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L-FUNCTIONS OF ¢p-SHEAVES AND DRINFELD MODULES

Y. TAGUCHI AND D. WAN

0. INTRODUCTION

In this paper, we apply Dwork’s p-adic methods to study the meromorphic con-
tinuation and rationality of various L-functions arising from m-adic Galois repre-
sentations, Drinfeld modules and @-sheaves. As a consequence, we prove some
conjectures of Goss about the rationality of the local L-function and the meromor-
phic continuation of the global L-function attached to a Drinfeld module.

Let F, be a finite field of g elements with characteristic p. Let m be a prime of
the polynomial ring A = Fy[t]. Let A be the completion of the ring A at w. This
is an analogue of the classical ring Z, of p-adic integers. Let X be an irreducible
algebraic variety defined over F, and let 71 (X) be the arithmetic fundamental group
of X/F, with respect to some base point. The group 71 (X) may be regarded as the
Galois group of a separable closure of the function field of X/F, modulo the inertia
groups at the closed points of X/F,. Suppose now that we are given a continuous
m-adic representation

p:m(X) — GL.(4,).
We can then define the Artin L-function of the representation in a standard manner:

1
L(p,T) :=
o1 g det(I — T95(*) p(Frob, ))’

where X is the set of closed points on X/F, and Frob, is (the conjugacy class of)
a Frobenius element of 71 (X) at the closed point . This is a formal power series
with coefficients in A,. A fundamental question is then the meromorphic contin-
uation (as a function of m-adic variables) and rationality of such L-functions. We
shall see that such L-functions arise naturally in the theory of Drinfeld modules. It
is not easy to work directly with the representation p itself because one does not
know what a typical representation looks like. There is a much more transparent
category of what we call smooth (or lisse) w-adic p-sheaves (§1), which is functori-
ally equivalent to the category of m-adic representations so that the corresponding
L-functions are the same. It is in the category of smooth m-adic @-sheaves (more
generally, a larger category of m-adic ¢-sheaves) that one can see what the Frobenius
image p(Frob,) looks like and one can transport Dwork’s trace formula to study
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meromorphic continuation and rationality of L-functions. The situation is analo-
gous to the classical p-adic case, where one has a functorial equivalence between
the category of continuous p-adic representations of 71 (X) and the category of unit
root F-crystals on X such that the corresponding L-functions are the same, and
the Dwork-Reich-Monsky trace formula is the key to the meromorphic continuation
of the L-function attached to an F-crystal.

Our first goal here is to extend the results in [W1, Section 7], established only
for the torus and affine space cases, to an arbitrary X. How far the L-function of a
m-adic p-sheaf can be meromorphically extended depends on a certain convergence
condition of the m-adic ¢-sheaf. In particular, the L-function is meromorphic ev-
erywhere if the m-adic ¢-sheaf is overconvergent (Corollary 4.2). The L-function is
rational if the m-adic @-sheaf is algebraic (Theorem 4.1 (ii); see §1 for the defini-
tion of overconvergence and algebraicity). Since a Drinfeld module gives rise to an
algebraic ¢-sheaf with all expected properties, these results are then used to prove
some conjectures of Goss [G2], which we explain next.

Suppose that X is now a scheme of finite type over A and ® is a Drinfeld A-
module over X. We first consider the finite characteristic case (the local case), i.e.,
the image of the structure morphism X — Spec A is one closed point of Spec A. We
think of ® as a family of Drinfeld modules parametrized by X/F,. Fix a closed point
7 of SpecA which is different from the image of the structure morphism X — SpecA.
Let T, (®) be the m-adic Tate module of ® and let H(®, A, ) = Homa_ (T (®), A;)
be the m-adic cohomology group of ®. This is a free A;-module on which 7 (X)
acts continuously. This group action gives a continuous m-adic representation pg
of m1(X). The local L-function L(®/X,T) attached to the Drinfeld module ®/X
is defined to be the L-function of the m-adic representation pg. For example, in
the case @ is trivial and thus the representation pg is trivial, the local L-function
is just the reduction modulo p of the classical zeta function of the scheme X/F,,
which is well known to be a rational function. Goss’ local conjecture says that the
local L-function L(®/X,T) is always a rational function in 7. In terms of m-adic
p-sheaves, the representation pg corresponds to a smooth algebraic m-adic ¢-sheaf,
since it comes from an “algebraic object” ®. Thus, by our result on the rationality
of L-functions, the local L-function L(®/X,T) is indeed rational.

Suppose again that X is a scheme of finite type over A and ® is a Drinfeld
A-module over X. We now consider the global case, that is, we do not assume that
the image of the structure morphism X — SpecA is a point. For each non-zero
prime ideal p of A, the fiber ®, of ® over p is a Drinfeld module over the fibre
variety X, /F,, where IF, is the residue field A/p. Its local L-function L(®,/X,,T)
is rational. Following the definition of the classical Hasse-Weil zeta function of
schemes over Z, Goss defines the global L-function of ® to be

1
(0.1) L(®/X,s) = pe(SP]ECA)OW'

We now explain what the “complex variable” s is and how to define the exponen-
tiation p~* in the above expression. We choose mo, = 1/t as a uniformizer of Fy(t)
at infinity. Let Co be the completion of an algebraic closure of Fy(t) at meo. The
“complex plane” of Goss is the space CX x Zp. Any non-zero ideal a of A has a
unique monic generator a(t). We set

() = meEWa(t),
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where deg(a) = deg(a(t)) is the dimension of the F,-vector space A/a. The quantity
(a) is an element in F,[n,]* C CX which is congruent to 1 modulo 7. For
s=(z,y) € C3 x Zp, and a a non-zero ideal of A, one defines

a® = zdeel®)(q)y,

This is a well defined element of CX . If m is an integer and s = (t™, m) (this is the
way how the rational integers are embedded into the s-plane), then a® is simply the
m-th power a(t)™ of the monic generator a(t) of a. In the special case where ® is
trivial and X is Spec A itself, the global L-function is just the following analogue
of the classical Riemann zeta function:

1 1
C(A,S) = Hl_p_s = ;7
p

a

where p runs over all non-zero prime ideals of A and a runs over all non-zero ideals
of A.

Goss’ global conjecture says that the L-function L(®/X, s) is meromorphic and
essentially algebraic. Namely, the L-function satisfies the following three properties:
(i) For each fixed y € Z,, the L-function L(®/X,s) viewed as a function of 1/z
is mo-adically meromorphic everywhere. (i) L(®/X,s), viewed as a family of
functions parametrized by the second variable y € Z, of s, is co-continuous in y
(see §5 for the precise meaning of this statement). (iii) At y = —j, a negative
integer, the L-function L(®/X, s) is a rational function in 1/z. Note that in Goss’
original definition of continuity (or entireness; see [G2, 3.5.1]), he only required that
the L-function be continuous in y. Recently, Goss has strengthened his formulation
of continuity of the L-function. We use the strengthened form of continuity in this
paper. We prove this conjecture for arbitrary X and ® with A =TF[t] (§8).

Goss [G1] proved that his global conjecture is true in the case where X is a curve
finite over A and ® has complex multiplication, using the Riemann-Roch theorem.
The first interesting unknown case will then be the case of a Drinfeld A-module over
SpecA which may not have complex multiplication. If ® is a Drinfeld A-module
over an A-scheme X, we associate to ® a matrix B with entries in Ox ®r, A, which
can be explicitly calculated in terms of the defining equation of ® as in (1.3). Then
it turns out that the global L-function of ® (for the specific case X = SpecA) is
expressed as

1
. As) = T ’
02 HEA Pe(Slp_!cA)o det(1 — B(p)o**®"" .- B(p)7 B(p)p~)

where B(p) is the value at p (or, the reduction modulo the ideal p) of the matrix
B, and B(p)?" means the entry-wise application to B(p) of the ¢’-th power map of
the finite field F, = A/p (so the polynomial det(1 — B(p)B(p)? - -- B(p)”dcg(p)flT)
has coefficients in F, ®r, A = A). Our results imply that the global L-function in
(0.2) is meromorphic and essentially algebraic in the sense of Goss.

Some of the points of our proof of the above conjecture are as follows: The
reason for (i) to be true is that for a fixed y, the character (p)~¥ defines a rank
one overconvergent m-adic ¢-sheaf. Thus, the L-function for a fixed y is essentially
the local L-function attached to the Drinfeld module ® on X/F, twisted by the
overconvergent abelian character (p)~¥. The reason for (i) to be true is that
the family of characters (p)~¥ parametrized by y defines a continuous family of
uniformly overconvergent m-adic ¢-sheaves (§5). As for (iii), when y is a negative
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integer, the character (p) ¥ defines a rank one algebraic p-sheaf. Since ® defines an
algebraic p-sheaf, its twist by a rank one algebraic p-sheaf is still algebraic. This
implies that the L-function is a rational function if y is a negative integer.

Sometimes our L-functions turn out to be analytic, rather than meromorphic; we
give some remarks on this phenomenon. As Lemma 4.3 shows, the local L-function,
raised to the (—1)4™(X)=1_st power, of an overconvergent (resp. algebraic) @-sheaf
is analytic (resp. a polynomial) if X is an affine space or a torus. This happens
only in characteristic p > 0; in the characteristic 0 case ([W1]), the L-function is
a ratio of two analytic functions. By reduction modulo p, one of them reduces
to 1, and an analytic function remains. This implies that, if X is an affine space
or a torus, then (i) the local L-function L(®/X,T), raised to the (—1)d™(X)~1gt
power, of a Drinfeld module ® is a polynomial with coefficients in A; and (ii) the
global L-function L(®/X,s), raised to the (—1)3m(X/Fa)=1 st power, is m-adically
analytic and essentially algebraic. For example, the L-function L(®/A,s) in (0.2)
is analytic. More generally, we conjecture the analyticity of these L-functions for
affine X satisfying certain conditions; see Conjecture 4.4 for a precise formulation.
The conjectured results would generalize the above (i) and (ii).

One can further twist our global L-function by an arbitrary abelian character
of m1(X) of finite order. Since an abelian character of finite order will be shown
to define a rank one algebraic p-sheaf (§10), the global conjecture is true for this
twisted L-function.

All of these results carry over to the v-adic global L-function for a finite prime
v of A (8§9), as conjectured also by Goss.

Goss defined the exponentiation a® of ideals and formulated his global conjecture
for a general Dedekind domain A which is of the form I'(C' — o0, O¢), where C is a
smooth projective geometrically irreducible curve over F,; this has been done from
the viewpoint of “A-coefficient theory” (i.e. in the spirit of Drinfeld A-modules)
for a general A. We have not been able to prove Goss’ conjecture in this generality
because we have been unable to show that the character (P)¥ defined in his way is
overconvergent, where 3 is a non-zero prime ideal in A, not necessarily principal;
we could use any overconvergent character to define a meromorphic L-function. On
the other hand, if we follow the classical definition of the Dedekind zeta function
of a number field by taking the norm of an ideal all the way down to Z, then
we can define a different global L-function. For this purpose, we fix an inclusion
of Fy[t] into A (to set up the context of an F,[t]-coefficient theory with complex
multiplication by A). For a prime ideal 3 of A lying over a prime ideal p # oo of
F,[t], the norm N(P) is defined to be pdee(¥#) with deg(B, p) being the extension
degree of the field A/ over F,[t]/p. We then define

1

(0.3) La(®/X,s) = l_qg[L(@m/qu,N(‘B)‘s)’

where 8 runs over all non-zero prime ideals of A not lying over oo of F[t]. Then the
global conjecture is still true for L4 (®/X, s). In fact, the new function L4 (®/ X, s)
is just the same global L-function defined in (0.1) for F,[t] if we view X as defined
over I, [t] instead of its extension A. At this point, we point out that Thakur [Th]
defines several different zeta functions for general A and X = SpecA. All definitions
essentially agree for A = F,[t].
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Finally, we add some remarks: (1) To prove the Goss conjecture on the mero-
morphy of the L-functions of Drinfeld modules, we need only overconvergent m-adic
p-sheaves and no more general objects. If we restricted ourselves to the overcon-
vergent case, the exposition would be simpler. Nevertheless, we decided to include
all results on «log-convergent m-adic ¢-sheaves (which have a much weaker conver-
gence condition; see §3) in the belief that they should appear inevitably in a deeper
study of yp-sheaves. For an account of the relevance of the alog-convergent objects
in characteristic 0, we refer the reader to [DS] and [W1].

(2) In the study of w-adic p-sheaves and their L-functions (§§1-6), we deal only
with the A;-module version. By inverting 7, the K -module version (K: the
fraction field of A;) is also possible. In fact, the K -module version may be more
natural for our purpose, since the L-functions are isogeny-invariant. Also, in Section
8, we actually need to invert m = 7, because of the “pole” at co of the ¢-sheaf
arising from a Drinfeld module.

Notation. All schemes denoted X (the “base scheme”) in this paper are of finite
type over F,;. Xy denotes the set of closed points on a scheme X. Since we work
on schemes over a finite field F,;, we use the notation F, to denote the residue
field of a closed point x on a scheme. If A, is a complete discrete valuation ring
with a uniformizer 7, then ord, is the valuation, normalized by ord,(w) = 1, on
any algebraic extension (and its completion) of the fraction field of A,. Also, set
1?7 := q~°"4=("), If X is a scheme of finite type over Fg, then for a closed point z
on X, deg(x) denotes the degree [F, : Fy] of its residue field F, over F,.

1. (-SHEAVES

Let F; be a finite field of g elements with characteristic p. In this paper,
all rings and schemes are over Fg; all tensor products and direct products with-
out reference to the base are over F,. For a scheme X, we denote by Frx the
g-th power Frobenius endomorphism of X relative to ;. Let A4 be a Noetherian
commutative Fg-algebra (this will be the “coefficient ring” of ¢-sheaves). The map
Frx induces an endomorphism of X x SpecA, being the identity on the second
factor. We denote this map also by Frx. Slightly abusing the notation, we write
Ox ® A for the structure sheaf of X x SpecA.

Definition. A @-sheaf on X over A is a locally free (Ox ® A)-module £ on X x
Spec A of finite rank together with an (Ox ® A)-linear map

p:FE — £
Equivalently, we may regard ¢ as a Frobenius semi-linear map
p: &€ — £

(Frobenius semi-linearity means that it is additive and one has p(ae) = Frx (a)p(e)
for all local sections @ € Ox ® A and e € £.) A morphism of p-sheaves is an
(Ox ® A)-module homomorphism which is compatible with the ¢’s.

The map ¢ will be called the Frobenius on &.

Let C be a smooth projective geometrically irreducible curve over F, and let
K be its function field. Let m be a closed point of C'. We denote by A, and K,
respectively the completion of the local ring of C' at m with respect to the m-adic
topology and the fraction field of A;. The letter m will also denote a uniformizer
of A;. For any scheme X, set X = X ® A, and X, = X®A,, the formal
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completion of X x C along X x {m}. The Frobenius endomorphism Frx of X
induces endomorphisms of X x C, X ® K, X, and X7, being the identity on the
second factor. We denote these maps again by Frx.

We will mainly be interested in p-sheaves over A, i.e. in the case A = A,. A
p-sheaf over F, will be called a finite ¢-sheaf in Section 6.

Definition. A m-adic p-sheaf on X is a locally free Ox= -module £ on X7 of finite
rank together with an Oy -linear map

p:FYE — £

A morphism of m-adic ¢-sheaves is an Oy -linear map which is compatible with
the ¢’s. An isogeny of m-adic p-sheaves is an injective morphism whose cokernel is
killed by a power of m. A m-adic ¢-sheaf is said to be smooth (or lisse) if the map
 is an isomorphism. A 7-adic p-sheaf £ is said to be algebraic if both £ and ¢ are
defined over Ox_, i.e., obtained from an Ox_-module and an Ox_ -linear map by
the base change Ox, — Ox:.

If £ is a smooth 7-adic ¢-sheaf on X, its dual € is defined as follows: the
underlying sheaf of & is Homg,, (€,0x;) and the Frobenius on £ is given by
f = (0o fop™) for a section f of Fry&, where o : FryOx- — Ogx: is the
Frobenius map relative to A;. If £ is not smooth but £ ® 4. K is smooth (i.e.,
if ¢ ® K, is an isomorphism), then the dual £ exists in the category of m-adic
p-sheaves modulo isogeny.

If £ is algebraic and smooth, its dual £ is also algebraic and smooth. If £ is a
p-sheaf over A, it can be viewed in a natural way as an algebraic m-adic y-sheaf.
We shall use the terminology algebraic p-sheaves to mean both algebraic m-adic
p-sheaves and @-sheaves over A,. The categories of algebraic p-sheaves and w-adic
p-sheaves on X are stable under direct sum and tensor product. If YV is an X-
scheme of finite type, then the base extension & ®o,. Oy of a m-adic y-sheaf &
on X is a m-adic ¢-sheaf on Y () has the same meaning for Y as X7 has for X),
which is algebraic if £ is algebraic.

As noted in the Introduction, m-adic p-sheaves are a function field analogue of
F-crystals in the p-adic theory. Here we have suppressed the use of a connection
since it is irrelevant for our purpose. It is natural to expect that many results on
F-crystals carry over to m-adic p-sheaves. Here we apply Dwork’s p-adic methods
to prove some general results on meromorphic continuation and rationality of L-
functions of m-adic @-sheaves. Since the (Teichmiiller) lifting problem disappears
in characteristic p, we can work with m-adic ¢-sheaves on general base schemes.

Algebraic p-sheaves arise from Drinfeld modules. To explain this, we first recall
the definition of Drinfeld A-modules over an A-scheme X (here A is the ring of
functions on C' which are regular outside a fixed closed point co of C). If £ is a
line bundle on X, then it can be regarded as a group scheme which is isomorphic,
locally on X, to the additive group scheme G,. To describe the ring Endx (L) of
endomorphisms of £ as a group scheme over X, suppose £ is isomorphic to G, on
an affine open U = Spec R of X. Then one can choose a coordinate function Z of
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L|u, so that L]y = Spec R[Z]. One has
Endg(Lly) = {additive polynomials € R[Z]}

finite
— {Z 2P x; € R}
~ R{7},

where 7 is the p-th power map on L|y (corresponding to Z? € R[Z]) and R{r} is
the “twisted” polynomial ring with commutation relation 7z = xP7 for all z € R.
The ring R acts on the group scheme L]y and R contains F,,, hence F, also acts on
L|y. The F,-linear endomorphisms of £|y form the subring
finite )
EndgF,-mod(Lly) = {Z zZ%; z; € R}
= R{o},

where o is the ¢-th power map on L|y.

Now let v be the structure morphism A — Ox (so in particular we have a
ring homomorphism v : A — R for each affine open Spec R of X). Let r be a
positive integer. A Drinfeld A-module (L, ®) over X of rank r is a pair of a line
bundle £ on X and an A-module structure ® on £ (i.e. a ring homomorphism
®: A— Endx(L); a— ®,) which satisfies the following condition: there exists an
affine open covering {U;} of X such that the line bundle £ is trivialized on each
U; = Spec R; and, for all a € A and i, ®, restricted to U; is of the form

o, = y(a)+x0+ -+ xH0", zj € R;, xy, € R,

where n = n(a) is the integer such that ¢" = #(A/aA)" ifa #0and n =0if a = 0.
Note that, if A = Fy[t], the Drinfeld A-module ® is determined by the action of ¢,
i.e., by the equation

O, = y({t)+x0o+--F+ 20"

In the following, we shall write simply ® for a Drinfeld module in place of (L, ®)
(so ® may be thought of as a ring homomorphism or a line bundle).
Given a Drinfeld A-module ® over X, set

(11) (C: = Hoqu—mOd(Q’Ga)’

the Zariski sheaf on X of F,-module homomorphisms of ® to G,, both regarded as
F,-module schemes over X (cf. [An], §1). The action of the ring A on ® induces an
A-action on €. Thus it becomes an (Ox ® A)-module. It is known that it is locally
free of finite rank. If A = F,[t], which is the relevant case for us, the sheaf £ will be
described explicitly in the following Example (in particular, it is “X-locally free”
in this case, i.e., there exists an open affine covering (U;) of X such that £|y,ga
is free over Oy, ® A for all 7). The Frobenius endomorphism on G, relative to X
induces an (Ox ® A)-linear map ¢ : Frk & — €. Thus (€, ) is a ¢-sheaf on X over
A. Tts formal completion along X x {r} is an algebraic m-adic ¢-sheaf. We call it
the m-adic completion of the ¢-sheaf £. It is smooth if 7 is not in the image of the
structure morphism v : X — SpecA.

Example. Let A =F[t]. Let R be an A-algebra and set X = Spec R. Denote by
0 the image of t € A in R. We fix a coordinate Z on the additive group G, over X
(so G, = Spec Ox|[Z]). Let o be the g-th power Frobenius endomorphism Z — Z9
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on G, relative to X. Consider the Drinfeld A-module ® of rank r over X of which
the underlying line bundle is G, and the A-module structure on it is defined by

(1.2) & = 0+zi0+---+x0",

where z; € R and z, € R*. Then the p-sheaf £ = Ho_rn]Fq (®,G,) on X over
A corresponding to ® is simply the non-commutative ring (R ® A){o} (in which
elements of A commute with o) modulo the left ideal (t — (0 + z10 + -+ - + z,0")).
More precisely, it is described as follows:

£~ (Ox ®A)®r,

with a basis eg, - - , e,_1 (where we think of ; : G, — G, asthe map o : Z Zqi),
and the Frobenius ¢ on & is given by ¢(e;) = ;41 for 0 <4 <r —2 and

pler—1) = (z'@1) (1@t)eo — (0@ 1)eo + (w1 @ 1)er + -+ + (21 @ 1)e—1)) -
Thus its matrix is

let—-0®1

. T, Q1 —r1®1
(1.3) B = (z;"®1) ) )

Ty & 1 —Tp_1 & 1

Let = be a closed point of SpecR. The action of the Frobenius Frob, on the 7-
adic Tate module T (®) of ® can be explicitly described as follows in terms of
this matrix: Let B(z) be the value of B at « (i.e., the reduction B mod m if m is
the maximal ideal of R corresponding to x). Then by (6.4), the action of Frob,
on T, (®) is given by the transpose of the matrix B(:z:)"deg(m)f1 -+ B(x)? B(z) with
respect to a suitable basis of Tr(®).

A @-sheaf does not have enough data to recover a Drinfeld module (in fact, it
can correspond to a much wider class of objects, such as abelian t-modules ([An])).
To recover a Drinfeld module, one needs the notion of F-sheaves ([Dr]). For our
purpose, we could dispense with F-sheaves, but since we refer to some results in
[Dr], we explain here the relation of our -sheaves and Drinfeld’s F-sheaves.

A right F-sheaf on X is a diagram

(1.4) e S F &g

where (1) £ and F are locally free Ox xc-modules of the same finite rank, (2) ¢
and ¢ are injective morphisms of Ox xc-modules, (3) Coker(y) is supported on the
graph I', of a morphism « : X — C and is locally free of finite rank as an Or_-
module, and (4) Coker(t) is supported on the graph I's of a morphism §: X — C
and is locally free of finite rank as an Or,-module. Moreover, F is minimal in some
sense. In [Dr], it is expressed by the condition that Coker(y) and Coker() are
of rank one on their supports. (For our purpose, it will be enough to assume that
there is no proper sub-Ox x c-module of F which both ¢ and ¢ factor through. Such
a loosening may be compared to abelian t-modules’ generalizing Drinfeld modules
([An]). This means that our method should be applicable to families of abelian
t-modules, though in this paper we restrict ourselves to Drinfeld modules.) We say
that « is the zero of the F-sheaf £, and (3 is its pole. Drinfeld modules over an A-
scheme X are in one-to-one correspondence with a certain class of right F-sheaves
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on X ([Dr], §1). To construct the corresponding right F-sheaf from a Drinfeld
module, one starts with the £ of (1.1) to be fit into the diagram (1.4).

The map ¢ is an isomorphism on (X x C) — I's, and we may think F = &£
here by means of . For example, if co := Im(8) is a closed point on C, then
(X xC)—Tp = X x Spec A. If this is the case and if the F-sheaf comes from a
Drinfeld A-module, then the restriction to X x Spec A of the left half of the diagram
(1.4) yields a @p-sheaf on X over A. Thus if we are given a Drinfeld module, then
we have a p-sheaf by way of F-sheaves. The two constructions of yp-sheaves from
Drinfeld modules coincide — one by way of (1.1) and the other by way of F-sheaves
(in fact, they coincide by construction).

2. L-FUNCTIONS OF (-SHEAVES

Let € be a ¢-sheaf over the coefficient ring A (resp. w-adic ¢-sheaf) on a scheme
X of finite type over Fy. For the sake of brevity, we write A in this section for
either the general A or A,. For a closed point  on X of degree d, the stalk £, of
& at z is a p-sheaf on x = Spec F a over A, that is, a projective F ¢ ® A-module
of finite rank together with a Frobenius semi-linear map ¢,. The d-th iterate p? is
then F,« ® A-linear. Recall that the characteristic polynomial det(I — T%¢%|€,) of
o on &, is well defined. (To recall the definition of the characteristic polynomial
of an endomorphism of a projective module, let A be a commutative ring, M a
projective A-module of rank r, and ¢ an endomorphism of M. Write M[T] for
A[T)®4 M, where A[T] is the polynomial ring in one variable over A. Then 1—T¢
is an endomorphism of the projective A[T]-module M[T] of rank r, and it induces
an endomorphism of the projective A[T]-module A7y M[T] of rank one. Since
End g7 (A% )M [T7]) is canonically isomorphic to A[T7, it determines an element of
A[T], called the (inverse) characteristic polynomial of ¢ on M.) It is a polynomial
in T with coefficients in A, whose constant term is 1. In terms of matrices, the
characteristic polynomial is written as det(I — T‘iB(:c)"(F1 -+-B(x)? B(z)), where
B(z) is the matrix, with respect to some basis, of the map induced by ¢, on a
suitable free module which is a localization of £,, and B(z)° means the entry-wise
application of o = (g-th power Frobenius) ® id on F s ® A. In the 7-adic case, the
characteristic polynomial depends only on its isogeny class of £, since an isogeny
changes 2 only by a conjugation. Following Grothendieck [Gr] and Katz [K1], we
define

(2.1) LE/X,T) = ] det(I — T%%E.) "
xeXo

This is a power series in T with coefficients in .A. We will be concerned with the
rationality of this L-function.

Suppose now that we are in the 7m-adic case. Let C, be the m-adic completion of
an algebraic closure of the fraction field of A,. We counsider L(£/X,T) as a function
on C,. A formal power series f(T') € C.[T7] is said to be entire if it is convergent
for all T € C,. A formal power series f(T') € C,[T] is said to be meromorphic if it
can be written as the quotient of two entire functions. The L-function L(£/X,T)
is in general not meromorphic for an arbitrary £ How far L(£/X,T) can be
meromorphically extended depends on a certain growth condition on £ which we
explain in the next section.
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The following trick will be convenient and frequently used in our proofs to reduce
the situation to a simpler one.

Trick (2.2). Take any finite affine open covering (U;) of X. Then L(£/X,T) is
written as an alternating product of L-functions of the restrictions of £ to U; x
SpecA and to their intersections. Thus we are reduced to the affine case; X =
SpecR. Then & is identifed with a projective (R ® A)-module. We can find a free
(R® A)-module F of finite rank into which £ injects as a direct factor; F = £ ®G.
Extending the Frobenius to ¢x := ¢ & 0 on F, we obtain a ¢-sheaf F which is a
free (Ox ® A)-module and whose L-function coincides with that of £. Thus our
proofs of rationality and meromorphy of L-functions reduce to the case where the
base scheme X is affine and the p-sheaf is free as an Ox ® A-module.

When we want to prove the entireness of the L-function assuming that the base
scheme is affine, the trick “p@0” again allows us to make an additional assumption
that the -sheaf is free over Ox ® A.

3. OVERCONVERGENT AND «log-CONVERGENT (-SHEAVES

Let R be an Fg-algebra of finite type. Put R := R® A, and Ry := R®A,,
the completion of R, with respect to the m-adic topology. Choose a finite set of
generators {z1,--- ,z,} of R as an Fj-algebra. Any element of Ry can be written
(non-uniquely) in the form

(3.1) chxk with ¢x € A; and ¢, — 0 (|k] — o0).
k

Here k = (k1,--- ,ky,) is a multi-index with k; > 0; we put ¥ = xlfl - afn and
k| = ki + -+ .

Definition. (1) An element of R is said to be overconvergent if there exists an
expression as above in which

ord, ¢y,

3.2 lim inf
(3:2) koo |K]

(2) Let « be a non-negative real number. An element of Ry is said to be «log-
convergent if there exists an expression as above in which
ord ¢y,
> a.
log, ||

(3.3) lim inf
|k]—o00
An element is said to be oo log-convergent if it is a log-convergent for all o > 0.

These definitions do not depend on the choice of the generators x; because, if
{y1, -+ ,Ym} is another set of generators, each x; can be expressed as a polynomial
of the y;’s. We denote by Rl (resp. R%) the subset of Ry consisting of over-
convergent (resp. «log-convergent ) elements. These subsets are in fact subrings
of R;. Fulton [Fu] showed that Rl is noetherian. More generally, it is shown in
[W2] that R is noetherian for any «. Note that algebraicity (i.e., being in Rr)
implies overconvergence, overconvergence implies a log-convergence for any « and,
if @ > 3, alog-convergence implies §log-convergence. In other words, we have the
inclusions

(3.4) R, C RL c RC c RE c Ry (a>0).
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If S is another F -algebra of finite type which is a localization of R, and S (resp.
S%) is the overconvergent (resp. «log-convergent ) subring of S; = S®A,, then
we have Rl C SI (resp. RS C 89).

Let X be a scheme of finite type over F,. Let (’)1:(7r (resp. O%_) be the sheafi-
fication of the presheaf U +— (Ox-(U))t = (Ox(U)®A;)! (resp. the presheaf
U (Ox=(U))* = (Ox (U)®A;)*). These are subsheaves of Ox-.

Definition. A 7-adic ¢-sheaf (€, ¢) on X is said to be overconvergent (resp. alog-
convergent ) if it can be defined over O;ﬁ (resp. O% ) (i.e., if there exists a pair of

an (’)Lﬂ—module (resp. 0% _-module) and a Frobenius semi-linear map on it which

yields (€,¢) by extension of scalars to Oxz). A m-adic ¢-sheaf £ is said to be
oo log-convergent if it is alog-convergent for all a > 0.

In down-to-earth terms, this means that there exists an affine open covering
{Ui} of X such that, for each i, £l (Where U; ; = Ui®A,) is free and the map
¢lu on it is represented, with respect to some basis of €[y~ , by a matrix whose
entries (a priori in Our ) are all overconvergent (resp. aylog—convergent, resp.
oo log-convergent). In particular, algebraic ¢-sheaves are overconvergent. Clearly
we have

Lemma 3.1. The category of algebraic @-sheaves (resp. overconvergent p-sheaves,
resp. alog-convergent @-sheaves) is stable under direct sum and tensor product.

4. MEROMORPHIC CONTINUATION AND RATIONALITY OF L-FUNCTIONS
Let X be a scheme of finite type over Fy. Our first main theorem is:

Theorem 4.1. (i) Let £ be a m-adic @-sheaf on X. If £ is alog-convergent, then
the L-function L(E/X,T) is w-adically meromorphic in the open disk ord,(T) > —a«
of C;.

(ii) Let A be a commutative ring containing F,, and € a p-sheaf on X over
A. Then the L-function L(E/X,T) is a rational function in T. In particular, the
L-function of an algebraic w-adic p-sheaf is rational.

Corollary 4.2. If £ is an overconvergent or oolog-convergent m-adic p-sheaf on
X, then L(E/X,T) is w-adically meromorphic on the whole plane C.

Remark. This theorem is the function field analogue of a p-adic result in [DS] and
[W1], except that here we work in a more general setting. In the function field
case, we show that the case of general X can be reduced to the affine space case
as studied in [W1]. We note that Theorem 4.1 is in general best possible as the
counterexamples in [W1] show.

We now prove Theorem 4.1. For the brevity of exposition, we pretend as if A in
(ii) were A, since the proof for a general A is the same; then the two statements in
the Theorem will be proved almost at the same time (for a y-sheaf over a general
A, one should replace the infinite sum (4.1) below by a finite sum).

Since «log-convergence and algebraicity for £ are local properties, we may as-
sume (cf. Trick (2.2)) that X is affine, say X = Spec R, and £ is a free R7-module
of rank r (where R; = R®A,). Write R = F,[Xy,---, X,,]/I with an ideal I of the
polynomial ring. The map ¢ on & is represented, with respect to some basis, by an
r X r matrix B with entries in R$. The matrix B can be written as a power series in
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X = (X1, -+, X,) modulo T (the context will distinguish the two uses of the same
letter X, one for the scheme X and the other for the variable X = (Xy,---,X,))
with coefficients in M, x,(A;). Namely,

(4.1) B(X)= > kX"  with by € Myr(Ar) and
keNn
liminf ———* ordx (b)

)

|k]—o00 1qu |k|

where ord, (by) is defined to be the minimum of ord, of the entries in b;. Choosing
such an expression of B in terms of X = (X;), we regard £ as lifted to A”. Let

{f1,--+, fn} be a set of generators of I, i.e., a system of defining equations of the
scheme X in the affine space A™. For a subset S C {1,---,h}, we define
(42) Bs(X)= B[] fi(x)?

ies

(so By = B). Each Bg(X) defines a m-adic ¢-sheaf £ on A™. All of them can
be taken to be polynomials in X with coefficients in M,.«..(A;) if £ is algebraic
because a regular function on A" is a polynomial in X.

For any point « € A", let Bg(x) denote the value of Bg at . Then we will show

that L(E/X,T) =1]g L(SS/A",T)(_D‘S‘, or, more precisely, that
H 1
Ak det — T B B B()

(4.3)

) ('
B H H (det([ — Tdeg(@) Bg(g)os™ " ... Bs(x)"Bs(x))) ’

z€(An)o SC{1,--

This equality is essentlally the multiplicative form of the inclusion-exclusion prin-
ciple. Indeed, if the closed point x € (A™)g is on the subscheme X, then f;(z) =0
for all 1 < 4 < h. Thus, we deduce that Bg(z) = 0 for each non-empty S and
Bg(x) = B(x). In this case, the product over S in (4.3) is equal to the expected
Euler factor at x. If the closed point z is not on X, we can assume that the first k&
(1 < k < h) polynomials f1(X), -, fx(X) do not vanish at = and the last h — k

polynomials fry1(X), -+, fn(X) vanish at z. In this case, the matrix Bg(z) is zero
if S has a non-empty intersection with {k + 1,---,h}. Thus, in the product over
S we can assume that S is a subset of {1,---,k}. Under this assumption, we have
that
Bs(a)™"" <:c> s()
_ B(:L.>a_dcg(a:)71 - UB H fz dcg(a:)_l
€S
= B(z)""*"™" ... Bx)" B(x).

deg(z)—1

The multiplicity of the factor 1/ det(I — T9¢(®) B(x)”
ring in the product over S of (4.3) is given by

oo =a-1F =o.

SC{L, ,k}

-+ B(x)? B(x)) occur-
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We have thus shown that

(4.4) LeE/x, 1) = ] L(Es/amT)VE.
SC{1,-,h}

This reduces us to the affine space case, viz., the base scheme X is the affine space
A" the m-adic p-sheaf £ is free of rank r and the matrix B(X) which represents the
Frobenius ¢ on £ is an alog-convergent power series in X (resp. a polynomial in
X if € is algebraic) with coefficients in M, .(A;). We can now quote the following
result [W1, Theorems 7.1 and 7.3] to conclude the proof of Theorem 4.1.

Lemma 4.3. (i) If B(X) is an alog-convergent power series with coefficients in
M, xr(Ax), then the L-function L(B/A™, T)=V""" is r-adically analytic in the open
disk ord,(T) > —au.

(i) If B(X) is a polynomial in X with coefficients in M, (A) of degree d, then
the L-function L(B/A",T)(_l)w1 s a polynomial in T whose degree is at most

T([d/(q - 1)]>.

Note that the conclusion in Lemma 4.3 (i) is stronger than the conclusion in
Theorem 4.1 (i). It says that the L-function L(B/A", T)=D""" is not only mero-
morphic but also analytic in the disk ord;(T') > —a. The question of entireness can
be viewed as an analogue of the classical Artin conjecture over number fields. In our
characteristic p function field case, it is unreasonable to expect that the L-function
L(E/X,T) (or its reciprocal) should be entire for a general X. For example, when
X is an ordinary elliptic curve over Fy and € is trivial, then L(€/X,T) is just the
reduction modulo p of the classical zeta function of X/F,. Since X is ordinary,
neither L(E/X,T) nor its reciprocal is a polynomial. However, if X is affine, we
have the following conjecture:

Conjecture 4.4. Let X be an affine scheme of finite type over F, and of equi-
dimension n. Suppose further that X is a complete intersection in some smooth
affine Y of finite type over F,. Then the L-function L(£/X, 7)YV is m-adically
analytic on the open disk ord,(T") > —a if £ is alog-convergent.

Perhaps X could be permitted to have less mild singularities than the one in
the above Conjecture. To deal with such a general base scheme, one would need to
develop a suitable cohomology theory. For the case where the ¢-sheaf £ is trivial
(so that the L-function is nothing but the classical congruence zeta function modulo
p), see [K3] and [De].

As a first evidence for Conjecture 4.4, we have the following:

Proposition 4.5. Let X be the complement in A™ of a hypersurface defined by
a polynomial f(X). If € is an algebraic ¢-sheaf on X/F,, then the L-function
LE/X,T)Y" is a polynomial in T.

Proof. By Trick (2.2), we may assume & is free. The Frobenius matrix B of &
is a polynomial in X and 1/f. One can choose a sufficiently large positive in-
teger k such that Bf¥=1 is a polynomial in X. Now, the twisted Frobenius
matrix Bf¥(a=1) defines a free algebraic ¢-sheaf on the total affine space A™. Tt is
easy to check from the Euler product definition of L-functions that L(B/X,T) =
L(Bf*a=1) /A" T). We can now apply Lemma 4.3 to conclude the proof. O
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5. UNIFORM VARIATION OF L-FUNCTIONS

For applications to global L-functions of Drinfeld modules, we need to consider
the variation of a family of w-adic ¢-sheaves and their L-functions parametrized by
the p-adic integers y € Z,,.

For a family (€(y))yez, of m-adic p-sheaves £(y) on X parametrized by y € Z,,
we require in the following that there exists an affine open covering {U;} of X such
that, for each i, the restriction £(y)|y~ (where Ui, = U;®A,) is free and the
map (y)|y on it is represented, with respect to some basis of E(Y)|u;~ which is
independent of y, by a matrix of the form

(5.1) B(X,y) = Y bu(y)X",

S

where X = (X3, --,X,,) is a set of generators of the affine algebra of U; over Fy,
and b, (y) € M,.«,(A) for each y and b, (y) approaches zero uniformly in y as |u|
approaches infinity.

We shall say “the family £(y)”, simplifying the notation.

Definition. The family £(y) is said to be uniformly overconvergent if there exists,
for all ¢, an expression of the Frobenius matrix as in (5.1) for which we have

> 0.

inf drby
(5.2) lim inf vezs OFdrbu(y)

The family £(y) is said to be uniformly alog-convergent if there exists, for all 4,
an expression of the Frobenius matrix as in (5.1) for which we have

inf drby
(5.3) lim inf reze Otdxbuly)
|u|—o00 logq |u|

The family £(y) is said to be continuous in y if the Frobenius matrix B(X,y) is
continuous in y, i.e., if each coefficient b,(y) is a continuous function from Z, to
M, «(A;). This continuity is automatically uniform in w since b,(y) goes to zero
uniformly in y as |u| goes to infinity.

As an analogue of Lemma 3.1, one sees immediately that the following holds.

Lemma 5.1. The category of uniformly overconvergent (resp. wuniformly alog-
convergent, resp. continuous) families of w-adic @-sheaves parametrized by y € Zy,
is stable under direct sum and tensor product.

Given a family of m-adic ¢-sheaves E(y) on X, the L-function L(E(y)/X,T) is
well defined for each y. If this family £(y) is uniformly «log-convergent, then
Theorem 4.1 shows that each L-function L(E(y)/X,T) is meromorphic in the disk
ord,(T) > —a for each fixed y. Next we will show that L(E(y)/X,T) varies “nicely”
if £(y) varies “nicely”.

Let D be a subset of C;; (e.g., an open or closed disk of finite radius). A formal
power series f(T) =3, . faT" € Cx(T) is said to be (m-adically) analytic on
D if it converges at every point in D. Let f(T,y) be a family of formal power series
Y ons—oo Jn(W)T™, fn(y) € Cr, parametrized by y € Z,. We say f(T,y) is a family
of analytic functions on D if, for each y € Zj,, the power series f(T',y) is analytic on
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D. We say f(T,y) is a family of meromorphic functions on D if it can be written
as a quotient of two families of analytic functions on D.

Definition. Let § be a real number. Let f(T,y) = >, _ fu(y)T™ be a family
of power series in T' with coefficients in C,. We say that the family f(T,y) is 8-
continuous (in y) if the following condition holds: For any yo € Z, and € > 0, there
exists a 6 > 0 such that

|fn(Wo) = faly)lx < eq”P"

for all n > —oo and y1 € Z,, satisfying |yo — y1|p < 6.

If we define a norm || - ||3 on the space C,((T") by

[ Z fnTnHﬁ ‘= sup |fn|7rq5nv
n>—oo n>—oo

then the above condition is equivalent to saying that the map Z, — C.(T)); y —
f(T,y) is continuous with respect to the topology on C,((T") defined by this norm.

We say that the family f(7,y) is oco-continuous if it is S-continuous for all real
numbers .

Note that these notions are defined for families of any formal power series (not
only for convergent series). In other words, they are concerned only with the “y-
direction” (and not with the “T-direction”).

We have the following strengthened form of Theorem 4.1.

Theorem 5.2. Let E(y) be a continuous family of uniformly alog-convergent -
adic @-sheaves. Then for any given € > 0, the family of L-functions L(E(y)/X,T) is
an (a—e)-continuous family of meromorphic functions on the closed disk ord, (T) >
—(a—c¢).

The same reduction steps as in the proof of Theorem 4.1 reduce Theorem 5.2 to
the following affine space case proved in [W1, Theorem 7.4].

Lemma 5.3. Let

B(X7y> = Z bu(y)Xu7
uEeN?
where by(y) € Myx.(Az) for each y. Assume that B(X,y) is a continuous fam-
ily of uniformly alog-convergent matrices over X = A"™. Then the L-function
L(B(X,y)/A", T)=V""" is w-adically analytic in the open disk ord.(T) > —a
for each y. Furthermore, for any given ¢ > 0, the family of L-functions
L(B(X,y)/A", T)=D""" is an (o — €)-continuous family of analytic functions on
the closed disk ord;(T) > —(a —¢€).

Note. If £(y) is a continuous family of uniformly co log-convergent m-adic p-sheaves,
the theorem follows from the mod p reduction of the Dwork trace formula ([W1,
§7]) together with standard properties of the Fredholm determinants of completely
continuous operators (cf. [S2, Proposition 8]).

6. SMOOTH @-SHEAVES AND 7-ADIC REPRESENTATIONS

As always, we assume that the base scheme X is of finite type over F,. In
addition to that, we assume in this section that X is connected (note that the
study, as in this paper, of L-functions for a general scheme X is reduced to the
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case where X is connected, so we do not need the assumption of connectivity in the
following sections). We recall the functorial equivalence between smooth m-adic ¢-
sheaves and continuous m-adic representations of the arithmetic fundamental group
m1(X) (cf. [Dr], [Ta]). The situation is exactly parallel to its p-adic counterpart,
where one has a functorial equivalence between unit root F-crystals and continuous
p-adic representations of the arithmetic fundamental group (see [K2, 4.1]).

A finite p-sheaf on X is a locally free Ox-module £ of finite rank together with
an Ox-module homomorphism ¢ : Fry& — & (cf. [Dr, §2], where it was called a
p-sheaf). It is said to be étale if ¢ is an isomorphism. Note that a m-adic ¢-sheaf
of rank r can be regarded as a projective system (&, pn)n>0 of finite p-sheaves in
which each &, is equipped with an Ar-action and is locally free of rank r as an
Ox ® Ar/(7™)-module and the transition map p,, : E,41 — &, identifies &, with
Coker(n™ : Ep41 — Ent1) (here we identify 7 with a uniformizer of A,).

For a finite ¢-sheaf £, put

(6.1) Gr(€) := Spec (Symp, E/T),

where 7 is the ideal of Symy & generated by the local sections (frob — ¢)(x),
r € & C Symp, &, and frob is the ¢g-th power Frobenius map FrySymy, & —
Symg € relative to Ox. Then Gr(£) is a finite subgroup scheme over X of the
vector group Spec Symy & with a natural Fg-action induced by the F,-module
structure of £. In the terminology of [Tal], Gr(€) is a finite F,-module scheme. (By
an F,-module scheme, we mean a commutative group scheme G together with an
F,-action a : F; — End(G) such that the action of F, on the co-Lie module Lie*(G)
induced by « coincides with the action of F, as a subring of Ox.)

If the map ¢ of a finite p-sheaf is given, locally on X, by a matrix B € M,.«,.(Ox)
with respect to an Ox-basis (z;)1<i<r of £, then

Gr(€) = Spec Ox[z]/(z'? — Bz),

where z = (1, ,x,) and 29 = (27, x2). This correspondence £ — Gr (&)

is a contra-variant functor and gives an anti-equivalence of the category of finite
p-sheaves on X to the category of finite locally free F,-module schemes, which
preserves étale objects ([Dr, Proposition 2.1], [Ta, §1]). The opposite direction of
the correspondence is obtained, for a finite IF,-module scheme G over X, by taking
the Zariski sheaf

S(G) = I_Io—m]Fq_mod(G7 Ga)7

with ¢ induced by the Frobenius endomorphism of G. It is a subsheaf of the
structure sheaf of G.

Example. Let A = F,[t]. We consider the affine case X := Spec R with R an
A-algebra, so that sheaves of Ox-modules can be regarded as R-modules. Let ®
be a Drinfeld A-module over X of rank r defined, as in the Example of §1, by

b, = 0+zi0+---+ a0,

with z; € R and z, € R*. Here o is the ¢-th power Frobenius endomorphism
Z — Z% on G, = SpecR|[Z] relative to R. For a € A — {0}, the group scheme ,®
of a-division points of ® is defined by the equation

®,(Z) = 0
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in the affine line G, over R. Thus
«® = Spec R[Z]/(D,(Z)).
The finite -sheaf corresponding to ,® is then

Ey = 5((1(1)) = Hoqu—mod,R—SCh(a(I)aGa)
deg(a)—1

= P Rk -z
1=0

It is the “essential part” of the structure sheaf

R[Z]/(®.(Z)) = Hompg.sen(a®,A")

qdcg(a) —1

b r-Z.

Jj=0

It coincides with the cokernel of multiplication by 1 ® a € R ® A on the @p-sheaf
over A

&

Homp,-mod, R-sch (®, Ga)

Pr-zv

i>0

corresponding to ®, which was described in the Example of §1.

Clearly the construction £ +— Gr(€) commutes with any base change Y — X.
As is seen from (6.1), for any X-scheme Y, the Y-valued points of G = Gr(£) are

G(Y) = Homox[w](5,0y)

(6.2) = {f € Homo, (€, 0y); flp(x)) = f(z)?
for all local sections z of £}.

This is an Fg-vector space, which is of finite dimension if, e.g., Y/X is of finite type
or the finite p-sheaf £ is étale. If Y/ X is étale, m1 (X)) acts continuously on G(Y).
Thus the action of Frobenius on G(Y') is described by ¢. For m-adic p-sheaves over
a field, this will be made precise after the following proposition.

Proposition 6.1. (1) The category ®ME ® A, of finite étale p-sheaves on X
equipped with Ar-action is anti-equivalent to the category Rep, (m1(X)) of Ar-
modules of finite length with continuous w1 (X)-action.

(2) The category of smooth T-adic @-sheaves on X is anti-equivalent to the cat-
egory of free Ar-modules of finite rank with continuous m (X)-action.

Proof. By the above results of Drinfeld, with A -action taken into account, ®PM§ ®
Ay is anti-equivalent to the category of finite locally free étale IF-module schemes
over X equipped with A;-action. (1) follows then by the A,-module version of the
equivalence [SGA1, Exp.V, §7 (p.140)] of the category of étale X-schemes and the
category of finite sets with continuous 71 (X )-action. (2) follows from (1) by taking
the projective limit.

The Galois representation corresponding to a finite étale (resp. smooth m-adic)
p-sheaf £ will be denoted by V(£). Explicitly, if £ is a smooth w-adic ¢-sheaf over
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a field k£ containing F,, then the corresponding Galois representation is given as the
Ar-module version of (6.2) for Y = Spec k*°P:

(6.3) V(E) = Homyg, (8, FPOA,)
= {f € Homyg ,_ (£, k°PRAL); f(p(x)) = f(x)° forall z € £},

where o is the endomorphism (g-th power Frobenius)®id4, and the ~ means the
m-adic completion. (Cf. Appendix to [G3]; but note that we use a contra-variant
functor here, whereas a co-variant functor is used in that Appendix.) The above
expression (6.3) says that, on V(£), the map induced by the ¢g-th power Frobenius
of k%P coincides with the one induced by the transpose ‘o of ¢. If k is a finite field
IF,a, the action of the Frobenius Frob]Fq , is therefore given by the d-th iterate of ‘p:

(6.4) Frobg , = tpd on V(&).

In particular, the characteristic polynomials of FI'Ob]qu on V(&) and % on & coin-
cide:

(6.5) det(1 —TFrobr_, [v(e)) = det(l =T ¢).

If X is of finite type over I, each closed point x of X has a finite residue field,
so there is a unique (up to conjugation) Frobenius Frob, € 7 (X).

Definition. For a free A;-module V' with continuous 1 (X)-action, define

LV/X,T) = [] det(I — T95® Frob,[V)~".
xeXo

This is a power series in T' with coefficients in A,. Noticing (6.5), we have

Corollary 6.2. If £ is a smooth w-adic @-sheaf on X and V =V (E) is the corre-
sponding Ar[m(X)]-module, then we have

L(E/X,T) = L(V/X,T).

For the later use, we next consider L-functions of m-adic ¢-sheaves twisted by
certain abelian characters. In this paper, a character of a group means a homomor-
phism into CX.

Let xo : Zo(X) — CX be a character of the discrete group Zy(X) of zero-cycles
on X. For simplicity, we assume that the image of xo is contained in AX. For such
a character xo and a m-adic p-sheaf £ on X, define

(6.6) L(E/X,x0,T) =[] det(1 — T xo()p35 e, ),

zeXo
where a closed point = of X is naturally regarded as an element of Zy(X) and
Yo(2)¢3%™ is regarded as an endomorphism of the free (F, ® A,)-module &,.
Each Euler factor has coefficients in A, and L(£/X, x0,T) is a power series in T'
with coefficients in A,.

Suppose now we are given a continuous character y : 7 (X)* — AX of the
abelian arithmetic fundamental group. Via the reciprocity map 0 : Zy(X) —
71(X)2P (2 + Frob,), the character y induces a character yo := xo08 : Zo(X) — AX
so that we have, for each closed point x of X,

(6.7) x(Frob,) = xo(x).
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By Proposition 6.1, the character x corresponds to a smooth m-adic ¢-sheaf (F, )

of rank one on X. By (6.2), x(Frob,), hence xo(z), coincides with Paee(®) (here 1,
is regarded as a Frobenius linear map; if it is regarded as an element of (F, ® A,)*,

then ¥2%®) must be read as 17"~ ... 74),). Hence twisting by the character
xo means nothing but tensoring with F:
LE&/X,x0,T) = L(FRE&E/X,T).

Thus an L-function twisted by a character xo of Zo(X) can be interpreted as an
L-function without twist if yo extends to a continuous character of 71 (X)*’. An
arbitrary character yo may not extend continuously to 7 (X)2P; it does if and only
if it is expressed, as above, as

(6.8) Xo(z) = ¥F R A

by a local section ¢ of (Ox®A,)* around each point 2 € Xy. Cf. [S1, Chap.VI,
§24, Th. 2.

deg(z)—1

7. LOCAL L-FUNCTIONS OF DRINFELD MODULES

In the rest of the paper, we always assume that A = Ft].

Let X be an A-scheme of finite type and let ® be a Drinfeld A-module over X.
We assume that there exists a closed point 7w of SpecA which is not in the image
of the structure morphism X — SpecA. Let T (®) be the m-adic Tate module of
® and let H*(®, A;) = Homa, (T (®), A;) be the m-adic cohomology group of ®.
This is a free Ap-module on which 7;(X) acts continuously. Define the local L-
function L(®/X,T) of ® to be L(H(®, A,),T) by means of Galois representation
as in Section 6. It coincides with the L-function defined in [G2, 3.2.15] if X has
finite characteristic over A (i.e., the image of the structure morphism is a closed
point of SpecA) which is different from 7.

Given a Drinfeld module ® on X as above, by Drinfeld ([Dr, §1]), to ® is as-
sociated (1.4), a right F-sheaf £ (or rather, a ¢-sheaf (1.1) over A, which is the
“left half” of the F-sheaf). Let &, be its m-adic completion. This is a smooth
algebraic ¢-sheaf. The dual &, of &, is again smooth and algebraic. Its L-function
L(E;/X,T) is independent of the choice of the good prime 7 and has coefficients
in A, because &, and the Frobenius on it are actually defined over Ox ® A. It is a
rational function by Theorem 4.1, (ii).

In §2 of [Dr], it is explained that the 7"-division points r»® of ® correspond to
Ex/m"Ex; that is, n® ~ Gr(E;/m"E,). Taking the projective limit of the Galois
representations associated to them, we have canonically T (®) ~ V(&;). Or, we
can see this isomorphism from (6.3). Indeed, if ® is a Drinfeld module over a field
k (say, the function field of X if it is integral), we have

an ®(K*P) o Homyealg(K[Z]/(Prn (2)), K7P)
= Homk[ap]—mod(gw/ﬂngwakscp) (by (62))

Via a residue map (cf. Section 3 of the Appendix to [G3]), the last module is
isomorphic to

Hom(ug 4/ )] (Ex /7" Ex, K°P @ A/7™ A) ~ Hom g a1 (Ex K PE A /7" Ax).

Taking the projective limit as n — oo, we obtain the expression in (6.3).
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By Corollary 6.2, we see that L(®/X,T) = L(£,/X,T). Now the following
rationality theorem for the local L-function of ®, which was conjectured in [G2], is
clear.

Theorem 7.1. The local L-function L(®/X,T) of a Drinfeld module ® over X is
a rational function in T with coefficients in A. It is independent of ™ as far as w
is not in the image of the structure morphism X — SpecA.

Remark 7.2. Let K be the fraction field of A. Suppose £ is an algebraic p-sheaf on
X over A coming from a Drinfeld module ® as above. Set £k := £ ®4 K; this is
an algebraic ¢-sheaf on X over K.

(1) Since the L-function is isogeny-invariant, the most intrinsic L-function is
L(x/X,T); we have

L(®/X,T) = L(x/X,T).

(2) Let K be the completion of K at co, and set £k := Ex @k Koo. Although
Ex., does not correspond to a Tate module of ®, we have

L(®/X,T) = L(fk../X,T).

(Note that L(Ex/X,T), L(Ex/X,T) and L(Exk. /X, T) are defined by the “same”
formula.) In the next section, we have to consider such an Ex__.

8. GLOBAL L-FUNCTIONS OF DRINFELD MODULES

In this section, we consider the oo-adic global L-function. Let mo = 1/t and

Ay = Fylnso]. Let UL be the group of units of A, which are congruent to 1
modulo 7. In this case, the Goss complex plane S, is defined simply by

Seo 1= CX X Z,

with the obvious topology, where C, is the completion of an algebraic closure of
the quotient field K, of Ax.

The L-functions below tend to behave better around (oo, y) (rather than (0, 00))
on the complex plane So,. We shall look at the expansion of a function f(z,y)
((2,y) € S in the variable z=1. To keep the same notation as in §§4, 5 and 7, it
will be convenient to write 7= z~!. Also, for a subset D of S, put

D* = {(z""y); (2,y) € D}.
For a function f : D — Cq U {00}, define a function f* : D* — Co U {oo} by
fzy) = f"hy).
For a real number «, put
D, := (punctured open disk co > ord,_(T) > —a) x Z,.

This is an open subset of S. The following definition is essentially due to Goss.

Definition. A function f : D — Cy U {00} on an open subset D of S is said
to be a-analytic (resp. a-meromorphic) if the following conditions are satisfied:
(0) one has D, C D*; (1) the function f* is expressed by a formal power series
(T, y) = > ,50 aly)T", with f,(y) € Cu, for all (T,y) € D, and it is a family
of analytic (resp. meromorphic) functions on the open disk ord,__(T) > —« in the
sense of §5; (2) for any € > 0, the function f*(T,y), viewed as a family of formal
power series as in (1), is (o — €)-continuous in the sense of §5.
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A function f : Seo — CooU{00} is said to be entire (resp. meromorphic) if f*|p,,
is a-analytic (resp. a-meromorphic) for all real numbers .

A function f(z,y) on S is said to be essentially algebraic if, for any fixed
negative integer y = —j, the function f(z,—j) is a rational function in z.

To define the global L-function for a m-adic (p-sheaf, we first recall the definition
of the Goss exponentiation ([G2, 3.3]) in the case A = F,[¢]. For any non-zero
integral ideal a of A, there is a unique monic generator a(t) of a. Set

(a) = t~de8@@q) e Ud),
Given an element s = (z,y) € So, we define the exponentiation of the ideal a by

a® = zdeel®)(g)y,

This is a well-defined element in CX.

Let X — SpecA be an A-scheme of finite type and let (£, ¢) be a moo-adic -
sheaf on X. For each non-zero prime ideal p of A (or, closed point p of Spec A),
the fibre (&, ¢) of (£, ) over p defines a m-adic ¢-sheaf on the fibre variety X,
whose local L-function L(&,/X,,T) is well defined as in Section 2. Note that the
fibre variety X, is defined over the extension field IF,, where F, is the residue field
A/p. For s = (z,y) € S, the co-adic global L-function is then

1
8.1 L(E&/X,s) = —
(®.1) (/X 9) IZIL(gp/Xpm_S)’
where p runs over all non-zero prime ideals of A.

We now explain why the global L-function is in fact a family of local L-functions
parametrized by y € Z,. For a closed point x of X/Fy, let p, be the image of x
in SpecA under the structure morphism. Thus, the closed point x on X lies on
the fibre X,,. We define a character N : Zy(X) — AX of the zero-cycles on X
by setting N(z) = <p$>dcg($’p’”) for any closed point z on X , where deg(x,p,) is
defined to be the degree of x relative to the residue field F, . Thus, we have the
relation deg(x) = deg(x,p,) - deg(p,). The values N(x) are one-units in Ay,. For
s = (z,y), the above global L-function of (£, )/X can then be rewritten as

(8.2) LE/x, )0 = ] !

£, den(l T ST

- 11 !

e, det(l — (1/2)des@N(z) v 038 |g,) |

where we have to use the reciprocal L-function L(E/X, s)(=1) because we used the
reciprocal of the local L-functions in (8.1). Note that, for each y € Z,, the map
x — N(z)7¥ defines an abelian character on the zero-cycles Zy(X). We will show
that it actually extends continuously to 1 (X)*". Writing T' = z~! for the inverse
of the first variable of s = (z,y), one sees that for a fixed p-adic integer y, the
reciprocal L-function L(E/X,s)(~1) is just the local L-function in Section 2 of the
Too-adic p-sheaf (£, ) twisted by the abelian character N(x)~¥ of 71 (X)2" (cf.
§6). Thus, to understand the meromorphic continuation of L(E/X, s) for a fixed y,
it suffices to know the convergence property of the abelian character N(z)™¥ as a
function on X.
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Theorem 8.1. (i) Assume that the To-adic p-sheaf £ is alog-convergent over
the scheme X. Then the L-function L(E/X,s) is an a-meromorphic function on
Dx. In particular, if € is overconvergent (resp. algebraic), then L(E/X,s) is a
meromorphic function on the whole plane Ss.

(il) Assume that the Too-adic p-sheaf € is algebraic. Then the L-function
L(E/X,s) is an essentially algebraic meromorphic function on Ss.

Since € ®a., Koo is algebraic if it comes from a Drinfeld A-module, it follows
from the Theorem together with Remark 7.2 that

Corollary 8.2 (Goss’ global conjecture [G2, 3.5.4 and 3.7]). The global L-function
L(®/X,s) of a Drinfeld A-module ® over X is essentially algebraic and meromor-
phic on Seo.

Proof. Let the notation be as before; so the closed point x is on the fibre X, , and
the ratio deg(x)/ deg(p.) is the relative degree deg(z, p,.) of = over the residue field
Fy,. The prime ideal p, is generated by a monic irreducible element a(t) of A which
splits into a product of linear factors in an extension field of Fy:

de@(Fm)*l)

alt) = (t— M)t —A9)--- (t — M . AeTF,,.

Thus,

deg(pz)—1

(z) = (1 =T A)(1 = Moo A?) -+ (1 = Too MY ).

One then computes that

deg(z)—1

N(x) = <pm>deg(w’pm) = (1 - 7"00)‘)(1 - 7r<>o)‘q) T (1 — Moo A )7

which is in the same form as (6.8). It follows that the character N(x) corresponds to
the rank one algebraic ¢-sheaf on X/F, defined by the linear polynomial (1 — 7o)
in A. The quantity A as a function of Z (a geometric point on x € X) is exactly the
regular function on X which is the structure morphism X — SpecA. To prove (i),
it now suffices to prove that the family of rank one m-adic ¢-sheaves corresponding
to N(z)~¥ parametrized by y is uniformly overconvergent and continuous. For (ii),
it suffices to prove that the m-adic p-sheaf corresponding to N(z)~Y is algebraic if
y is a negative integer.

If y is a p-adic integer, the p-adic power (1 — T A)™Y can be developed using
the binomial theorem:

(I-7mh)? = Y <_uy>(—7roo)uw.

u>0

This is a uniformly overconvergent series in A with respect to the m,-adic topology
since the coefficient of A" is uniformly divisible by 7% for all y. It is clear that the
family (1—moeA) ™Y is continuous in y since (7) is a continuous function from Z, to
Coo. Thus, the family (1 — mooA) ™Y parametrized by y defines a continuous family
F(y) of uniformly overconvergent rank one m-adic p-sheaves. Now L(£/X, s) has
turned out to be the L-function of the continuous family & ® F(y) of uniformly
a-convergent moo-adic p-sheaves, which is a-meromorphic on D}, by Theorem 5.2.
If y = —j is a negative integer, then (1 — oo \) ™Y = (1 — TooA)? is a polynomial
in A of degree j and thus it defines an algebraic ¢-sheaf. By Theorem 4.1, (ii), the
L-function L(£/X, (T, —j)) is a rational function in 7. The proof is complete.
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If X is an affine scheme which is of finite type over F,, of equi-dimension n
over F,, and is a complete intersection in some smooth affine Y of finite type
over I, then the global L-function L(£/X, s)(‘l)%1 in Theorem 8.1 is implied by
Conjecture 4.4 to be an entire function on Sx.

Lemma 4.3 can be used to prove the entireness of the global L-function of The-
orem 8.1 in some cases. For example, if X is the family of affine elliptic curves
X? = Xo(Xy — 1)(Xy — ) over A = F,[t] with p > 3 and & is trivial, then the
global L-function is entire. In fact, for each closed point p of Spec A, the fibre X,
is a curve defined over F,, and its zeta function Z(X,,T) modulo p is given by the
linear polynomial 1 — H(p)H (p9)--- H(pqdcg(p)fl)Tdeg(p), where H(t) is the Hasse
polynomial associated with the family X? = X5(Xs — 1)(Xo —t) and H(p) is the
value of H at any geometric point in p. Thus, the global L-function L(1/X,s) in
this case is just the local L-function L(H (z)(1 — xms)~Y/AY, T) on the affine line.
By Lemma 4.3, we conclude that L(1/X,s) is entire in T = 27! for each fixed
y. Since H(z)(1 — 7)Y defines a continuous family of overconvergent mo-adic
@-sheaves on A, L(1/X, s) is an entire function on So, by Theorem 8.1. The same
argument proves the entireness of the L-function given in (0.2).

9. v-ADIC THEORY

In this section, we explain how our arguments for the co-adic version can be
modified to treat the v-adic version of the global conjecture.

Let v(t) be a monic irreducible polynomial in A = F,[t]. Let A, be the com-
pletion of A at v. Let n be the unique root of the polynomial v(¢) in A, such
that t — n is a uniformizer of A,. Denote the uniformizer ¢t — n by m,. Let C, be
the completion of an algebraic closure of the quotient field of A,. Let Uv(l) be the
multiplicative group of units in A, which are congruent to 1 modulo v.

To define the v-adic global L-function for a m,-adic p-sheaf, we first recall the
definition of the Goss v-adic exponentiation. The Goss v-adic complex plane S, is
essentially

Sy = C) X Zp.

Note that in Goss’ original definition, there is another direct factor (A/(v))*. This
extra factor is a finite abelian group. It contributes only to an abelian character of
finite order in the exponentiation, which will be shown to be algebraic in the next
section. Thus, we can just work with S, defined in our way.

a-analyticity (resp. entireness, c-meromorphy, meromorphy) are defined for
functions on (a subset of) S, in the same way as in the oo-adic case.

Let s = (z,y) € S,. For any non-zero integral ideal a in A which is prime to v,
we define

a® = el qyy,
where (a) € U is defined by (a) = a(t)/a(n) and a(t) is any generator of a.

Let X — SpecA be an A-scheme of finite type and let (£, ) be a m,-adic ¢-
sheaf on X. For each non-zero prime ideal p of A (or, closed point p of Spec A),
the fibre (&, @) of (€, ¢) over p is a m,-adic -sheaf on the fibre variety X, whose
local L-function L(€,/X,,T) is well defined as in §2. Note that the fibre variety
X, is defined over the extension field F,, where F, is the residue field A/p. For
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s = (z,y) € Sy, the v-adic global L-function is then

1
e = ey

Here, we removed the Euler factor at v because p~° is not defined at p = v.

As in the last section, the global L-function is in fact a family of local L-functions
parametrized by y € Z,,. For a closed point = of X/F,, let p, be the image of « in
Spec A under the structure morphism. Thus, the closed point x on X lies on the
fibre X,,. If x is a closed point such that p, # v, we define N(x) := (p,)de8(@p=)
where deg(x,p,) is defined to be the degree of z relative to the residue field Fy .
It gives rise to a character N : Zo(X — X,) — AX. Its values N(x) are one-units
in A4,. For s = (z,y) € Sy, the above v-adic global L-function of (£, ¢)/X can be
rewritten as

1
—sxdeg(xz,p,) deg(x
IG(X—Xv)g det(l —pr X g( p )(p:n g( )|£m)
11 1
_ . deg(x :
se(ox, ), dot(l = (1/2)08@N(2) vpe €,

Ly(E/X,s) 7Y =

Note that, for each y € Z,, the map x — N(z)~¥ defines an abelian character on
the zero-cycles Zo(X — X,). We will show that it actually extends continuously to
(X — X,)2P. Writing 7' = 27! for the inverse of the first variable of s = (z,y),
one sees that for a fixed p-adic integer ¥, the reciprocal L-function L,(£/X,s)(~1)
is just the local L-function in §2 of the m,-adic ¢-sheaf (£, ¢) twisted by the abelian
character N(z)~¥ of m1(X)2" (cf. §6). Thus, to understand the meromorphic con-
tinuation of L(£/X, s) for a fixed y, it suffices to know the convergence property of
the abelian character N(z)~¥ as a function on X — X,,.

For a real number «, put D, := (punctured open disk oo > ord,, () > —a) x
Zy.

Theorem 9.1. (i) Assume that the m,-adic @-sheaf £ is alog-convergent over the
scheme X . Then the L-function L,(E/X,s) is an a-meromorphic function on D} .
In particular, if € is overconvergent (resp. algebraic), then L,(E/X,s) is meromor-
phic on the whole plane S, .

(i1) If the m,-adic p-sheaf € is algebraic, then the L-function L,(E£/X,s) is an
essentially algebraic meromorphic function on S, .

Since £ is algebraic if it comes from a Drinfeld A-module, it follows from the
Theorem that

Corollary 9.2. The v-adic L-function L,(®/X,s) of a Drinfeld A-module ® over
X is essentially algebraic and meromorphic on S, .

Proof. Let the notation be as before. The prime ideal p, is generated by a monic
irreducible element a(t) # v(t) of A, which can be factorized in an extension field
of Fy:

deg(pg)—1

alt) = (t— M\t — A7) (t — M ), AeT,,.
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Write g(A) = v(\)/(A—mn). This is a polynomial in A with coefficients in the residue
field Fy[n] of A at v. This residue field is contained in A,. Now, we compute that

Ty

) = -0 - D).

v(A)

t=A=({t-n+Mn-A)=mn-N)1-

Thus, as in (6.8),

N( )—( )d p —(1 v)(l ’U()\q) v) (1 ’U()\qdcg(z)—l)

o) e Ty)-
Since 1/v(A) is a regular function on the scheme (X — X, )/F,, the character N(x)
corresponds (§6) to the rank one algebraic ¢-sheaf on (X — X,)/F, defined by the
polynomial 1—(g(X)/v(A\))m, in A and 1/v(\) with coefficients in A,. To prove (i), it
now suffices to prove that the family of the rank one m-adic (p-sheaves corresponding
to N(z)~¥ parametrized by y is uniformly overconvergent and continuous. For (ii),
it suffices to prove that the m-adic p-sheaf corresponding to N(z)~Y is algebraic if
y is a negative integer.

For each p-adic integer y € Zj, the p-adic power (1 — %m)‘y can be expanded
using the binomial theorem:

9N _ -y _ -y w9
1-fG = % () mr e,
As in the proof of Theorem 8.1, it is uniformly overconvergent and continuous in
y, hence defines a continuous family F(y) of uniformly overconvergent rank one
my-adic g-sheaves on X — X,,. Now L,(£/X, s) has turned out to be the L-function
of the continuous family £ ® F(y) of uniformly a-convergent m,-adic p-sheaves,
which is e-meromorphic on D}, by Theorem 5.1.
If y = —j is a negative integer, then (1—(g(\)/v(\))m,) 7Y = (1—(g(\) /v(N))my )
is a polynomial in A and 1/v()). The L-function L,(E/X, (T, —j)) is a rational
function in T by Theorem 4.1, (ii). The proof is complete.

10. TWIST BY A FINITE ABELIAN CHARACTER

In this section, we show that a finite abelian character x of the arithmetic funda-
mental group defines a rank one algebraic p-sheaf. This immediately implies that
Theorem 8.1 and Theorem 9.1 remain true for a global L-function twisted by a
finite abelian character.

Since  is of finite order, we may assume that y is a character of the Galois group
G of a finite unramified abelian covering Y/X. Let x : G — CX be an abelian
character of G. For a closed point x of X/F,, we define x(x) to be x(Frob,), where
Frob, € G is the Frobenius element at x.

Lemma 10.1. Over some finite extension ¥y of Fy, there exists a rational function
b(xz) on X ®F, such that x(x) = b(T)b(T7) - - -b(fqd(z)fl) for any closed point x of
X — (b), where T is a geometric point on x and (b) is the support of the divisor of

b.

Proof. Since x is a product of characters of cyclic subgroups of G, we may assume
G is cyclic. Since x has values in C* and CX has no torsions of order p, we may
assume G is of order prime to p. Then according to Reich’s arguments in [Re, p.
848], if we identify G with a subgroup of IE‘le for some [ > 1 in a suitable way, there
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exists a rational function b on X ® F such that the Frobenius of a closed point x
of X — (b) is expressed as
@1

Frob, = b(@)b(@?)--- bz’ ") € FX.

(This b comes from Kummer theory.) Since any character y of G (G being regarded
as a subgroup of IFle) is of the form g — ¢* for some integer k, the above shows
that x(z) is also written in a similar form. The lemma is proved.

Since the covering Y/ X is unramified, for any given closed point z of X, one can
choose such a function b so that x € X — (b).

NOTE ADDED IN PROOF

We have now proved Conjecture 4.4 in full generality.
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