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VANISHING CYCLES
FOR NON-ARCHIMEDEAN ANALYTIC SPACES

VLADIMIR G. BERKOVICH

INTRODUCTION

In this work we develop a formalism of vanishing cycles for non-Archimedean
analytic spaces which is an analog of that for complex analytic spaces from [SGAT],
Exp. XIV. As an application we prove that in the equicharacteristic case the
stalks of the vanishing cycles sheaves of a scheme X at a closed point x € X
depend only on the formal completlon Spf((’)X x) of X at x. In particular, any
continuous homomorphism OX x — Oy y induces a homorphism from the stalks
of the vanishing cycles sheaves of X at x to those of )V at y. Furthermore, we
prove that, given (/9\;\4,( and (53;)},, there exists n > 1 such that, for any pair of
continuous homomorphisms @/’\ﬂx — (5y,y that coincide modulo the n-th power of
the maximal ideal of @y)}” the induced homomorphisms between the stalks of the
vanishing cycles sheaves coincide. These facts generalize a result of G. Laumon
from [Lau| (see Remark 7.6).

Throughout the paper we fix a non-Archimedean field k (whose valuation is not
assumed to be nontrivial). In §1 we study étale Galois sheaves on k-analytic spaces.
To define the vanishing cycles functor and to work with it, we use the language of
pro-analytic spaces, i.e., pro-objects of the category of analytic spaces ([SGA4],
Exp. I). Examples of such objects are the germs of analytic spaces as in [Ber2],
§3.4. Another example is considered in §3. In §4 we define the vanishing cycles
functor and establish its basic properties. In §5 we show that the vanishing cycles
sheaves are trivial for smooth morphisms. In §6 we prove a comparison theorem
for vanishing cycles. This theorem is more general than its analog over C from
[SGAT], Exp. XIV, and its proof does not use Hironaka’s theorem on resolution of
singularities. In §7 we apply the comparison theorem to prove the properties of the
vanishing cycles sheaves of schemes formulated above. It is worthwhile to note that
this application is obtained by considering non-Archimedean analytic geometry over
fields with trivial valuation.

Like [Ber3], this work arose from a suggestion of P. Deligne to apply the étale
cohomology theory from [Ber2] to the study of the vanishing cycles sheaves of
schemes. I am very grateful to him for useful discussions on the subject. I also
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gratefully appreciate the hospitality and support of the Institute for Advanced
Study, where a part of this work was done.

§1. GALOIS SHEAVES

For a k-analytic space X and an algebraic extension K over k we set X = X oK
and denote by m = wx the canonical morphism X — X.

1.1. Lemma. Any K-analytic space V étale over Xy admits an étale covering
{U} tier for some U* étale over X.

Proof. We have to verify that each point v € V has an étale neighborhood Uy for
some U étale over X. Let 2’ be the image of v in Xk and set = w(z’). Then the
field H(v) is a finite separable extension of H(z’). Since the compositum H(x)K is
everywhere dense in H(z'), it follows that H(v) = H(z’)L for some finite separable
extension L of H(x). By Theorem 3.4.1 from [Ber2], the field L gives rise to an
étale morphism of k-germs (U, u) — (X, z) with H(u) = L. By construction, there
exists a point v’ € Ux with H(u') = H(2')L = H(v), and therefore, by the same
theorem, there is an isomorphism of K-germs (Ug,u’') — (V,v) over (Xg,a').
Thus, replacing X by U, we may assume that V' is an open neighborhood of z’ in
Xg. It suffices to know that there exist a finite separable extension k' of k in K
and an open neighborhood U of the image of 2’ in X} such that the preimage of U
in Xk is contained in V. But this is established in the proof of Lemma 5.3.4 from
[Ber2]. O

Suppose that K is a normal extension of k. Then the Galois group G(K/k)
acts on X (considered as an analytic space over k). Let v : G — G(K/k) be a
continuous homomorphism from a profinite group G to G(K/k). The group G acts
on Xg via v. An action of G on a sheaf of sets F' on Xg, compatible with the
action of G on Xk, is a system of isomorphisms o(g) : v(g9).F — F, g € G, such
that o(gh) = o(g) ov(g)«(c(h)). If G acts on F, then for any U étale over X the
group G acts on the set F(Uk).

1.2. Lemma. The following properties of an action of G on F are equivalent:

(a) for any f € F(Uk), where U is étale over X, there exists an open covering
{U'tier of U such that for any i € I the stabilizer of f|,,; is open in G;
K

(b) for any f € F(Uk), where U is étale over X, there exists an étale covering
{U"}ier of U such that for any i € I the stabilizer of f is open in G.

Uk
Proof. Let f € F(Uk), where U is étale over X, and suppose that there is an étale
covering {U; 2y }ier such that for any ¢ € I the stabilizer of f

Ui, is open in G.
Since étale morphisms are quasifinite (see [Ber2], §3), we can replace the covering
by a refinement so that all of the induced morphisms U? — U* = ¢;(U?) are finite.
In this case the morphisms Uj, — U}, are finite and étale, and therefore the maps
FU},) — F(U}) are injective. We get an open covering {U'};c; of U such that
for any ¢ € I the stabilizer of f ui, is open in G. O

An action of G on F, which possesses the equivalent properties of Lemma 1.2,
is said to be continuous. Let Ta(Xk) (resp. Sg(Xk)) denote the category of
sheaves of sets (resp. abelian groups) endowed with a continuous action of G
(G-sheaves). The category S (Xk) has injectives. Its derived category will be
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denoted by Dg(Xk). If I is a subgroup of G which is contained in the kernel of
v: G — G(K/k), then v induces a continuous homomorphism v’ : G/I — G(K/k),
and one has a left exact functor S¢(Xx) — Sg/1(Xk) : F — F! . The values of its
right derived functors are denoted by H9(I, F'). For 2’ € Xk one has HY(I, F), =
HY(I,Fy).

Suppose that %k’ is another non-Archimedean field, K’ is a normal extension
of ¥, and v/ : G’ — G(K'/K') is a continuous homomorphism of profinite groups.
Furthermore, suppose we are given a commutative diagram of isometric embeddings

K — K
T T
k — K

and a commutative diagram of continuous homomorphisms

G 2 GK/K)
Y
G L GK'JK)
where p is induced by the above embeddings. Finally, let X’ be a k’-analytic space,

and let ¢ : X’ — X be a morphism over the embedding k¥ — k’. It induces a
morphism @ : Xy, — Xk over the embedding K — K'.

1.3. Lemma. The inverse image functor for the morphism @ induces a well defined
functor 3* : Ta(Xk) — Ta (Xj).

Proof. Let F € Ta(Xk) and f € (p*F)(Vk-), where V is étale over X'. Then there
is an étale covering {W?* — Vi }ies and, for each i € I, a commutative diagram

VK/ i XK

| |

wt — U

where U’ is étale over X, such that f }Wi is the image of some element g; € F(U?).
By Lemma 1.1, we can replace the covering {W'}ics by a refinement and assume
that W* = Vi, for some étale covering {V*};e; of V. Furthermore, by the same

lemma, we can find for each ¢ € I an étale covering {U}g }ieg, of UY, where U are

étale over X. Since the action of G on G is continuous, we can replace the latter

covering by a refinement and assume that the stabilizer of g;|:; is open in G. We
K

get an étale covering {V% = V' xx U¥}; ; of V such that f
yis- 1t follows that the stabilizer of f
K

vii 18 the image of
K/

gi

vis is open in G'. |
K/

From Lemma 1.3 it follows that the inverse image functor for the morphism
m : Xg — X induces a well defined functor 7* : T(X) — Tg(Xk). In the
case G = G(K/k) one can easily show that there is an equivalence of categories
P T(X) = TG(K/k)(XK)-

§2. PRO-ANALYTIC SPACES

Recall that the category of pro-objects of a category C, Pro(C), is defined as
follows (see [SGA4], Exp. I). Its objects are functors I — C : i — X;, where I is
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a small cofiltered category. Such an object is denoted by "lim"X;. Morphisms are

I
defined by

Hom(" lim "Yj, " lim "X;) = lim lim Hom(Y}, X;).
v T T

The category Pro(C') admits cofiltered projective limits, and if C' admits fiber prod-
ucts, then so is Pro(C). The canonical fully faithful functor L : C' — Pro(C)
commutes with fiber products, but does not commute, in general, with cofiltered
projective limits. One has "lim"X; = lim L(X;).
I I
A pro-k-analytic space is an object of the category Pro(k-An). The category

Pro(k-An) admits fiber products and cofiltered projective limits, and for a non-
Archimedean field K over k there is the ground field extension functor
Pro(k-An) — Pro(K-An) : X = "lim"X; — X®@K ="lim"(X;®K). A pro-analytic

I I
space over k is a pair (K,X), where K is a non-Archimedean field over k and
X € Pro(K-An). A morphism (L,Y) — (K, X) is a pair consisting of an isometric
embedding K «— L and a morphism Y — X®x L.

Let X ="lim"X; be a pro-k-analytic space. It gives rise to a pro-object of

the category OIf locally ringed spaces. Since the latter category admits cofiltered

projective limits, we get the underlying locally ringed space |X| of X. (We remark

that the space |X| may be empty even when X is nontrivial.) If x € X (i.e., z € |X]),

then Ox , = 1Lrn Ox, z;, where z; is the image of x in Xj;. The residue field of the
IO

local ring Ox , is denoted by k(z). Furthermore, let H(x) denote the completion

of the field thH(xZ) If, for each i, the point x; has an affinoid neighborhood in

X, then the field x(z) is quasicomplete and its completion coincides with H(z).
For a pro-k-analytic space X = "lim" X; we define the category of “étale sheaves

I
of sets” T(X) as the inductive limit lim T(X;) (see [SGA4], Exp. VI). Namely,
IO
objects of T(X) are pairs (i, F'), where ¢ € I and F € T(X;). A representative
of a morphism (i, F) — (4, G) is a triple (o, 8,u), where a« : I — i and §:1 — j
are arrows in I and u : v;(F) — v5(G) is a morphism of sheaves on X; (v is
the morphism X; — X; that corresponds to «). Two representatives («, 5, u) and
(o, B,u') of a morphism (i, F) — (j,G) are said to be equivalent if there exist
arrows v : ¢ — L and 7' : ¢ — I’ such that coy =’ o+, foy = 3 o+’ and
v*(u) =+""(u'). A morphism is an equivalence class of representatives. We remark
that if X = lim X; is a cofiltered projective limit in the category Pro(k-An), then
I
there is an equivalence of categories lim T(X;) — T(X).
IO

One also has the abelian categories of “abelian sheaves” S(X) and of “sheaves
of A-modules” S(X, A). There is a left exact functor S(X) — Ab: F — F(X) =
1}LHF(X1) Suppose that all of the morphisms v, : X; — X; are étale. Then
IO
the functors v, : S(X;) — S(X;) take injectives into injectives, and therefore the
category S(X) has injectives. The values of the right derived functors of the functor
F— F(X) are H{(X, F) = lim H(X;, F).

IO
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Let ¢ : Y ="lim"Y; — X ="lim"X; be a morphism of pro-analytic spaces over
J I
k. Then one can define the inverse image functor ¢* : T(X) — T(Y) and, in a

situation we really need, the direct image functor ¢, : T(Y) — T(X) as follows.
If for each ¢ € I we fix o(i) € J and a morphism ¢; : Y,;) — X; determined
by ¢, then ¢*(i, F') = (0(4), ¢} (F)). Furthermore, suppose that there are a full
cofinal subcategory I’ C I, a cofinal functor o : I’ — J, and a system of morphisms
{pi : Yo — X }ierr which defines ¢ and such that for any arrow o : { — 7 in I
the diagram

YV,i) 5 X,

Ton Tva

Yoo -5 X

is commutative and cartesian. Suppose also that all of the morphisms v, : X; —
X; for arrows a in I are étale. Then for any F' € T(Y,(;) there is a canonical
isomorphism v ;, (F) — ¢, v%(F), and therefore the correspondence (o (i), F') —
(i, i, (F)), i € I, gives the required functor ¢, which is right adjoint to ¢*. In this
situation the category S(Y) has injectives, and there are the right derived functors
Riyp, : S(Y) — S(X).

For a k-analytic space X we denote by X-An the category of morphisms of k-
analytic spaces Y — X. Such an Y is said to be an X -analytic space. If X ="lim" X;

is a pro-k-analytic space, then an X-analytic space is an object of the catlegory
X-An := lim X;-An. If P is a class of morphisms between k-analytic spaces which
IO

is preserved under any base change, then one can extend in the evident way the class
P to morphisms between X-analytic spaces. Furthermore, if all of the morphisms
Vo ¢ X; — X are étale, then for any morphism of X-analytic spaces ¢ : Z — Y the
direct image functor ¢, : S(Z) — S(Y) as well as the right derived functors R%¢,
are well defined.

Germs of analytic spaces (see [Ber2], §3.4) are examples of pro-analytic spaces,
namely, there is a fully faithful functor

k-Germs — Pro(k-An) : (X,X) — X(¥) =" lim "U,
29
where U runs through open neighborhoods of ¥. The functor commutes with exten-
sions of the ground field, but does not commute with fiber products. For example,
let ¢ : Y — X be a morphism of k-analytic spaces and z € X. Then the fiber
product Y xx (X,z) in the category k-Germs is the k-germ (Y, ¢~ 1(z)), i.e., it
gives rise to Y (¢~ 1(x)) :"@"V, where V runs through all open neighborhoods

of the fiber ¢~1(x). The corresponding fiber product Y (x) := Y x x X(x) in the
category Pro(k-An) is "lim"¢~!(U), where U runs through open neighborhoods of

the point x. We remark that the canonical morphism Y (¢~!(z)) — Y (z) induces
an isomorphism between the underlying locally ringed spaces, and there is a mor-
phism Y, — Y (p~!(x)) which induces a homeomorphism between the underlying
topological spaces. The space Y (z) is an example of an X (x)-analytic space. And
in fact any X (z)-analytic space Y is isomorphic to Y (z) for some ¥ — X. The
fiber of Y over x is, by definition, the H(x)-analytic space Y, := Y.
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For a k-germ (X, ¥) there is an exact functor T(X (X)) — T(X,X) : F'— F(x x)
which associates with a sheaf F € T(U), U D %, its pullback on (X,X). The
continuity theorem ([Ber2], 4.3.5) tells that if a k-germ (X, X) is paracompact, then
for all F € S(X (X)) and q > 0 there is a canonical isomorphism H4(X (%), F) —
HI((X, %), Fxs)).

§3. GAGA OVER THE LOCAL RING OF A POINT

Let (S, s) be a k-germ such that S is good at s, i.e., the point s has an affinoid
neighborhood in S, and let A = Og s and S = Spec(A). We recall that A = lim Ay,

where W runs through affinoid neighborhoods of the point s, and that the rings A
and Ay are Noetherian. For an affinoid domain V' = M(Ay) we denote by V the
affine scheme Spec(Ay ). By [EGA4], 8.8.2, for any scheme X of finite type over S
there exist an affinoid neighborhood V' of s and a scheme Xy of finite type over V
such that X = Ay ®y S over S. Furthermore, a projective limit of the projective
system {Xy = Xy ®p W}yowss exists in the category of schemes over S, and
one has X = @XW' Finally, if )V is another scheme of finite type over § with

Y = Yy @y S for some scheme Yy of finite type over V, then there is a canonical
bijection lim Homyy (Y, Xy ) — Homg(Y, X).

By [Ber2], §2.6, one can associate with the scheme Xy a k-analytic space Xg" =
(Xy)* closed over V. The V-analytic space X3" gives rise to an S(s)-analytic
space X3"(s). From the above EGA-facts it follows that X&"(s) does not depend
on the choice of V and Xy up to a canonical isomorphism, and therefore we can set
X = X7 (s). (For example, S** = S(s).) It follows also that the correspondence
X — X" is a functor which commutes with fiber products. Moreover, if (5',s') —
(S,s) is a morphism of germs over k, then there is a canonical isomorphism
(X xs &) 5 Xan x g4 S'(s'). One has |X®"| = fi'(s), where fy is the mor-
phism &A}" — V, and, for x € X*", Oyan 5 = Oxan . From [Ber2], 2.6.2, it follows
that the canonical morphism of locally ringed spaces 7 : X** — X is flat and its
image coincides with the closed fiber of X, Xs = X ®4 k(s). For a point © € A2"
(i.e., ¢ € |X**]) we denote by x its image in X.

By the analytification of the closed fiber we mean the H(s)-analytic space X" =
(AX)s = (X ®p(s) H(s))*™ (and not the S(s)-analytic space (X;)*"). The canonical
morphism X?" — X*" induces a homeomorphism between the underlying topologi-
cal spaces. Similarly, by twalytiﬁcation of the geometric closed fiber Owg =
X ®ak(s)*, we mean the H(s)?-analytic space X" = (X*")5 = (Xg® () H(s)*)™.
There are the evident functors T(Xs) — T(X2") and T(X5) — T(A2") : F — For.
We remark that since all of the schemes A}y are quasicompact and quasisepa-
rated, then the isomorphism X > @XW induces an equivalence of categories

lim T(Xw) — T(X). In this way one gets a functor T(X) — T(X3®) : F s Fan,

3.1. Proposition. Let ¢ : Y — X be a morphism of schemes of finite type over
S. Then

(i) ¢ is separated (proper, finite, quasifinite, a closed immersion) if and only if
@ possesses the same property;

(il) ¢ is flat quasifinite (unramified, étale, smooth) if and only if Y** possesses
the same property.
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Proof. (i) follows from [EGA4], 8.10.5, and [Ber2], 2.6.9, 3.1.7.

(ii) is proved in the same way as the corresponding statements [Ber2], 3.2.10,
3.3.11 and 3.5.8, using the following fact which is an easy consequence of [Ber2],
2.6.10. O

3.2. Lemma. Suppose that ¢ is finite. Lety € YV and x € X?™ be points with

an~t an~?! —
o(y) =x, and let ¢ (2) = {y1,- .-, yn} and @™ (@) N7 (y) = {y1,- -, Ym},
m < n. Then there is an isomorphism of rings

m n
Oxen o @Oy x Oyy — H Oya“,yqz x H (O)}a",m)my )
i=1 i=m+1
where (Oyan y, )m, is the localization with respect to the complement of the mazimal
tdeal my of Oy y. O

The following is a direct consequence of the comparison theorem for cohomology
with compact support [Ber2], ( §7.1).

3.3. Proposition. Let ¢ : Y — X be a proper morphism between schemes of finite
type over S, and let F be an abelian torsion sheaf on Y. Then for any q > 0 there
is a canonical isomorphism

(RIQ.F)™ = RIG(F™).
O

The following fact is an essential ingredient in the proof of the comparison the-
orem for vanishing cycles 6.1.

3.4. Theorem. Let x be a point of X*" and x its image in X. Then the field k(x)
is separable over k(x).

Recall that an extension of fields L/K is called separable if the tensor product
L(X)KKW1 is a field, where p = char(K). In this case the tensor product LogKP ™
is also a field, and L® is separable over K®. Therefore the tensor product L° ® xs K?
is a field and, in particular, if K’ is a finite extension of K%, then [L*K’ : L%] =
[K': K%

First of all we want to show that the theorem follows from the following fact.
3.5. Proposition. Suppose that Og s is a field, i.e., Og s = k(s). If X is reduced
at x, then X" s reduced at x.

Indeed, to prove the theorem, it suffices to assume that Og, = k(s), X is
reduced and irreducible, and x is the generic point of X. Let K be a finite purely
inseparable extension of the field k(x). Then we can shrink X and find a finite
radicial morphism ¢ : )Y — X such that ) is reduced and, for the generic point
y of ), one has k(y) = K. By Proposition 3.5, the S(s)-analytic space Y*" is
also reduced. Since the morphism ¢ is radicial, there is a unique point y € )"
whose images in Y and X?" are y and z, respectively. By Lemma 3.2, we get
k(y) @px) k(z) = Oyan . Since the local ring Oyan , is reduced and finite over
the field k(z), it follows that that it is a field (i.e., it coincides with k(y)), and the
theorem follows.

To prove Proposition 3.5, we need the following two lemmas (one does not assume
in them that Og is a field). Let X denote the set of closed points of the closed
fiber of X. Furthermore, for an S(s)-analytic space X let Xy denote the set of
points x € X with [k(x) : k(s)] < co. We set AZ™ = (X?*")o.
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3.6. Lemma. The map X?*" — X induces a bijection Xé“‘ = Xo Furthermore,
if x € X5, then there is an isomorphism of completions (’)X x — OXan -

Proof. Let x € Xy. For n > 1 we set Y = Spec(Ox x/mY). The scheme ) consists
of one point y and is finite over §. Therefore Y*" consists of one point y and, by
Lemma 3.2, one has Oy y = Ox x/m% — Oyan . Furthermore, there is a canonical
closed immersion ) — X that takes y to x. From Lemma 3.2 it follows that }?* —
X" is also a closed immersion, and the point z is the only preimage of x in X**. (In
particular, X3 = X,.) Moreover, one has Oyan ,, = Oyan ;/mPOxan 4. It follows
that Ox x/m2 = Oyan . If n =1 we get m; = mxOxan, and k(x) — k(z).
Hence (;)\X)x = 6Xat))$. O

3.7. Lemma. Suppose that the valuation on k(s) is nontrivial. Then for any S(s)-
analytic space X closed over S(s) the set Xq is everywhere dense in X.

Proof. For a closed morphism f: X — S, we set

X(s)o={z€ f_1(5)|[/£(:c) : k(s)] < oo}
and
(Xs)o = {z € X,|[H(z) : H(s)] < oo}
(Note that there is a homeomorphism X, — f~1(s).) First, we claim that if f is
the projection X = S x E4 — S, where E? is the closed unit polydisc in A¢ with
center at zero, then X (s)g is everywhere dense in f~!(s). Indeed, one has

X(s)o={a€ m(s)a‘|a| < 1}d/G
and
(Xs)o = {a € H(s)*|lo] < 1}/,
where G = G(k(s)?/k(s)) = G(H(s)*/H(s )) Since the field x(s)® is everywhere
dense in H(s)* and the set X (s)g is everywhere dense in f~1(s), the claim follows.
Now let f : X — S be a closed morphism and 2 € f~!(s). We have to show that,
for any affinoid neighborhood V- = M(B) of z, there exists a point ' € V over s
with [k(z') : k(s)] < co. Shrinking V', we may assume that dim,(V,) = dim(V5).
We may also assume that S = M(A) is k-affinoid. Since z € Int(V/S), there is an
admissible epimorphism A{r;'T1,..., 71T, } — B with |fi(X)| <7, 1 <i < n,
where f; is the image of T; in B. Replacing V' by the Weierstrass domain V(rg_1 fi)
for some |f;(x)| < r; < r; with 7} € /|H(s)*|, we may assume that the H(s)-
affinoid algebra B®4H(s) is strictly H(s)-affinoid. By the Noether normalization
lemma, we can find elements g1,...,94 € B® AH(s) such that there is an admissible,
injective and finite homomorphism 'H( HTh,..., Ty} — B : T; — g;. It defines a
finite surjective morphism V; — E¥, )- (One has d = dim(V5).) Since the image of

B ®4 k(s) in B&a4H(s) is everywhere dense, we may assume that gi,...,gq come
from B® 4 k(s). Shrinking S, we may assume that they come from B. Furthermore,
consider the morphism g : V' — S x A% defined by the functions g, ..., gq. Since
x € Int(V/S), it follows that g is finite at = ([Ber2], 3.1.4). Let W be the preimage
of S x E4 in V. The induced morphism h : W — S x E? is also finite at . This
means that there are open neighborhoods W of = in W and U of h(z) in S x E¢
such that h induces a finite morphism W — U. Since dim,(W;) = dim(W;) = d,
from [Berl], 3.2.4, it follows that we can shrink ¢/ and assume that the morphism
Ws — Us is surjective. We can find a point ¥’ € U over s with [x(y') : k(s)] < o0.
If 2’ is a point of W over ¢/, then [x(z) : Kk(s)] < oo. O
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Proof of Proposition 8.5. We can shrink X and assume that it is reduced. Let V
be an affinoid neighborhood of s such that X comes from a scheme Xy of finite
type over V, and let Y be the set of points y € A" such that X3 is not reduced
at y. By [Ber2], 2.2.1, the set Y is Zariski closed in X3", and therefore it can be
considered as a k-analytic space closed over V. It gives rise to an S(s)-analytic
space Y closed over S(s). Assume that Y is nonempty. We claim that then the
set Yo is nonempty. Indeed, if the valuation on (s) is nontrivial, this follows from
Lemma 3.7. Suppose that the valuation on «(s) is trivial. The closed fiber X is
an H(s)-analytic space, and Y is a Zariski closed subset of X2". By [Berl], §3.5,
one has Y, = 22", where Z is a Zariski closed subset of X;s. It follows that there
exists a point y € Z with [k(y) : k(s)] < oo, and therefore Yy is nonempty. Now
let ¥ € Y. By Lemma 3.6, one has (/’)\X)y = @X"‘my' Since Og, s = k(s), it follows
that Oy y is a localization of a ring which is finitely generated over the field (s).
Such a ring is reduced if and only if its completion is reduced (see [EGA4], 7.8.3).
It follows that Oyan 4 is reduced, which is impossible because y € Y. O

3.8. Remark. One can construct the functor X — X®" in another way so that the
construction works also over C and R. Namely, one has A = lim A;, where A; runs

through subrings of A which are finitely generated over k. For any scheme X of
finite type over S there exist ¢ and a scheme X; of finite type over S; = Spec(4;)
such that X = X; ®s, S over S. By GAGA over the field k, one can associate with
S; and X; k-analytic spaces S; = S and X; = A*". The canonical homomorphism
A; — A= Og,, defines a point s; € S; and a morphism of k germs (S, s) — (S, s;).
The latter is induced by a morphism U — S; from an open neighborhood U of the
point s. One has X" = (X, xg,U)(s). The essential difference of the Archimedean
situation from the non-Archimedean one is that in this situation the map |X**| —
X, is injective and its image coincides with the set of closed points of the closed
fiber X,. (In particular, for a point x € X?", one has k(z) = k(x).)

§4. THE VANISHING CYCLES FUNCTOR

Beginning with this section, we assume that, for the k-germ (S,s) from §3,
A = Qg is a discrete valuation ring. In this case the scheme S = Spec(A4) consists
of the closed point s = Spec(k(s)) and the generic point n = Spec(K), where K
is the fraction field of A. We denote by S the pro-k-analytic space S*" = S(s).
The scheme 7 is of finite type over S, and therefore one can associate with it a
pro-k-analytic space n®*. One has 1" :"@"(U\T), where U runs through open

neighborhoods of s and T' C S is a Zariski closed subset that goes through the point
s. For an S-analytic space X we set X, = X xgn*". (For example, S, = n*".)

Since K is the fraction field of the Henselian discrete valuation ring A, its valu-
ation extends uniquely to a valuation on the separable closure K#, and the integral
closure A of A in K® is a local ring. The residue field K5 is an algebraic closure
k(s)* of k(s). Let S = Spec(A), 7 = Spec(K®) and 5 = Spec(x(s)?), and let v be
the canonical homomorphism G, = G(K*/K) — G5 = G(k(s)?/k(s)). Recall the
definition of the vanishing cycles functor ¥, : T(&;) — Tg, (Xs) for a scheme X
over S.

One sets X = X xs S, Xy =X xs7 and Ay = X xXs5. Furthermore, for a finite
extension £ of K in K®, one denotes by A, the integral closure of A in £ and set

Sr = Spec(Arz). The scheme S, consists of the closed point sz = Spec(L) and
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the generic point 7, = Spec(£). One sets Xy = X x5 Sg, &y, = X x5, and
Xs, = X Xs sc. There is a commutative diagram

Jc i
Xnﬁ > XE D Xs,c

|, ]

For F € T(X,), let 7z and F denote the pullbacks of F on &, and X;. Then

where £ runs through finite extensions of K in £®.
We now return to analytic geometry. For a finite extension £ of K in K%, we
set Sz = S2" (this space consists of one point sz) and S ="lim"S,. We also set

Sne = (ng)™ and Sy ="{i£1"SM. Furthermore, for an S-analytic space X, we set

X, =X xsS;, X, =X x5 8,,, X = X xg S, and X5 = X xg S7. There is a
commutative diagram of morphisms of pro-analytic spaces

Jjc ic
Xy, —Xp+—— X,

RN

Xy (L X+t X

For F € T(X,,), we denote by F the pullback of F' on X, and define the vanishing
cycles functor ¥, : T(X,)) — Tg, (Xs) by

W, (F) = limpje., (Fr) .

where £ runs through finite extensions of K in ®. It follows from the definition
that, for a scheme X of finite type over S and a sheaf of sets (resp. abelian groups)
F on X, there is a canonical morphism of sheaves X2", (U, (F))* — @, (F*")
(resp. (R?¥,(F))*™ — RIV,(F*"), ¢ > 0).

For a morphism of S-analytic spaces ¢ : Y — X we denote by ¢s, ¢s, ¢y
and @5 the induced morphisms Y, — X, Yz — X5, Y, — X, and Yi; — Xz,
respectively. The following statements follow straightforwardly from the weak base
change theorem 5.3.6 and the smooth base change theorem 7.8.1 from [Ber2].

4.1. Proposition. Let ¢ : Y — X be a morphism of S-analytic spaces.

(i) If ¢ is compact, then for any F* € DT (Y,) there is a canonical isomorphism
RV, (Rp, F') = Rps, (RY, F"). In particular, if X is an S-analytic space
compact over S, then for any abelian sheaf F' on X, there is a spectral sequence

B} = HP (X5, R, (F)) = H?" (X, F).

(ii) If ¢ is smooth, then for any abelian torsion sheaf on X, with torsion orders
prime to char(k) and any g > 0 there is a canonical isomorphism

PRIV, (F)) = R, (o, F).
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Let £ be a Galois extension of K in K® that contains ™", the maximal unramified
extension of K. The residue field £ is an algebraic extension of £(s) that contains

k(s)®, and therefore its completion coincides with H(s)2. One has, for an S-analytic
space X, a left exact functor ¥, » : T(X,)) — Tg(z/x)(Xs) defined by ¥, (F) =
limfj\;jN*(F W), where N runs through finite extensions of K in £. For example,

if £ = K", then RIW, xur(F) = 7 (R%j.(F)), where i = ix : X5z — X and
j =Jjx : X;; = X. One has the following simple fact.

4.2. Proposition. In the above situation, for any F € S(X,)) there is a spectral
sequence
EDY =HP (G(K®/L), R1V, (F)) = RPTIV, (F).
O

Let S’ — S be a morphism of good k-analytic spaces, and let s € S and s’ € S’
be points such that Og s and Os/ o are discrete valuation rings, the image of s'in S
is s, and the induced homomorphism Og s — Og' s is injective. One has morphisms
of affine schemes &’ = Spec(Qs s) — S = Spec(Os,s) and of pro-k-analytic spaces
S =5'(s") - S = S(s). Furthermore, let X — S’ be a morphism of k-analytic
spaces. It gives rise to an S’-analytic space X’ (with X/, = X,). The induced
morphism X — S gives rise to an S-analytic space X (with Xy = X). Thus, there
is a commutative diagram of morphisms of pro-k-analytic spaces

X — 9
! !
X — S

The morphism X’ — X induces the evident inverse image functor T(X,) —
T(X;,) : F — F'. Let K and K’ be the fraction fields of Og s and Og g, re-
spectively. We fix an embedding of fields K% < K'* over the canonical embedding
K — K'. It induces a homomorphism of Galois groups G,; — G,,. It induces also
an embedding (s)* < k(s")* and, therefore, a morphism A : X2 — X of analytic
spaces over k.

4.3. Proposition. In the above situation, assume that the morphism S’ — S is
smooth, and let £ = K'™KS. Then for any F € S(X,,) and any g > 0 there is a
canonical isomorphism \*(RI1W,(F)) — RIW,, (F') compatible with the action of
Galois groups.

Proof. Let N be a finite Galois extension of K in K* and N = K'N. We can shrink
S and assume that S,, comes from S\T', where T is a Zariski closed subset of S, the
morphism Syr — S comes from a flat finite morphism Sxr — S, and the sheaf F'
comes from X\Y, where Y is the preimage of T' in X. Furthermore, we can shrink
S" and assume that the morphism S\, — S’ comes from a flat finite morphism
S — §’. We may assume also that S and Sy are regular. By hypothesis, the
morphism S’ X g Syr — Sar is smooth, and therefore S’ x g Spr is regular. It follows
that the ring Og/ » ®05, Os,y s, 18 the integral closure of Og/ o in K' @x N. The
latter is a direct product of finite separable extensions of K’. One of these factors is
N'. We get a point t € S x g Sy over s’ with the local ring Ost,, s> and therefore
we can shrink S” and find a morphism S}, — S’ xg Sy over S’ such that it takes
the point s\, to ¢ and is a local isomorphism at s/,,. We get a morphism

)\NiX;\// :XXS/ Sj\[, —)XXS/ (Sl XSSN):XN
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that induces an open immersion of the preimage of an open neighborhood of the
point sy, in X}, to Xx. This implies that there is an isomorphism of sheaves

where Xy \Yy & Xp &5 X, X4 \VL 2 X4, &2 X!, | Yy and Y}, are
N’/

the preimages of 7' in Xy and X),/, and A, is the morphism Xéﬁw — X, The

proposition follows. O

4.4. Corollary. The Galois group P = G(K'°/K'™K?®) is a pro-p-group, where
p = char(k), and if F is torsion with torsion orders prime to p, then there is a
canonical isomorphism \*(RW, (F)) = RV, (F")F.

Proof. To prove the first statement, it suffices to verify that the field X" K con-
tains K™, the maximal moderately ramified extension of K’. For this it suffices
to show that K'™ = K™™', or, equivalently, that the homomorphism of Ga-
lois groups G(K'™ /K'™) — G(K™*/K ) is injective. By [Ber2], 2.4.4, the first
(resp. second) group is canonically isomorphic to Hom(+/[K*[/|K*|,K5") (resp.

Hom(\/|IC’*|/|IC’*|,7Cv’S )). Since |K*| is a subgroup of finite index in the cyclic
group |K'*|, then /|K*| = 1/|K"*|, and the required fact follows. The second
statement is an easy consequence of the first one and Propositions 4.2 and 4.3. O

§5. SMOOTH ANALYTIC SPACES

Let (S,s) be a k-germ such that s is contained in the interior Int(S) of S (in
particular, S is good at s) and Og ; is a discrete valuation ring.

5.1. Theorem. Suppose that the field k is perfect, and let n be an integer prime to
char(k). Then for X =S one has V,(Z/nZ), = (Z/nZ)s and RV, (Z/nZ), =0
forq>1.

To prove the theorem, we show that the assumptions guarantee the smoothness
of the k-analytic spaces Sy and T, at the point s., and, after that, we apply the
cohomological purity theorems from [Ber2] and [Ber4].

5.2. Theorem. Let X be a k-analytic space and K a perfect non-Archimedean
field over k. Then, for a point x € X, the following are equivalent:
(a) X is smooth at x;
(b) x € Int(X) and there exists an open neighborhood U of x such that the K-
analytic space UDK is reqular;
(c) = € Int(X) and the K-analytic space X@K is regular at some point over x.

Proof. The implications (a) = (b) = (c) are trivial. To prove the implication
(¢) = (a), we need the following fact.

5.3. Lemma. The following properties of a k-analytic space X at a point x € X
with d = dim, (X) are equivalent:

(a) X is smooth at x;
(b) z € Int(X) and Qx4 is a free Ox x-module of rank d;
(¢) z € Int(X) and Qx o is generated over Ox 5 by at most d elements.
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Proof. The implication (a) = (b) follows from [Ber2], 3.5.4. The implication
(b) = (c) is trivial. Suppose that (c) is true. Shrinking X, we may assume that
X is closed and there are functions fi,..., fqg € O(X) such that the sheaf Qx is
generated by dfy,...,df;. We claim that the morphism f : X — Y = A9, defined
by fi,..., fa, is étale. Indeed, the exact sequence f*(dy) — Qx — Qx/y — 0
(see [Ber2], 3.3.2(i)) implies that Qx/y = 0. It follows that f has discrete fibers.
Since f is closed, f is quasifinite, by [Ber2], 3.1.4, and therefore f is unramified.
We have to verify that f is flat. Let y = f(y). Since Ox, is a finite unramified
Oy y-algebra, and the ring Oy, is normal, by [SGA1], Exp. I, 9.5(ii), it suffices to
show that the canonical homomorphism Oy, — Ox . is injective. But this is clear
because dim, (YY) = d = dim,(X). O

5.4. Corollary. Let x be an inner point of a k-analytic space X such that the
local ring Ox 5 is reqular and H(x) = k' or k'QK,, where k' is a finite separable
extension of k and r & \/|k*|. Then X is smooth at x.

Proof. Suppose first that H(z) = k’. Then the set {z} is Zariski closed in X. By
[Ber2], 3.3.2(ii), there is an exact sequence m,/m? — Qx Qo k' — Q) —
0. It follows that Qx, is generated over Ox, by at most dimy (m,/m?2) =
dim(Ox ;) = dim,(X) elements. Suppose now that H(z) = K'®K,. We can
replace k by k' and assume that H(z) = K,. We may assume also that X is k-
affinoid. Consider the canonical morphism X’ = X®K, — X. From [Ber2], 2.2.1
and 2.2.5, it follows that there exists a point ' € m~!(z) which is contained in
the Zariski open set V of regular points of X’. Furthermore, the fiber 7=1(x) is
isomorphic to the annulus A(r,r)g, C Aj . It follows that there exists a point
2" € VN r~!(x) for which H(z") is a finite separable extension of K,. By the
first case, Qx/ 5~ is generated over Ox/ 5~ by at most dim,~(X’) elements. Since
Qxr o = Qx 2 Qox, Oxr e, it follows that Qx ;. is generated over Ox , by at
most dim,~ (X’) < dim,(X) elements. |

Suppose that 2 € Int(X) and some point =’ € X®K over z is regular. By Lemma
5.3, it suffices to verify that Qx , is generated over Ox , by at most dim,(X)
elements. Since Qx/ . = Qx . ®oy, Ox/ o, it suffices to verify that Qx/ . is
generated over Ox 5 by at most dimg/ (X’) < dim, (X) elements. The situation is
reduced to the following. Suppose that the field k is perfect. Then, for any point
x € Int(X) such that the local ring Ox , is regular, Qx . is generated over Ox
by at most d = dim, (X) elements. For this we need the following fact.

5.5. Lemma. Suppose that k is perfect, and let X be a closed k-analytic space.
Then the set of points x € X with H(z) = k' or K¥’®K, (as in Corollary 5.4) is
everywhere dense in X.

Proof. If the valuation on k is nontrivial, then the the space X is strictly k-analytic
(see [Berl], 3.1.2), and therefore the set Xo = {z € X|[H(z) : k] < oo} is every-
where dense in X. Suppose that the valuation on k is trivial. It suffices to show that
any affinoid neighborhood U of a point 2 € X contains a point y with H(y) = &’
or ¥®K,, where k' is a finite extension of k and 0 < r < 1. For this we take a
closed immersion U — E(0;71,...,7r,) C A" with |T;(z)| < r;. Furthermore, we
take a number 0 < r < 1 with |T;(x)| < r% < r; for some integers [;, and set
V =UNEQ;r",....rl"). Then V' = V®K, is a strictly K,-affinoid space, and
therefore the set V{ is everywhere dense in V’. Let y be the image in V of some
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point y" € V. We claim that the field H(y) is of the required form. Suppose that
H(y) is infinite over k. One has k C H(y) € H(y') and [H(y') : K,] < co. Since

K, =k, k is perfect, and the ring H(y)° is Henselian, there exists a finite extension

k' of k in H(y) with &' = H(y). Furthermore, the group |H(y)"| is generated
by a number 0 < 7’ < 1. Let t be an element of H(y) with [t| = /. Then the
series Y oo __a;t', a; € K, are convergent in H(y), and any element of H(y) can be
represented in a unique way as such a series. It follows that H(y) = ¥®K,.. O

Shrinking X, we may assume that X is closed, regular, and of pure dimension d.
Let Y be the set of points € X such that Qx ; is generated over Ox ;, by at least
d + 1 elements, and assume that Y is nonempty. Then Y is a Zariski closed subset
of X, and therefore it can be considered as a closed k-analytic space. By Lemma
5.5, there exists a point y € Y with H(y) = k¥’ or ¥’®K,.. By Corollary 5.4, Qx, is
generated over Ox 4, by at most d elements. The latter is impossible, and therefore
Theorem 5.2 is proved. a

5.6. Corollary. The set of smooth points in a closed k-analytic space X is Zariski
open. Furthermore, if the field k is perfect, this set coincides with Reg(X), the set
of regular points of X . O

Proof of Theorem 5.1. We can shrink S and assume that S,, comes from S\T', where
T is a Zariski closed subset of S, and that S and T are smooth. Furthermore, for
a fixed finite separable extension £ of K, we can shrink S and assume that the
morphism Sy — S comes from a flat finite morphism Sy — S. Since S is regular at
the point s., from Theorem 5.2 it follows that we can shrink S and assume that S,
and T, the preimage of T'in S, are smooth. By the cohomological purity theorem
([Ber2], 7.4.5, and [Ber4], 2.1), applied to the smooth pair of codimension one

Sﬁ\TL‘ iﬁ) SL: & T/U‘, one has jﬁ*(Z/nZ)Sﬁ\TE = (Z/nZ)SC, leg*(,un)sﬁ\Tﬁ) —N—>
ic«(Z/nZ)r, and Rijr.(Z/nZ)s.\1, = 0 for ¢ > 2. Theorem 5.1 easily follows
from this. O

5.7. Corollary. Suppose that the field k is perfect, and let X be an S-analytic
space smooth over S. Then, for any finite locally constant abelian sheaf F' on X
with torsion orders prime to char(k), one has V,(Fy,) = F5 and RV, (F,) =0 for
q>1. O

§6. THE COMPARISON THEOREM FOR VANISHING CYCLES

In this section we assume that the field k is perfect and (S, s) is a k-germ such
that s € Int(S) and A = Og s is a discrete valuation ring.

6.1. Theorem. Let X be a scheme of finite type over S = Spec(A), and let F be
an abelian constructible sheaf on X, with torsion orders prime to char(k). Then
for any q > 0 there is a canonical isomorphism

(R (F))™ = ROy (F™)

6.2. Remark. Recall that, by Deligne’s theorem 3.2 from [SGA4%], Th. Finitude,
the sheaves RV, (F) are constructible. The proof of Theorem 6.1 uses the in-
duction reasoning from the proof of Deligne’s theorem and does not work in the
classical situation over C. But in the case covered by the corresponding theorem
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from [SGA7], Exp. XIV, the statement is easily deduced as follows from the com-
parison theorem for étale cohomology ([Ber2], 7.5.1, [Berd], 3.1). (Moreover, in
this case one does not need the assumption that the field k is perfect.) Namely,
this is the case when X = ) xg S, where R is an algebraic curve over k, ) is
a scheme of finite type over R, and & — R is a morphism which induces an iso-
morphism of k-germs (S, s) — (R*",s), and F comes from a constructible sheaf
G on ), where ), is the preimage of R\{s} in Y. We may assume that R is
regular and connected. Let K be the field of rational functions on R, and fix an
embedding K® — K*. Since K is everywhere dense in K and K is quasicomplete,
one has K° = K5K. For a finite extension L of K, let R denote the normaliza-
tion of R in L, and let YV, = Y Xg Rr. The embedding L — K° defines a point

s, € Rr. There are morphisms Y, = Yr\(Vr)s, 25 Y fr Y5, and one has
R, (F) = limi; (R%jL,,G), where L runs through finite extensions of K in K.
On the other hand, since K® = K5, one has

ROW,(F*) =lim7y (RYjE",G™).

The comparison theorem for étale cohomology implies that

(R, (F))™ = ROT,(F*).
Proof of Theorem 6.1. First of all we remark that it suffices to assume that X, is
everywhere dense in X'. We prove the theorem by induction on d = dim(X;).

Step 1. The theorem is true for d = 0.

We may assume that X is reduced. Using Proposition 4.1(i), we can replace X
by its normalization, and therefore we may assume that X is the normalization of
S in a finite extension A/ of K. Since F has a resolution 0 — F — F9 — F! — ...
with F* of the form ¢n.(Z/nZ)x;, where p : X' — X is the normalization of
X in a finite extension of N, we again can apply Proposition 4.1(i) and reduce
the situation to the case 7 = Ay,, where A = Z/nZ. Furthermore, since the
scheme X; is zero-dimensional, it suffices to verify that HO(Xs, RV, (Ax,)) =
HO(XQ“,R‘]\II,,(AX?)) or, equivalently, that H?(Xy, A) — H9(X2",A). For the
latter, we may assume that N is separable over K, but then it suffices to consider
the case N = K, i.e., X = S. In this case ¥, (A,) = Az and RV, (A,) = 0 for
q > 0 and, by Theorem 5.1, the similar facts are true for S.

Suppose now that d > 1 and the theorem is true for the schemes whose generic
fiber has dimension at most d — 1.

Step 2. The homomorphism (R1¥,(F))* — RI¥,(F*") is an isomorphism at
any point of X2" whose image in the scheme X, is not a closed point.

Let y € X2" be such a point, and let z and x be its images in X*" and A,
respectively. Since our statement is local, we may assume that X is affine and,
moreover, that X is a closed subscheme of the affine space A%. By hypothesis,
there exists a projection ¢ : X — A} such that s’ = ¢(x) is the generic point of the
closed fiber of AL. Then we may shrink X and assume that the generic fiber of ¢
has dimension d — 1. Let s’ be the image of = in the closed fiber of A} = (A})™",
ie., s’ = ¢ (x), and let (9’,s) be the k-germ (A}, s’). To prove the statement, it
suffices to show that the inverse images of the sheaves RV, (F)*" and RV, (F**)
on X5 are isomorphic.

We set &' = Spec(Og s) and denote by S” the spectrum of the Henselization
of the local ring Q41 & Since the ring Og o is Henselian, there is a canonical
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morphism of schemes
S/ — {5/777/} — S” — {S”,T]”}.
Consider the following commutative diagram with Cartesian squares:

X—>Ag—>8

I

X// SN S//
T T
X — &

Let 7' (resp. F") be the inverse image of 7 on X;, (resp. &/,), and let K’ (resp.
K") be the fraction field of Og/ s (resp. Osr ). (We note that the field K" is
quasicomplete because its ring of integers is Henselian.) Let us fix embeddings of
fields K — K'"® — K'® over the canonical embeddings K — K — K'. We get a
homomorphism of Galois groups G,y — G,» — G, and morphisms

/ B 11 o
Xf_, = xS Tg
/an A an
X2 —— X2
s’ 5

By Lemma 3.4 from [SGA41], Th. Finitude, there is an isomorphism of sheaves
on X7, o (R1Y,(F)) = RV, (F"P | where P = G(K"°/K"™K®) (it is a pro-
p-group for p = char(k)). Furthermore, since the formation of vanishing cycles
is compatible with any base change (loc. cit., Proposition 3.7), there is an iso-
morphism of sheaves on X%, 3* (RIW,»(F")) — RW,,(F'), compatible with the
action of Galois groups. Therefore, there is an isomorphism of sheaves on XS’—,,
(aB)* (R, (F)) = RV, (F')F. Applying the induction hypothesis to the mor-
phism X" — &', we get an isomorphism of sheaves on A"

X (RTW, (F)™) = ROy (F™)0
On the other hand, Corollary 4.4 gives an isomorphism
AF (Rq\Pn(]’—an)) — qul'n/(]:/an)Q )

where Q = G(K'°/K'™K®). Tt is clear that the image of @ under the homomorphism
Gy — Gy is contained in P. Thus, Step 2 follows from the following fact.

6.2. Lemma. The homomorphism QQ — P is surjective.

Proof. Consider the diagram of embeddings of fields
K — KM — KK — KMt — KP
K'Y — K — K"K — K

I 1 |

IC SN ICI]I‘ SN ICS
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It induces a commutative diagram of homomorphisms of Galois groups
0 — @ — GKF/K™) — GK™MK/K™) — 0

0 — P — GK"™/K™) — GE™/K™) — 0

Since the third vertical homomorphism is injective (both groups are subgroups of
Gy), it suffices to show that the second one is surjective.

Let £ be a finite extension of K™ in K"®, and let £’ = K'™ L. It suffices to
verify that

(LK™ =L K™
First of all, we remark that since '™ and K™ are quasicomplete discrete valuation

fields, then the number on the left hand side is equal to [|£*] : [K"™|][L : IET’_“/r],

and that on the right hand side is equal to [|£*] : [K™ ][’ : K'™]. One has
K™ = || = |K*|. Since |£*| C |£"7], it suffices to verify that

LK™ < [£ K™

One has K™ = k(s')® and = k(s')®. By Theorem 3.4, the field x(s') is
separable over k(s’). It follows that [x(s')*L : k(s')%] = [£ : k(s')®]. Since k(s')*L C
L', the inequality follows. O

Step 3. The homomorphism considered is an isomorphism over all points of X2".

Since our statement is local, we may assume that X is affine. After that we may
assume that X is projective over S. Let ¢ denote the canonical morphism X — S.
Define a complex A" by the exact triangle in Da] (A2my,

— RU,(F)™ — RO, (F™) — A" — .

We have to show that the cohomology sheaves H?(A") of the complex A" are trivial.
By Step 2, we know, at least, that they are concentrated at the points of X2" whose

— —

images in X are closed points. In particular, these are H(s)2-points of the H(s)?-
analytic space X2*. To show that HI(A") = 0, we need the following fact which is
a purely non-Archimedean phenomenon.

6.3. Proposition. Suppose that k is algebraically closed. Let X be a Hausdorff
k-analytic space, and let F be an abelian sheaf on X such that either (1) for any
point © € X with Fy # 0, one has x € X(k) (as in our situation), or (2) F is

torsion with torsion orders prime to char(k) and, for any point x € X with F, # 0,

one has % =k and [H(z)*| = |k*| (i.e., d(z) = 0 in the notation of [Berl], §9).
Then HY(X, F) =0 for all ¢ > 1. Furthermore, if HO(X, F) =0, then F = 0.

Proof. Consider the morphism of sites 7 : X¢ — |X|. By [Ber2], 4.2.4, one has
(R, F)y = HY(Gy(z), Fr), ¢ > 0. If 2 € X(k), then the group Gy is trivial. If

H(z) = k and [H(z)"| = |k*|, then G (z) i a p-group, where p = char(k), by [Ber2],
2.4.4. In both cases one has Rim,F' = 0 for all ¢ > 1. Therefore the Leray spectral
sequence of the morphism 7 gives an isomorphism HY(|X|,7.F) = HI(X,F),
q > 0. Thus, to prove the statement, it suffices to show that the restriction of F' to
the usual topology of X satisfies the following condition: for any compact subset
¥ C X, the canonical homomorphism F(X) — F(X) is surjective (see [God], Ch.
11, §3.5).
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Let f € F(X). Since the set ¥ has a basis of paracompact neighborhoods, then,
by loc. cit., 3.3.1, f extends to an open neighborhood U of . Furthermore, since
3. is compact, we can find a finite family of affinoid domains V7, ..., V,, such that
V=ur,Vicldand ¥ CV=UL, Int(V;/X). We remark that it suffices to show
that

Supp(f|,,) = Supp(f|,) NV

Indeed, from the equality it follows that the set Supp(f ‘v) is compact, and therefore
there exists an element g € F(X) which is zero outside Supp(f ‘v) and coincides
with f on V. The equality follows from the following lemma (the field & in it is not
assumed to be algebraically closed).

6.4. Lemma. Any point x of a k-analytic space X, for which the extension 77(\20/)/7%
is algebraic and the group |H(x)"|/|k*| is torsion, is contained in the interior of X.

Proof. We may assume that X = M(A) is k-affinoid. By [Berl], 2.5.2, we have
to verify that, for any bounded homomorphism k{r=1T} — A : T ~ f, there
exists a polynomial P = T" + a;T""' + --- + a,, € k[T] such that |a;] < 7,
1 <4 < n,and |P(f)(z)] < r™. This is evident if |f(z)] < r, and therefore
we assume that |f(z)] = r. One has r™ = |a| for some integer m > 1 and an
element a € k*. In particular, |%(x)| = 1. Furthermore, we can find a polynomial
Q=T +aT"" 4+ +a € k°[T] with |Q(L)(z)] < 1. It follows that the
polynomial P(T) = a'Q (Tal) is the required one. O

By Proposition 6.3, to show that HY(A") = 0, it suffices to show that the co-
homology of the complex Rp2” (A') is trivial or, equivalently, that the canoni-
cal morphism Rg2" (RY,(F)*) — Re2", (RV,(F?*")) is an isomorphism. By
Proposition 4.1(i), the complex on the left hand side is R¥,, (Rgo;";“*(f ‘“‘)) and, by

the similar fact from algebraic geometry and the comparison theorem for cohomol-
ogy with compact support, the complex on the right hand side is (RY,,(Rp, F))*".

~

Since (R, F)* — Rpy? (F2*) (Proposition 3.3), the required statement follows
from the fact that the theorem is true for S (Step 1). The theorem is proved. O

The following statement is deduced from the comparison theorem [Ber2], 7.5.1,
and theorem 6.1 in the same way as the theorem [SGA43], 1.1, is deduced from the
corresponding Theorems [SGA41], 1.9 and 3.2.

6.5. Corollary. Let ¢ : Y — X be a morphism of finite type between schemes
of locally finite type over S or over Spec(A), where M(A) is a one-dimensional
reqular k-affinoid space. Then, for any constructible sheaf F on Y with torsion
orders prime to char(k) and any q > 0, there is a canonical isomorphism

~

(R F)*™ — RIGEN(F™) 0

§7. AN APPLICATION

Let A be a Henselian discrete valuation ring with fraction field I and alge-
braically closed residue field k, and let S = Spec(4) = {s,n}. A finite discrete
G, = Gx-module A defines on every scheme Z over K a finite locally constant
sheaf Az. We note that any morphism ¢ : ) — X between schemes of finite type
over S and any closed point y € Y5 give rise to homomorphisms of finite abelian
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groups eq(SD?A) : (qu*AXn)x - (Rq]*Ayn)y and quj"](AXn>x - qu]n(Ayn>y ?
where x = p(y) and ¢ > 0. Furthermore, for a scheme X of finite type over S
and a closed point x € X, let X/x denote the formal completion of X at x, i.e.,

X /x = Spf (Ox ). It is a formal scheme over 8 = Spf(A). Formal schemes consid-
ered here are only of this type. The purpose of this section is to prove the following
two theorems.

Suppose that A is equicharacteristic, i.e., char(K) = char(k).

7.1. Theorem. One can associate homomorphisms
0%(00, A) ¢ (R7j A, ) — (RYAy, )y and ROW,(Ax,)x — ROU,(Ay, )y

with any morphism of formal schemes over g, a 37/), — /'/V\/x, and any finite
discrete Gy -module A of order prime to char(k), so that they possess the following
properties:

(a) if « is induced by a morphism ¢ 1Y — X over S with ¢(y) = x, then
0%(cr, A) = 0%, A);

(b) if B: 2/, — V)y is a similar morphism, then 09(af3,A) = 09(3,A) 0 0%(a, A);
(¢) 09(a, A) is functorial on A.

The second theorem is proved for the schemes X" of finite type over S satisfying
one of the following assumptions:

(1) the generic fiber X, of X is smooth;

(2) X = Z xg S, where R is an algebraic curve over k, £ — R is a morphism of
finite type, and S — R is a morphism induced by a homomorphism Og s — A
for which (/’)\R)S A

The assumptions (1) and (2) are necessary to apply a result from [Ber3] on the
finiteness of the cohomology groups of certain compact k-analytic spaces. (Of
course, the latter fact should be true for arbitrary compact k-analytic spaces, and
therefore the assumptions are superfluous.)

7.2. Theorem. Given ??/x and )A?/y, where each of X and Y satisfies (1) or (2),
and a finite discrete Gyy-module A of order prime to char(k), there existsn > 1 such

that, for any pair of morphisms o, 3 : Yy, — X/x over S that coincide modulo the
n-th power of the mazximal ideal of (5y,y, one has 09(a, A) = 09(8, A) for all ¢ > 0.

Proof. By a result of Deligne ([SGA4%], Th. Finitude, 3.7), the formation of
vanishing cycles is compatible with any base change. Furthermore, since A is
Henselian, then the Galois groups of K and K coincide (see [Ber2], §2.4), and there-
fore the canonical morphism from the spectral sequence H”(I, RV, (Ax,)) =

i (RPY45, A x,) over A to the similar spectral sequence over A shows that the sheaves
R%j.(Ax,) do not change if we replace A by its completion. Thus, we may assume
that A is complete.

Since A is equicharacteristic, it is isomorphic to k[[T]]. We endow the field k with
the trivial valuation. The ring k[[T]] is topologically isomorphic to the k-affinoid
algebra k{r=1T'} for any 0 < r < 1. In particular, A = O(S) = Og_s, where S is the
open unit disc D(0;1) in A* with center s at zero. The scheme X over A gives rise,
for each 0 < 7 < 1, to a k-analytic space closed over E(0;7) = M(k{r~'T}). These
k-analytic spaces are glued together to a k-analytic space closed over S = D(0;1)
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which will be denoted by X?". Shrinking X, we can find regular functions f1,..., fq
on X such that T, fi,..., fq generate the maximal ideal myx of Oy x. We set

X ={y e x| fily)l < 1,1 <i < d}.
It is an open subset of X*" and it is clear that it does not change if we shrink X’
or replace f1,..., fq by a similar system of elements.
7.3. Lemma. (i) O(X2) = Oxwn » = Ox x ;

(il) if Y is a scheme of finite type over A and'y is a closed point of Vs, then there
18 a canonical bijection

Homs (V5,425 ) = Homa (Oxx, Oy ) -

Proof. If X is the d-dimensional affine space over A, then Xa“) is the (d + 1)-
dimensional open unit disc in A?*! with center at zero, and one has
O(XE) = Oy = Ox x = K[[T,Th,..., Tu]].
In the general case we can shrink X and assume that there is a closed immersion
X - Z2 = ASpcc( a)- Then X = Z) N X, where z = i(x). Since Z7) is
a Steln space, then the canonical homomorphism O(Z})) — O(X{)) is surjective,

and (i) follows. To prove (ii), it suffices to verify that it is true when X is the
d-dimensional affine space over A. In this case, the left hand side is O(yg;))d and

the right hand side is (6y7y)d, and therefore the required fact follows from (i). O
Theorem 7.1 follows directly from Lemma 7.3, Theorem 6.1 and Corollary 6.5.
Furthermore, since the groups (R%j.Ax,)x and RIW, (Ax,)x are finite and the

latter is an inductive limit of 7, (R9j., A x,), where £ runs through finite extensions

of I in K%, it suffices to prove Theorem 7.2 only for the groups (R9j.Ax, )x. Since

only finite number among these groups are non-zero, it suffices to prove Theorem
7.2 for each ¢ separately. We set

X, =ty e AT () # 0}
7.4. Lemma. If X satisfies (1) or (2), then there is a canonical isomorphism
HI(XE) ) ) = (R Ax,)x

Proof. For 0 < r < 1, we set
E(zir) ={y € AG|ITW) < rlfily)l <1 <i < db
It is an affinoid neighborhood of the point @ in A7). We also set Ey(x;r) = {y €

E(x;7)|T(y) # 0}. By Theorem 6.1, there is a canonical isomorphism

lim H(Ey (z;7), A) = (R%juAx, )x.

r—0
We will prove that for any 0 < r < 1 there exists 0 < v’ < r (resp. r <" < 1)
such that the image of H1(E,(z;r),A) in HY(E,(z;r"),A) (resp. H1(Ey(x;7"),A)
in HI(Ey(x;7),A)) maps isomorphically onto (R9j.Ax,)x. This will imply the
required fact because, by [Ber2], 6.3.12, this will give an isomorphism

HOXES, A) = tim HO(E (a:7),A) > (R A, ).

r—1
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()
Xa“) is an open analytic domain in the analytification of the scheme Z over k. In

If X satisfies (1), then X% is a smooth k-analytic space. If X satisfies (2), then
n

both cases, Corollary 5.6 from [Ber3] implies that for any compact analytic domain
V C X&“)n the group HY9(V, A) is finite. For 0 < v’ < r, we set A(z;7',r) = {y €
E(x;7)||T(y)| > '} (it is an affinoid domain in X&“)n). Since E,(z;r) is a union of
A(x;r’,r) over all 0 < 7’ <, then, by [Ber2], 6.3.12, the group H(E, (z;r),A) is
a projective limit of the finite groups HY(A(x;r’,r),A), and, in particular, it can
be endowed with the structure of a profinite group.

Let 7o be such that the homomorphism H9(E, (z;70),A) — (R%j.Ax,)x is sur-
jective and denote by P its kernel. For 0 < t < rg, let P, denote the kernel of
the continuous homomorphism H?(E, (z;r¢), A) — HY(E,(x;t), A). We claim that
there exists 0 < ¢t < rg such that the subgroup P; has finite index. Indeed, assume
that this is not true. The closure P of P is an open subgroup of H%(E,(z;7o), A),
and the subgroups P, are nowhere dense in P. Let g1,. .., gm be representatives of
the cosets of P in P, and let ¢, ts,... be an arbitrary sequence of positive numbers
with t; < 79 and t; — 0 as j — oo. Then the compact space P is a union of
the countable family of the nowhere dense subsets g; + F;;. By the classical Baire
Theorem (see [Kel], Ch. 6, Theorem 34), this is impossible.

Thus, we can find a number 0 < r(, < ry such that the image of HY(E, (z;r), A)
in H1(E,(x;r(),A) is finite. We can even decrease r(, and assume that this image
maps isomorphically onto (R?j.Ax, )x. Let to be the number with Ty = ré". We
claim that any 0 < r < 1 possesses the above property with ' = r'o. (This will
give the required fact for ” = rto )

Let t be a positive number. Then for any k-affinoid algebra .4 the Banach k-
algebra A, which coincides with A and is endowed with the ¢-th power of the norm
on A, is also k-affinoid. This gives rise to a functor ®; : X = M(A) — Xt = M(A?)
from the category of k-affinoid spaces to itself, and one has ®; o &, = ®;,. The
functors ®; : X — X! extend in the evident way to the whole category of k-analytic
spaces, and one has ®; o &y — ®,v. If Y — X is an étale morphism, then the
induced morphism Y* — X is also étale. In this way we get an isomorphism of sites
Xg — X!, that induces an isomorphism F — F* between the corresponding topoi.
In particular, for any étale abelian sheaf F' on X there is a canonical isomorphism
Hi(X,F) = Hi(X, Ft).

For example, in our situation one has E,(z;7)" = E,(z;r"), and therefore if the
image of H(E,(x;70), A) in H1(E,(2;7}), A) maps isomorphically onto (R7j.A)x,
then the same is true for rf) instead of rg. Since {rh|t > 0} = {0 <r < 1}, we get
our claim and the lemma. |

Fix a number 0 < r < 1. Given /'/V\/x and j)\/y as in Theorem 7.2, we can find, by
Lemma 7.4 and its proof, a number 0 < r’ < r such that the canonical homomor-

phisms Hq(X&‘l)n7A) — HY(A(z;r',r),A) and Hq(y(a;)n7A) — HY(A(y;7",r), A)

are injective. We now apply Theorem 7.1 from [Ber3] to the k-affinoid space
A(z;r’,r). Since the functions fi, ..., fq, % form a k-affinoid generating system for
the k-affinoid algebra O(A(x;r’,r)), it follows that there exist ¢1,...,tq > 0 such
that for any pair of morphisms of Hausdorff k-analytic spaces ¢, ¢ : Y — A(x;r/,r)
over S with p(¢*f; —¢¥* f;) < t;, 1 < i < d, the homomorphisms from the image

of Hq(X(a:;‘)n, A) in HY(A(z;7',r), A) to H1(Y, A) induced by ¢ and ¢ coincide. Let
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n>1 be an 1nteger Wlth r" < t;, 1 <i < d. Then, for any pair of morphisms

a, B y/y - X /x over S that coincide modulo the n-th power of the maximal
ideal of Oy7y, one has p(a*f; — f*f;) < t; on A(y;r’,r). It follows that the homo-
morphisms from Hq(X&“)n,A) — Hq(yé‘y‘l)n,A) induced by « and f coincide, and
therefore 87(o, A) = 69(8, A). Theorem 7.2 is proved. O

Given X Xy let G (X /x) denote the group of automorphisms of the formal scheme
X/x over S. By Theorem 7.1, the group Q(X/x) acts on the finite groups (R7%j. A x, )x
and RV, (Ax,)x. Furthermore, for n < 1, let Qn(X/x) denote the subgroup of
G(X /x) consisting of the automorphisms that are trivial modulo the n-th power of
the maximal ideal of @/’?7x' By Lemma 8.7 from [Ber3] the groups G, (X/x), n > 2,

are uniquely [-divisible for any prime [ # char(k). The following statement easily
follows from this fact and Theorem 7.1.

7.5. Corollary. Given /?/x, where X satisfies (1) or (2), and a finitely generated
Z;-module A, 1 # char(k), endowed with a continuous action of G, there exists
n > 1 such that gn()?/x) acts trivially on all of the groups (R%j.(A/I"A)x, )x and
(RO, (A/I™N)x, )x, ¢ >0, m > 0. |

7.6. Remark. Laumon proved a statement similar to that of Corollary 7.5 for the
action of the automorphism group of the Henselization of X at x on RV, (Ax,)x
under the assumption that the morphism X — S is smooth outside x (see [Lau],
p- 34, 6.3.1). In the case when A is of mixed characteristic, Brylinski proved a
similar statement under the assumptions that the morphism & — § is of relative
dimension one and &, is smooth (see [Bry]).
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