversal of B over Stp(wa), and let x,y € A. Then
we have the following.

(1) Irr(A/Sta(wp)) = {va | a € T}.

(2) clry) = c(x)e(y)w(gE).

(3) cla) = BB S (a?)y,
(4) p(z) = Slgnl(T<+;”§A>) >Swer c(@®)w®(x). In particular, if v € Irr(A), then

(1, v) # 0 if and only if v = w® for some a € B.

Proof. (1) By Lemma [Z3] St 4(wp) = Rad(w) N A, whence ~,(z) = 1 for any x €
Sta(wp). Thus, we obtain that {v, | a € T} C Irr(A/ Sta(wp)). Since all v, (a €
T) are different and |T'| = |A/Sta(wp)|, we have the equality Irr(A/Sta(wpg)) =

{ValaeT}.
(2) By Lemma [21(3), we have

clay) = play)w(zy)™ = ple)u(y)w(z +y + 240

= p@)p(y)w@)w(y)w(EEL) = c@)e(y)w( L),
(3) By Lemma 210 and the previous item, ¢ can be considered as a function on
A/ Sta(wpg). Since Irt(A/ St a(wp)) = {74 | a € T}, there are ¢, (a € T)) such that
€= ger CaYa- If a € A, then

ca = {(c,7) = [4c@)a(@)de = [, c(x)w(a?, 2]/2)dx

= [, c(za®)c(a®)dx = c(a®)(wa, p).
Since 1 = (¢, ¢) = Y cq 2 = |T|{wa, p)?, we obtain that (wa, p)? = 1/|T|. Thus,
we conclude that _
s wa))e(a?)
a |T\1/2
(4) Since p(x) = w(z)c(x) and w*(z) = w(x)v,(x), we obtain the desired result.
O
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Now we are ready to describe the characters of an arbitrary uniform pro-2 group.

Theorem 2.12. Let N be a uniform pro-2 group. Then there exists a bijection
f between Irt(N) and {®Pa | A is an N-orbit in Irr(N)} such that for any ¢ €
Irr(N), f(P)n2 = ¢nz. Moreover, if N is 3-uniform, then there exists a function
dg: N/N? — £1 with f(¢)(a) = dy(a)¢(a) for any a € N.

Proof. Let A € Irr(N?), and take ¢ € Irr(N) lying over A\. Choose w € Irr(N) such
that (wyz,\) # 0. Let B be a 1%—uniform Zy-Lie lattice polarizing w* in N (see
Lemma [Z5]). Then A = 2B is a 2%—unif0rm lattice polarizing won in 2N. We will
divide the proof of the theorem into several steps:

Step 1. There exists a linear character u € Irr(A) such that u is a constituent of
Aa and (p,wa) # 0.

Let © be the N2-orbit of woy in Irr(2N). By Lemma 2.8

((wa)N', ) = (@0, X) = [N?: Al{wnz, A) # 0.
Hence, by Frobenius reciprocity,

(wa, Aa) = (wa)V",A) #0.

Thus, there exists an irreducible constituent u € Irr(A) of A4 such that (u, wa) # 0.
By Lemma [2.6(1), p is linear.

From now on we fix one such linear character p € Irr(A).

Step 2. We have Stp(u) = Stp(wa) = Sty (wy2)A. In particular, Stp(wa) N
N2 = A.

The equality St () = Stp(wy) follows from Lemma [2ZTTY4). Also Sty (wy)A is
clearly contained in Stg(wa). Now let € Stg(wa). Then by LemmalZT w® = w®
for some a € A. Hence za™! € Sty (wy2), and so z € Sty (wy2)A.

Step 3. We have \ = MNZ.

Note that if a € B, then A is also a polarizing Z,-Lie lattices for w%.. Hence if

a,b € B, then, by Lemma B8, (w%)N" = (w’)"" if and only if
(2.5)  ab™! € (Sty(wy2)N?)N B = Sty(wy2)(N?N B) = Stp(wa)(N? N B).

Let Ty be a transversal of N2 N B over A, and let T, be a transversal of B over
Stp(wa)(N?N B). By Step 2, Stg(wa) N N? < A. Hence Ty T is a transversal of
B over Stg(wa). Put T =T1T5.

Using Lemma 2.1TJ(4), we obtain that

() = T S 2yt ),

1/2
‘T| / acT

1

where ¢(z) = p(z)w(z)~! and z € A. In order to prove that A = u™", we have to
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N2 | N?
show that (", ™ ) = 1:

) = () S ey, P S ) s
acT

= % Z Z c(aia3)c(bia3) (we use (ZH))

a2€T> a1,b1 €T

1 22y .72 2
= T Z Z c(ata)c(bja”)

a€T ay,b1 €T

:Wlﬂl 2 (ZC(a%)c(@”m<a2>%l(a2)>

ay,b1 €Ty \a€T

a€T

1
= m Z c(ai)c(b%)<’ya177b1>
a1,b1€Ty

1
= ﬁ a; c(a?)c(a?) = 1.
1 1
Step 4. We have Sty (A\) = Sty (wyz)N?.
Let X be the BN2-orbit of wqy in Irr(2N). Then, using the previous step and
the expression for p from Lemma 2TT|(4), we obtain that there are ¢, € Q (v € X)
such that

(26) A=Y e
vEX
By Step 2, Sty (wn2) < Stg(u), whence Sty (wy2)N? < Sty (N).
Now, suppose x € Sty ()\). Using (Z.6), we obtain that 2 € BN2. Hence we only
need to consider the case z € B.
Let @ = ), . wYy. Then, by 2.3), (™ aN*) = |Ty||T1[%. On the other hand,
by Lemmas 2TT)(1) and 2T0]

=3 wh =18, wmWa = i wmk = D 1"
teT teT

Hence (o™, a™N*) = |B : Stp(N)||Sts(A) : Sta(wa)|? Since Stp(wa)(B N N2) <
Stz (), we conclude that Stp(wa)(B N N?) = Stg(A).

Step 5. The map 3 +— B%~() is a bijection between Irr(Stp(u)|p) and
Irr (St (A)|A).

Since uV” = X and Sty (A) fixes A, 35 (V) lies over A for every 8 € Irr(St g (1)| ).
In particular, we have that

<uStN(A)7MStN(>\)> _ <)\StN(>\), /\scN(A)> =\ ()\StN()\))N2> = [Stx(A)/N?|.
On the other hand,

/J/StN(A) — (MStB(P‘))StN(A)

= Y. A = D Ayt
YEIrr(St5 (1) 1) YEIrr (St (1) | 1)
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Hence we have

|StN(>\)/N2| _ <NStN()\)nU'StN()\)> _ Z ,}/(1)5(1)<78t1\7(/\),5StN()\)>
7¥,6€lrr (St g (1) 1)

< > A0’ =|Sts(u)/A] = [Stn(N)/N?].
YEIrr(St5 (1) 1)

The last equality is a consequence of Step 2 and Step 4. Thus, we obtain that if
7,0 € Irr(St g ()| 1), then

(SN D) §StN(N)y { 1 if y=34,

0 if ~#4.
which proves Step 5.

Let ¢ be a character of Sty()) such that ¢ = ¥~. By Step 5, there exists a
character 8 € Irr(Stg(p)|p) such that ¢ = g5~ Put v = 3. Hence vV =
BN =N = ¢. Let C be a subgroup of Stg(u) such that § = 652 and § is a
linear character of C'. Since A is contained in the center of 3, A < C and so J is
an extension of u. Note that since [C, C]g € A?,

w([C, Cla) = u((C, Clg) = 4([C, Clg) = 1.

Step 6. The subgroup C is 1%—unif0rm, and C is a polarizing lattice for w in N.
Put D = Rad(wg) + A. By Lemma 23]

Rad(wj) = Stx(wd) = Sty (wy2),

whence, using Step 2, we obtain that D = Stg(p). Put E=D+ > ;2, &[D,;D]z.
Note that E is a uniform Z,-Lie lattice. By Lemma[23] Rad(wg) is uniform. Hence,

by Lemma 2.1)(2),
[D,; D]z < [Rad(w}),; Rad(w})]r + 2[B,; B]r < 4°(Rad(wg) + B).

Therefore, E < B. Thus, E? < A < C < Stg(u) < E, and so C is 1%—unif0rm.
Let a be such that w([a,C];) = 1. Since B polarizes w*, a € B. Hence a €
Stp(wa) = Stp(u). Now, for every x € C

§([a, z)e) = pl[a, 2le) = p(la, 2]r) = w((a,2]1) = 1.
Thus, «a fixes § and so a € C = Stg(J).
Step 7. Let A be the N-orbit of w in Irr(N). Then ¢(x) = ®a(x) for every
x € N2,
First, let us show that 7 coincides with (we)® on BNN2. Indeed, let z € BNN2.
If + ¢ A, then z ¢ C by Step 2. Hence 6%(z) = (we)B(z) = 0. If x € A but
x & St4(wg), then again

6% (x) = [Stp(n) : C| Y p'(x) = 0 =|Stp(u) : C| Y_w'(z) = (we)”(2).
teT teT
In the case ¥ € Sta(wg), 6%(z) = (we)P(x) by Lemma 2I0
Since ®a = (we)Y = ((we)P)V, by Lemma B8 and ¢ = 6V = (65)V, we
obtain the desired result.
Now, in order to construct the desired bijection, we have to show that the number
of irreducible characters lying over A coincides with the number of N-orbits of

characters w € Irr(N) such that (wyz, A) # 0. In both cases this number is equal
| St () Al

t0 TSts (0l
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Now we assume that N is 3-uniform. In this case we have that B is 24-uniform.
Hence w([B, B, B|;) = w([4B,B];) = 1, and so [B, B, B]g < ker~. Define Z to be
the center of v, and let o € Irr(Z) be the irreducible constituent of vz. Define a
function d on Z by means of d(z) = o(2)w(z) " .

Step 8. Final step.

Since 3 is an extension of y and u coincides with w on A2, we have that z € Z if
and only if u([z, B]lg) = 1 if and only if x € Stg(wp). Thus, Z = Stp(wp). Hence,
by Step 2, N>N Z = Sts(wg). By Lemma 210, d(z) = 1 for every z € N> N Z.
Now, if a € Z and © € N?> N Z, then

d(ar) = o(az)w(az) ™! = o(a)o(x)(w(a)w(x)w(|a, %x]L))fl = d(a).

Thus, we can extend d to a function from N/N? to +1. Observe that

1 1 1
_ N _ B\N _ N _ N
0= =g zir " ) =g gpr wd ®a= e (wz)
Hence
(2.7) Da(2z) = d(x)p(x) for every € N.

Corollary 2.13. Let N be a uniform pro-p group. Then
Ms)= Y IN:Rad(w)>(72),

weIrr(N)
Proof. By Theorems [20] and [Z12] there exists a bijection f between Irr(N) and

{®a | Aisan N-orbit in Irr(N)} such that for any ¢ € Irr(N), f(¢)(1) = ¢(1).
Hence

Ny =Y"1a = > IN:Sty(w)[z 7P = 3" N :Rad(w)> (72,
A

welrr(N) weIrr(N)
(]

3. p-ADIC INTEGRATION

In this section we give an explanation of the notion of a definable p-adic integral
and we introduce the facts that we will use later. More detailed discussion of this
subject can be found in [3] [6] 4] [§].

We use the standard notation for p-adic sets. | |, is the standard p-adic valuation
on Qp: if a € p*Z, \ p*T1Z,, then |a|, = p~*. Also, u will be the Haar measure on
Q. We always suppose that u(Z;) = 1.

Let X = (X1, -, Xn) be M commuting indeterminates, and let Q,[[X]] denote
the set of formal power series over Q,. We define the following subsets of Q,[[X]]:

(1) Z,[[X]] denotes the set of power series over Z,;

(2) Qp{X} consists of all formal power series ZieNfng a; X" such that |a;|, — 0
as |i| — oo. -

(3) Zp{X} = Z,[[X]] N Qp{X}.

We define the function D: Z2 — Z, by

[ x/y if |z|p, <|ylp and y # 0,
D(z,y) = { 0 otherwise.
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For n > 0 we define P, to be the set of nonzero nth powers in Z,.
We define the following language considered in [6]:
Let LY be the language with logical symbols V, 3, -, V, &, =, a countable number
of variables X; and
(1) an m-place operation symbol F for each F(X) € Z,{X}, m > 0;
(2) a binary operation symbol D;
(3) a unitary relation symbol P, for each n > 2.
Each formula ¢(z1,--- ,xp) in the language L3 defines a subset
My={x¢ Zgj|¢(x) is true in Z,},
where we interpret
(1) each F' € Z,{X} as a function f: Zj — Z, defined by f(x) = F(x);
(2) the binary operation symbol D as the function D;
(3) P.(x) to be true if z € P,.
We call such a subset M, definable. A function f: V — Z, is called definable
if its graph is a definable subset. Note that, in particular, a definable function is

bounded.
With each pair of definable functions f;: ZIJ,W — ZLp, fo: ZIJ)W — 7, and each

definable subset U of ZIJ)W we associate the following function:

(1. fo, Uy s) = /U A G 2 ()l

We shall call this function a definable integral. Our proof of Theorem [1] is
based on the following important result:
Theorem 3.1. Suppose that I(f1, f2,U, s) is a definable integral. Then

(1) U is measurable, and

(2) I(f1, f2,U,s) is a rational function in p~*.

In this form Theorem BIlappears in [8, Theorem 1.8] (see also [5, Theorem 2.6]).
Its proof is presented in [6] and [4].

4. THE UNIFORM CASE

In this section we prove Theorem[I[.2] First, we consider the case g = 1, and then
we present a general argument. The main steps of our proof are as follows. First,
using Corollary T3] we interpret the function ¢V (s) in terms of the associated
Z,-Lie lattice. Next, we express the function

C(s) = Z IN : Rad(w)|~*
welrr(N)

as a definable p-adic integral and use Theorem [3.11

Recall that N* = Homg, (N, Z,). Since N acts on N, N* is also an N-module.
For each i > 0 we fix #; a pth primitive root of 1 in C and we construct an
N-homomorphism 7, : N* — Irr(N/p’N) in the following way:

i (m)(1+ p'N) = 67",

The kernel of m,: is equal to p’N*, and so m,: is surjective. For any 0 # z € Z,
such that |z|, = p~* we define 7, = 7. Put W = (N* \ pN*) x (pZ,, \ {0}). This
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set will be the domain of integration:
Lemma 4.1. Let S(a,z) = [N : Rad(w.(a))|, where (a,z) € W. Denote by n the
Zyp-rank of N. Then
(o) =L+ plp= 1) [ J2}, "D |5(a, 2)f3dad
w
Proof. First note that if (a,z) € W and w = m,(a), then |z|, = o(w)™!. Hence
nl{(a,z) € Wira(a) = w}) = (p = 1)p~ to(w) "+
Therefore
C(s)—1= Z IN : Rad(w)|~*

InF#welrr(N)

/ p(p — 1)_1|Z|;(n+1)‘N : Rad(m,(a))|"*dadz
InFweIrr(N) (a,z)EW, . (a)=w

po= 17 [l ™I Rad(r (@) “dadz
w

:p(p—l)_l/ |Z|;("+l)\ﬁ(a7z)|f,dadz.
w
(I

The integral which appears in the previous lemma is not definable. In the fol-
lowing we will see how we can transform it in a definable integral.

We recall now some known facts about endomorphisms of Z;. Any book on
matrices over a principal ideal domain contains these facts (see, for example, [22]).
Let A,B € M, (Z,) be two matrices over Z,. We write A ~ B if there are two
invertible matrices Cy and Cy over Z, such that C1ACy = B. Of course, A ~ B
is an equivalence relation. The canonical forms of matrices with respect to this
relation are the following:

Lemma 4.2. Let A € M,,(Z,) be a matriz over Z,. Then there exist s1,- -+ , Sy €
Ly, satisfying |silp > |Six1lp for any 1 < i < n, such that A ~ diag(s1,---,sp).
Moreover, if A ~ diag(ti,- - ,t,) with |ti|lp > |tiz1]p for any 1 < i < n, then
[tilp = [silp-
Proof. 1t is enough to observe that A ~ diag(s1,- -, s,) if and only if Z} /A(Z}) =
D1 Zp/siZyp. =
This diagonal form is called Smith’s normal form. Now we present a method
of calculating Smith’s normal form. If A = (a;;)1<j<n and U,V C {1,--- ,n},

such that |U| = |V|, we put

gu,v(A) = det[(ai;)icv,jev].
For any 1 < i < n we fix an order on the set of pairs (U,V), where U and V are
subsets of {1,---,n} with ¢ elements. We put hg(A) = 1, and for 1 < i < n we
define h;(A) to be gyv(A), where (U, V) is the unique pair such that
(1) U] =[V]| = i;
(2) forany U’, V' C{1,--- ,n} with |[U’| = |[V'| = ¢, we have either |gy+ v/ (A)|,
<lgu.v (A)lp or g v (A)lp = lguv (A)lp and (U, V) < (U, V7).
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Lemma 4.3 ([22, Corollary 26.1]). Let A € M,,(Z,) be a matriz over Z,. Then
Jor any 0 <i <n—1, |D(hi(A), hi—1(A))lp = |D(hiy1(A), hi(A))]p and
A ~ diag(h1(A), D(ha(A), hi(A)), -+, D(hn(A), hn-1(A))).
By the previous lemma, if A ~ B, then |h;(A)|, = |hi(B)|p. Therefore, we can
speak about |h;(¢)],, where ¢ € Homg, (M, Ma) and My = My = Zp. Thus,
Lemma [£.3] implies the following result.

Lemma 4.4. Let My = My = Zj be two Zy-modules, 0 # 2 € Zp and ¢ €
Homy, (M, M2). Then |My /¢~ (2Ma)| =

1 if |zl > [ha(9)lp,
2 (@), if [ D(hil(@), ha—1(8))]p > |2l > |D(hies1(8), hie(6)) ],
1<k<n-—1,

2, " (@)lp i |2lp < [D(hn(9), hn1(8))lp-

Proof. By Lemma 2] we can choose bases of M7 and My such that the matrix A
associated with ¢ in these bases is diagonal and equal to

diag(h1(A), D(ha(A), hi(A)), - -+ D(hn(A), hp—1(A))).
Since |h;(¢)]p = |hi(A)|p for all ¢, we obtain the lemma from Lemma F.3] O

Let ¥: N* — Homgz, (N, N*) be the map defined in the following way: if [,k € N
and m € N*, then
Y(m) (1) (k) = m([k,1]L).

Lemma 4.5. Let m € N* and 0 # z € Zp. Then
Rad(7.(m)) = (¥(m)) "' (2N*).
Proof. Let |z|, = p~%. Then we have the following series of equivalent propositions:
x € Rad(m,(m)) & m.(m)(ly,z]L) =1 Vy €N
&= 9?([%%]” =1VyeN e m(z,y)L) € 2Z, Yy € N
& U(m)(2)(y) € 2Z, Yy € N & ¥(m)(z) € 2N* & z € (U(m)) " *(2N*).

O
Let {e1,---,e,} be a basis of N and {f1, -, fn} a basis of N*. Thus, any
element a from N or N* is identified with a vector (aj,--- ,a,), and we can view

Homgz, (N,N*) as M,,(Z,). Then the entries of ¥(a),a € N*, are linear functions
on {a;} and gyv(¥(a)) are polynomials on {a;} for every U,V C {1,--- ,n} with
|U| = |V|. This implies that the functions h;(¥(a)) are definable in L.
Define the following subsets of W:
Wo = {(a,2) e W | |z]p > [h1(¥(a))[p};
forany 1 <k <n-—1,
Wi ={(a,2) € W | |D(hx(¥(a)), hi—1(¥(a)))lp = |2,
> [D(hi11(¥(a)), hi(¥(a)))lp};
and
Wi = {(a,2) e W | |z]p < [D(hn(¥(a)), hn-1(¥(a)))lp}-
If (a,z) € Wy, define a(a, z) = D(2*, hx(¥(a))). Then « is a definable function on
W. Using Lemmas [£.4] and 4.5 we obtain the following corollary.
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Corollary 4.6. Let (a,z) € W. Then [N : Rad(r.(a))| = |a(a, z)|; "
Now, suppose that N is FAb. In this case we have the following important
property.
Lemma 4.7. Let N be an FAb uniform pro-p group. Then the number
m(N) = min{k|p*N C [N,N].}
is finite and for any w € Irr(N) we have o(w) < |N : Rad(w)[p™™).

Proof. Since N is FAb, [N, N], is of finite index in N. Thus, m(N) is finite.
Since p™ )N < [N, N],, we obtain that

IN : Rad(w)|p™™N < [N, N : Rad(w)|N]; < [N, Rad(w)].
Hence
w(N : Rad(w)[p™MN) =1,
and so [N : Rad(w)|p™™N) > o(w). O
Corollary 4.8. Let (a,z) € W. Then
" Ma(a, 2)|p < |2]p-

Proof. Note that if w = 7,(a), then |z|, = o(w)~!. Therefore, by Lemma EET] and
Corollary B8, |2],! < |a(a, 2)|,; 'p™N). Hence [p™NMa(a, z)|, < |2],. O

Theorem 4.9. Let N be an FAb uniform pro-p group. Then (N (s) is a rational

function in p~*°.

Proof. Let n be the Z,-rank of N. By Lemma ] and Corollary [£.0]

C(s) —1=p(p-— 1)71/ |z\;("+1)\a(a, z)|5dadz.
W
By Corollary .8 we have that if (a,z) € W, then
21,1 = 120, ™ Nada, 2) P MVa(a, 2) |,
= [D(p"Ma(a, 2), 2) [PV a(a, 2)|, .
Therefore, we have

/|z|;("+l)\a(a,z)|f,dadz
W
— pm(N)(n+1)(/W ID(p"Na(a, 2), 2) [ a(a, 2)[5" dadz).

Now, from Theorem [BI] we obtain that the last integral is a rational function
in p~%, whence ((s) is a rational function in p~°. Note that {(s) is a function in
p~2%, whence ((s) is a rational function in p~2¢. Thus, by Corollary B.I3, ¢V (s) is
a rational function in p~*. (I

We dedicate the rest of this section to the proof of Theorem The idea of the
proof is the same as in the proof of the previous theorem.

Lemma 4.10. Let N be an FAb uniform pro-p group and p; the sum of all irre-
ducible characters of N of degree p*. Then u; is equal to the sum of all ®a where
A is any N-orbit in Irr(N) of size p?t.
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Proof. Denote by p; the sum of all ® where A is any N-orbit in Irr(N) of size p*.
Then if p > 2, Theorem 2.9 says that u; = p;.

If p = 2, Theorem 212 says that p; coincides with p; on elements from N2. Now,
note that for any character o of N/N 2 pi = op; and p; = op,;. Hence both p; and
1; vanish outside N2. We conclude that p; = j; in the case p = 2 as well. O

Now we are ready to prove Theorem
Theorem 4.11. Let N be a uniform pro-p group. Then for any g € N,

D omilgp™ =Y MgA(1)~*
=0

AeIrr(G)

is a rational function in p°.

Proof. By the previous lemma,

S g = 3 w(g)IN: Rad(w)] T/,
1=0

weIrr(N)
Let 6,, be a pth primitive root of 1. If the order of w is equal to p"™ > p, then
(p—Dpm=t if géecKerw,
Yoo wi(g=¢ —pm! it o(w(g)) =p,
0€Gal(Q(0m)/Q) 0 it o(w(g)) > p-

Therefore, we have

> pilgp = > IN : Rad (w)|~+T)/2
1=0

welrr(N), o(w(g))=1

1

b . —(s+1)/2

- E IN : Rad(w)] .
welrr(N), o(w(g))=p

Now, note that the sets V; = {(a,2) € Wla(g) = 0(mod 2)} and V2 = {(a,2) €
Wipa(g) = 0(mod z)} are definable. Following the proof of Theorem [£.9] we obtain
that

Z IN: Rad(w)|™° =1 =p(p— 1)_1/ |z\;("+1)|a(a, z)|,dadz,
welrr(N), o(w(g))=1 Vi
and
3 IN : Rad(w)|~* = p(p — 1)—1/ 12l; "V, 2) |3 dadz.
welrr(N), o(w(g))=p Vi
Hence, as in the proof of Theorem {9, we conclude that Y ;< p1;(g)p~** is a rational

function in p~*°. O

5. CHARACTER EXTENSIONS

In order to prove Theorem [[.1] for an arbitrary compact p-adic analytic group
G, we need to develop a theory of extensions of characters from a normal uniform
subgroup N of G to characters of G. Thus, we should adapt the Clifford theory
to our case. Let F' be a profinite group, V a normal open subgroup of F', and
0 € Irr(V) an irreducible character of V. Under these hypotheses we say that
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(F,V,0) is a generalized character triple. If, moreover, 6 is F-invariant, then
we say that (F,V,0) is a character triple. We refer the reader to [14, Section 11]
for general discussion on character triples. For every generalized character triple
we define the function f(py,¢)(s) by means of

v (s) = Z <2((B>S

A€lrr(F|0)

Thus, for example, if NV is an open normal subgroup of GG, we have the following
expression for (% (s):

0(1)~* fa,n0(s)

SIOESDY Slam0
9eTrr(N) |G = Sta(0)]

From the Clifford theory we know that if (F,V,0) is a generalized character
triple, then

fevey(s) = |F : Ste(0)]™° fistr(0),v.0) (5)-

Therefore, the calculation of the function f(r ) (s) is reduced to the case when
(F,V,0) is a character triple. From now on we will suppose this.

For the convenience of the reader and in order to fix the notation, we recall
the definition of the abelian group H?(K,C*), where K is an arbitrary group. A
2-cocycle of K is a function a: K x K — C* such that

a(zy, 2)a(z, y) = a(z,yz)a(y, 2).
The set of 2-cocycles of K forms a group under pointwise multiplication. This

group is denoted by Z2?(K,C*). If u: K — C* is an arbitrary function, we can
define §(p): K x K — C* by

5(1) (g, h) = p(g)p(h)p(gh) "

Note that § is a homomorphism from the group of C*-valued functions on K into
Z2(K,C*). The image of d is the subgroup B%(K,C*) < Z?(K,C*) which is called
the group of 2-coboundaries. The factor group Z?(K,C*)/B?(K,C*) is denoted
by H?(K,C*).

If Ky and K5 are two groups and ¢: K1 — K5 is a group homomorphism, then
¢ induces naturally a homomorphism ¢*: Z?(K,,C*) — Z?(K;,C*) by means of

¢*(@)(g,h) = a(d(g), d(h)), a € Z*(K2,C"), g,h € K.

Since ¢*(B?(K2,C*)) < B?(K1,C*), we obtain a homomorphism H?(Ky,C*) —
H?(K;,C*), which we will also denote by ¢*.

From [14, Theorem 11.7] we know that any character triple (F,V, ) determines
uniquely an element from H?(F/V,C*). We denote this element by B(r,v,9)- Let us
recall this construction. Let T" be a transversal for V in F' and M a left irreducible
CV-module corresponding to the character 6. Since 0 is F-stable, the left CV-
module tM is isomorphic to M for any t € T. Let v;: tM — M be an isomorphism
of CV-modules. Put a;(m) = ¢;(tm). Then it is clear that a; € Endc(M). Any
element f € F has the form f = tn, where t € T and n € N. We define an
endomorphism ay of M by means of ay(m) = a;(nm). Let g € V, m € M, and
fi, fo € . From the construction of ay we have

A, f2)-1af,ap, (gMm) = gagy, py-1ag ag,(m).
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Hence a(y, f,)-1ayr,ay, is an endomorphism of M as a CV-module. But M is irre-
ducible and so, by Schur’s Lemma, ay, 1,)-1ay,ay, is multiplication by a nonzero
constant, which we denote by a(rv,e1 {y4:1)(f1V, f2V). Now, it can be proved
that a(pv.e,7,1¢,}) 15 @ 2-cocycle of F'/V; its image in H?(F/V,C*) is denoted by
B(r,v,)- Although the construction of a(rv,g1,{4,}) depends on the choice of T
and ¢y, t € T, the element ((r v 9) does not.

For our purposes the following proposition is very useful.

Proposition 5.1. Let (F;,V;,0;) (i = 1,2) be two character triples where V;
(i = 1,2) are pro-p groups, and let P; be a pro-p Sylow subgroup of F;. If ¢:
Fi/Vi — F3/Vy is an isomorphism such that ¢(P1/Vi) = Pa/Va and B(p, v, 6,)
= ¢*(ﬁ(P2,V2,92)); then f(Fl,V1,91) = f(F2,V2,92)'

Proof. First, note that by [23, Corollary 7.26(3)], B(r, ,v1,0,) = ¢*(B(#s,v5,0,))- Then
the argument of [I4, Theorem 11.28] implies that (Fy, Vi, 61) and (Fz, Vo, 03) are
isomorphic character triples in the sense of [I4, Definition 11.23]. Hence, by [14]
Lemma 11.24], f(F1,V1,91) = f(FQ,V2,92)- ([

The following result is a generalization of [I5, Lemma 4.1].

Lemma 5.2. Let (F,V,0) be a character triple and S a subgroup of F' such that
F=5SV. Put H=V NS. Assume that u is an irreducible S-stable character of H
and (pu,0m) = 1. Then 7*(B(r,v,0)) = B(s,,u), where 7: S/H — F/V is the natural
group isomorphism that sends sH to sV.

Proof. Let M be a left irreducible CV-module corresponding to the character 6.
Then the restriction of M to H is isomorphic to @ M;. Since {(u,0y) = 1, we can
suppose that M; corresponds to the character p and the rest of the M; are not
isomorphic to M;. Let T be a transversal for H in S. Then T is also a transversal
for V in F. As was explained at the beginning of this section, for any ¢t € T we
can define an isomorphism of V-modules ¢;: tM — M. We show that 1, sends
tMy to M. Since tM; is isomorphic to M; as an H-module, because t fixes p
and 1y is a V-isomorphism, ;(¢tM;) is isomorphic to M; as an H-module. Since
M has only one H-submodule isomorphic to M7, we obtain that ¢, (tM;) = M.
Hence (¢¢)ar, : tMy — My is an isomorphism which we can use in the calculation
of B(S, H, ). Thus, for any x,y € S and 0 # m € M; we have

T (amver () (@H, yH) = arv,o,r v, ) (TV,yV)
_ Yy (2y) ™ (2 (ym))
m
= S, Hu T (o) oar, D) (T H y H).
Thus, 7°(B(r,v.6)) = B(s,H.u)- O

In the following corollaries we present two particular cases of the previous lemma
of special interest.

Corollary 5.3. Let (F,V,0) be a character triple and S a subgroup of F' such that
F=SV. Put H=V NS. Assume that p is an irreducible S-stable character of
H and uV = 0. Then T (Brv.0)) = B(s,H,u), where 7: S/H — F/V is the natural
group isomorphism that sends sH to sV.

Proof. Since 6 is irreducible, (u,0) = (uf,0) = 1 by Frobenius reprocity. Hence
we can apply Lemma O
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Corollary 5.4. Let (F,V,0) be a character triple and S a subgroup of F such that
F=SV. Put H=V NS. Assume that u is an irreducible S-stable character of
H and = 0y. Then 7°(Br,v,0)) = B(s,m,u), where 7: S/H — F/V is the natural
group isomorphism that sends sH to sV.

Proof. Since p is irreducible, (i, 05) = 1. Hence we can apply Lemma 5.2 O

Theorem 5.5. Let G be a compact p-adic group, p > 2, N a normal open 2-uniform
subgroup of G, and A € Irt(N). If w € Irr(N) and (\,w) # 0, then

(1) Sta(A) = Sta(w)N,

(2) Sfistan,n 0 (8) = f(Sta(w) St (w) wse g () (5)-

Proof. Let ©Q be an N-orbit of w in Irr(N). By Theorem 29 A\ = ®g. Hence, it
is clear that St (w)N stabilizes A\. On the other hand, if A9 = X for some g € G,
then there should exist n € N such that w9 = w™. Hence gn~! € Stg(w). This
implies that Stg(A\) < Stg(w)N.

Let P be a pro-p Sylow subgroup of Stg(A). From the previous paragraph
P = Stp(w)N. By Lemma 25 there exists a polarizing uniform Z,-Lie lattice A
for w that is stable under Stp(w). By Lemma 2.6, w, is a linear character of A.

Since Stp(w) N N = Sty (w) = Rad(w) < A, we obtain that Stp(w)ANN = A.
By Lemma 28 X\ = &g = w¥ . Using Corollary 5.3, we obtain that

T (Bp,NN)) = BiStp(w)A,Awa)

where 71: Stp(w)A/A — P/N is defined by 71 (zA) = N, z € Stp(w)A.
Note that Stp(w) N A = Sty (w). Hence by Corollary B54]

T2 (B(str(w)A,4,wa)) = B(Stp(w),Sta (w),ws, y ()

where m5: Stp(w)/Sty(w) — Stp(w)A/A is defined by mo(x Sty (w)) = zA, = €
Stp(w).

Let ¢: Stg(w)/ Sty (w) — Stg(A)/N be defined by ¢(z Sty (w)) = zN. Thus,
®Stp(w)/ Sty (w) = T1 © T2. Hence we obtain that

" (Bp,nn) = (T1072)" (Bp.n ) = Bistrw),Sta (w)wse ()
and so, by Proposition B.IL f(st,n),n,0) (8) = f(Stc(w),StN(w),wSth))(5)- O

Thus, the last theorem reduces the study of fisi,(x),n,2)(8) to the study of
f(Stc(w),StN(w),wsw(w))(5)' The advantage of this reduction is that wsg () is a
linear character of Sty (w). We finish this section by considering character triples
of linear characters.

Let @ be a finite group and F' a free group on |@| variables (so that F' is generated
by x4, ¢ € Q). Define a homomorphism ¢: F — Q by ¢(z,) = ¢q. Let H be the
kernel of this homomorphism. Put F' = F/[H,F] and H = H/[H, F]. Since F
is central by finite, the derived subgroup F’ of F is finite. Let 3 and a be F-
invariant linear characters of H. Since they are F-invariant, we can regard « and
3 as characters of H. We will need the following criterion.

Lemma 5.6. With the previous notation suppose that for every b € ' N H, a(b)
and 3(b) have the same orders. Then f(p o) = f(rHp3)-

Proof. Let 7 be a linear character of H which is trivial on F/ N H. Then there is a
linear character 7 of F' such that 7y = . Hence fir m o) = f(F H,av)-
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The conditions of the lemma imply that ag~z and Bz~p are conjugate by an
element o of the Galois group of Q. Hence av = 37y, where 7 is a linear character of
H which is trivial on H N F’. By the previous paragraph, frH.0) = f(FH37). On
the other hand, f(r m 3 = f(ru g-) because there is a natural bijection between
characters over 0 and (39 conserving degrees. O

Now let Vo = {s; = si(zqlg € Q)} C F’ be a finite subset of F” such that

HNF' = {s;[H, F]}. Suppose that 1 — N — G 2, @ — 1 is an exact sequence,
i.e., ¢ is a surjective homomorphism with kernel N. Let {t,4]¢ € Q} be a transversal
for N in G such that ¢(t,) = ¢, and let o be a G-invariant linear character of N.
Define a vector

VQ(G, N, ¢, a) = (o(a(si(tqlg € Q))); - -, o(a(sk(tqlg € Q)))),
where k = |Vg| and o(r) denotes the order of r.

Corollary 5.7. (1) The vector Vo(G, N, ¢,a) does not depend on the choice of
transversal for N in G.
(2) There exists only a finite number of possibilities for Vo(G, N, ¢, a).

(3) Let1—>N1—>G1ﬂQ—>1and1—>N2—>G2%>Q—>1betwoea:act
sequences and «; a G;-invariant linear character of N; for i = 1,2. Suppose
Vo(G1, N1, ¢1, 1) = V(Ga, No, o, a2). Then fi, Ny ay) = f(Ga,Nosaz)-

Proof. (1) This is obvious because « is trivial on [N, G].
(2) For any b € NNG', o(a(b)) < |HNF'|.
(3) This is the consequence of the previous lemma. O

6. THE GENERAL CASE

In this section we finish the proof of Theorem [Tl Let G be a p-adic analytic
group with p > 2. We can find an open normal 2-uniform subgroup N of G. Since G

acts on N, G also acts on N*. We will use the notation of Section[dl Let {e,---,e,}
be a basis of N and {f1,---, fn} a basis of N*. Thus, any element a from N or N*
is identified with a vector (a1,--- ,a,) from Zj.

For any subgroup N < K < @G, define the set
Irr(N) g = {w € Irr(N) | N Stg(w) = K}.
Lemma 6.1. Wi = {(a,2) € W | m,(a) € Irr(N) g } is a definable set.

Proof. Fix a right transversal (¢;]¢ = 1,...,m) for N in G, and suppose that K =
Uf:l tiN.
Note that g;(a) = a', a € N*, is a linear function of a and f(a,g) = a9,
a € N*, g € N, is an analytic function of (a, g). Define a formula F; in the language
LY as
F;:=3g gi(a) = f(a,g)(mod 2).
Then W is equal to the definable set

{(a,2z) € W|F1(a,2z)& - - - &Fs(a, 2)&—Fsi1(a, 2)& - - - & F,(z,a) is true in Z,}.
O
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Now, fix a subgroup K, satisfying N < K < G, and put @ = K/N. Fix a right
transversal (yq4/¢ € Q) for N in K, such that ¢ = y,N. Let Vi = {s;} be as in the
previous section. For any w € Irr(N) i define V(w) as follows.

Since w € Irr(N) g, we have Stg(w)N = K. Define ¢: Stg(w) — @ by means of

¢(8) =qif sN = qua for s € StG(w) Then 1 — StN(w) — Stg(w) g Q@ —1is
an exact sequence. Put
V(w) = VQ (StG(w)7 StN (’LU), ¢7 wStN(w))'

From Corollary B 7lwe know that V' (w) takes a finite number of values and depends
only on w. Let v = (v1,...,vr) be such a value. We put

Irr(N) g = {w € Irr(N) g |V (w) = v}.
Lemma 6.2. The set Wk, = {(a,z) € Wk|n,(a) € Irr(N)k » } is definable.
Proof. Note that a(s;(yqaq|l¢ € Q)) is an analytic map from N* X NI€l to Z,, and
for any ¢ € @, the function g,(a) = a¥%e, a € N*, is a linear function of a. Also the

function f(a,g) = a?, a € N*, g € N, is an analytic function of (a,g). Define the
following formula G, in L

Gro: = 3(nglg€ Q) Vg€ Q gq(a) = fla,—ng)(mod 2)
& Vj((a(s;(yqng)) = O(mod 2) & v; = 1)

V (ja(s;(sng)) = 0(mod 2) & vya(s;(ygn,)) 2 O(mod p2))).
In the first row of the formula we find a transversal (y,nqlg € @) for Sty (7. (a ))
in Stg(m,(a)), and in the second and third we check the condition V(w,(a)) =

Hence we have Wk, = {(a,2) € Wk | Gk (a,2) is true in Z,}, and so WKW is
definable. 0

Now we are ready to prove Theorem [l
Proof of Theorem LIl We keep the previous notation. For any N < K < G we
define
(S (s) = > A
AEIrr(Glx), x€lrr(N), Sta(x)=K

Note that if A € Irr(G|x), x € Irr(N), and Stg(x) = K, then X lies over |G/K]|
irreducible characters of N. Hence we have

= Y .

N<K<@G
So, we need to prove the rationality of (¥ (s) for each K. Note that
(6.1) () =1G: K[ > ferenpx(1)7°

x€Irr(N), Sta(x)=K

Consider an arbitrary character x € Irr(N) such that Stg(x) = K. Then,
from Theorem 23] it follows that there exists a G-orbit € in Irr(N), such that
x = ®q. Let w € Q. Since Stg(x) = K, we have w € Irr(N) . By Theorem (.5

fik.Nx) = f(StG(w)7StN(w)vacN(w))' Then equality (G.I) can be rewritten as

(CF(s)=1G: K| Z f(Stc(w),StN(w),wStN(w))|N : Rad(w)|_(3_2)/2,
welrr(N) g
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Now, note that if wy, ws € Irr(N) k4, then, by Corollary 571

f(StG(wl)vstN(wl)v(wl)StN(wl)) = f(Stc(wz)VStN(wz)v(wz)sw(w))'

Hence in order to prove the rationality of (%% (s), it is enough to prove that
Y wenr(Ny g, IN 2 Rad(w)|~* is a rational function in p~2*.
We do it in the same way that we proved Theorem [£.9] because we have that

Z IN : Rad(w)|~* = p(p — 1)_1/ |z|;("+l)\a(a7z)|f,dadz.
InFwEIrr(N) kv Wk v

We can transform the last integral to a definable integral using the argument of the
proof of Theorem [4.9] because, by Lemma [6.2) Wi, is a definable set. O

7. AN EXAMPLE

Let R be a complete discrete valuation ring and m its maximal ideal. We sup-
pose that the residue field R/m = F, has odd characteristic. We denote by 7
a generator of m. Put G = SLy(R). In this section we calculate the zeta func-
tion of representations of G. Let GG; be the kernel of the natural homomorphism
SLa(R) — SLg(R/m?). Then G is an example of an R-perfect group (see [21] for
a general definition). We will use the following facts about Gi:

Lemma 7.1. The following properties of G; hold:

(1> [Gn; Gm]G = Gner-
(2) If n <m < 2n, then G, /G, is an abelian group and it is isomorphic as a
G-module to sla(R/m™~ ™). Moreover, there are G-isomorphisms

(bnl Gn/Gn+1 — Slg(Fq)
such that

¢n+m([xGn+la meJrl]G) = [(bn(IGnJrl)a (bm(meJrl)]L

for every x € G,, and y € Gp,.
(3) If n <m < 2n, Irr(Gy/Gr) and G, /G, are isomorphic as G-modules.

Proof. The first and second statements are well-known facts about G;. The third
statement can be obtained using the Killing form on sly(R/m™~"). O

We will consider the set Ma(R) of all 2-by-2 matrices as a Lie ring. If € My(R),
then z, is the image of x in My(R/mF). Thus,

Cuwiy(ry (k) = {a € Ma(R) | ma — az € m*Ma(R)}.
The next lemma is the crucial point which makes possible the calculation of ¢Sk2(%),
Lemma 7.2. Let x € sly(R) \ msla(R) and k > 1. Then
Cuto(r) (k) = Cuty(r) () + M*M(R) = R + Rz + m* M (R).

In particular, Cq(xy) = Ca(z)Gy.

Proof. The inclusions Cy, gy (k) = Ciy(r) (@) + m"Ma(R) > R + Rx + m"My(R)
are evident. Let us prove that Cyy,(g)(zx) < R+ Rx + mFM,(R). We will prove it

=F

by induction on k. Note that CM2(Fq)(m1) ¢ + Fqx1, because x; is a noncentral
element of My (F,). Thus,

(7.1) CMQ(R)(«Tk) < CM2(R)(:C1) = R+ Rz + mM(R).
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In particular, the lemma holds when & = 1. Now, suppose that £ > 2 and the
lemma holds for & — 1 . Since Cyy,(r)(xx) N mMa(R) = mCyy, (r)(2r—1), We obtain
from the inductive hypothesis and () that

Ovy(ry(zr) < R+ Ra+ (Cyy(r)(zr) N mM2(R))

R+ Rz 4+ mCyy (g (z1-1) = R+ Rz + m*My(R).
O

Lemma 7.3. Let m > 1 and 7 € Irr(Gr /Gom+1|Gam/Gom+1). Then 7(1) = q.
Proof. The group H = G,,,/Gam+1 has nilpotency class 2. Hence,
(1) = [H : Z(7)['/?,

where Z(7) is the center of 7. Let v be the irreducible constituent of 7, /@1
and « the bilinear form on G, /Gp,+1 defined by a(zGp, yGim) = v([z, y]g). Then
from Lemma [[T(2) we obtain that since v is not trivial, the radical of « has size
q. But the preimage of the radical of o in Gy, is exactly Z(7). Thus 7(1) =¢. O

Let A € Irr(G). We define the level n(X) of A to be the least number n > 0
such that G411 < ker A. The characters of G of level 0 are well known: they are
characters of the group SLo(F,). We fix our attention on characters of positive level.
We divide these characters into three groups as follows. Let A € Irr(G) be of level
n > 0 and vy an irreducible constituent of Ag, . Since v is an irreducible character
of G,,/Gy+1, using Lemma [ZI] we can consider vy as an element of sly(Fy). Then
we define the type of A as follows:

I if the characteristic polynomial of vy
has two different roots in IFy,
type(A) = ¢ II  if the characteristic polynomial of vy
does not have roots in Fy,
III if the characteristic polynomial of vy is equal to x2.

Although the choice of vy is not unique, the definition of the type of A only depends
on A\.

Theorem 7.4. Let A be an irreducible character of G of level n > 0. Then

(q+1)g™ if type(N) = 1,
A1) =q (@a—=1)g" if type(A) = II,
‘IT_lq”*1 if type(N\) = IIL

Proof. Put m = |n/2] + 1, and let x be an irreducible constituent of Ag, . By
Lemma [} there exists an isomorphism ¢ : Irr(G,,/Gra1) = slo(R/m?~ ™+ of
G-modules. Hence there exists z € sly(R) \ mslz(R) such that ¢(x) = Tp_m+1-
Without loss of generality we can assume that vy = xg,. Then we have that

Stg(v)\) = Cg(l‘l).
First suppose that n is an odd number. By Lemma [T.2]
Sta (X) = OG(xn—m+1) = AG,,

where A = Cg(x) is an abelian subgroup of G. Thus, we can extend x to Stg(x)
and so A(1) = |G : Sta(x)].
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Now suppose that n is an even number. Again, we have that Stg(x) = AG—1
for some abelian subgroup A of G. Let T be an irreducible constituent of Ag,, ,
lying over Y.

First we will show that Ste(7) = Stg(x). The inclusion Stg(7) < Sta(y) is
clear. In order to prove the inverse inclusion we have to show that A stabilizes 74
where Z = Z(7) is the center of 7, because T vanishes outside Z. Note that

Z=GnN {1 + a1t | te CM2(R)($1)}

Thus, by Lemma [[2] [Z, Al¢ = [Gm, Alg and G,,—1 N A < Z. In particular, A
fixes 77 and so A fixes 7.

Now we will prove that we can extend 7 to AG,,_1. Let P be the pro-p Sylow
subgroup of A. We only need to show that 7 can be extended to PG,,_1. The idea
of the following argument is taken from the proof of Theorem 5.5l As we see, it also
works when R has positive characteristic. Define a new operation on G,,—1/Gp1:

v xy = wylr,y]'/?.
We obtain that G,,—1/Gr41 is a G-module with respect to this operation. More-
over, M = (Gp_1/Gny1,*) is isomorphic to slo(R/m"~"*+2) as a G-module. In-
deed, it is easy to check that

2
1+a (mod m"'My(R)) — a— % (mod m" ™ *+2M, (R))

is a G-isomorphism between
M and (m™ sy (R) + m" ™ T2My(R))/m™ "My (R).

Recall that A = Cg(x). We can find an extension p € Irr(M) of x such that A
fixes p. As in the proof of Lemma[7.3 we define a bilinear form o on G,,,—1/G, by
means of a(xGp, yGn) = p([z,yle) = va([z,¥]e), z,y € Gpm_1. By Lemma 24
there exists G, < D < G,,—1 such that D/G,, is a maximal isotropic subspace of
Gm-1/Grm and P fixes D. Tt is clear that D is a subgroup of G,,—1 and up is a
linear character of D. Note that |G,,_; : D| = ¢, whence 7 = p“m=-1. Since P is
abelian and P fixes up, up can be extended to PD. Hence, by Corollary B3] 7
can be extended to PG,,—1 and so to AG,,_1. Therefore, A(1) = |G : Sta(x)|q.

Thus, in both cases when n is odd and when n is even we reduce the calculation
of A(1) to the calculation of |G : Stg(x)| = |G : Ca(n—m+1)|- Applying Lemma
[[2] we obtain that

(¢ + 1)@+ if type(A) =1,
|G : Ca(zps)| = (g - 1)q2k+1 if type(A) =11,
L if type(\) = IIL
This gives the theorem. O

Theorem 7.5. Let R be as before. Then

e = 14 g 4 3+ 1) +2 (L) T (g - 1) 2 (52

2 _ —s 2_ _ —1)2 _s
19( 55 ) T+ T (¢ T I (g2 g)
+ l_q—s+1 .
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Proof. From [0, page 155] we know that when ¢ is odd,
-3 » 1\° ¢g-1 , —-1\7°
) 1+ LR ) 2 (q; ) a1 2 (qT) '

The characters of SLy(IF,;) are exactly the characters of SLa(R) of level 0. Let n > 0
and v € Irr(G,,/Gp41). Then | Irr(Glv)| = | Irr(Ste(v)|v)]. Since all characters from
Irr(G|v) have the same type and the same level, the previous theorem implies that
they have the same degree. Therefore, since

> 0(1)* =|Sta(v) : Gal,

Oelrr(Sta (v)|v)

we obtain that
|G : Stg(v)]?|Sta(v) : G| |G : Stg()||G : G,
7.2 I = =
( ) | IT(C:|/U)| )\(1)2 )\(1)2 )
where A is any character from Irr(G|v).

For example, we calculate the number of the irreducible characters of level n and
type L. In sly (F,) there are (¢g—1)/2 G-conjugacy classes of diagonalizable nontrivial
elements. Hence, by (C2) and Theorem [74] the number of irreducible characters
of level n and type I is equal to

g—1q(g+ 1)’ *(¢—1)(g+1) ¢ '(g—1)
2 (¢+1)%¢* 2 '
The number of irreducible characters of level n and type II is equal to

q—1q(g—1)¢"*(¢—1)(qg+1) ¢ (¢*—-1)

2 (¢ —1)%¢*" 2
The number of irreducible characters of level n and type III is equal to

I St AUl [CR S SR
(¢2=1)2 9p_2 =
—z 4

Applying Theorem [Z4], we obtain the desired formula for ¢SL2(7), O
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