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1. BASIC CONCEPTS

Group actions on manifolds, algebraic varieties and other sets, and geometric
objects have played an important role in geometry, analysis, representation theory,
and physics for a long time. The book by D. A. Timashev is a welcome survey of old
and new results on actions of algebraic groups on algebraic varieties. Basic facts on
algebraic groups, homogeneous spaces, and equivariant embeddings are presented.
Then the discussion concentrates more on a detailed description of special and
interesting classes where deeper results can be obtained. Those cases include sym-
metric spaces, weakly symmetric spaces, spherical varieties, spaces of lower rank
and complexity, and so-called wonderful varieties. Classification of several cate-
gories of homogeneous spaces are given. The book is about the algebraic side of
group actions, but to complement the book, we take a more analytic viewpoint.

Let us start by recalling some basic concepts. Let G be a group, and let X be a
set. A G-action on X is a map G x X — X, often written as (a,z) — a-z = £,(z),
such that a — £, is a group homomorphism from G into the group of bijections
on X. If a G-action on X is given, then X is said to be a G-set. For a fixed
x € X the map a — a - x is the orbit map and G - x is a G-orbit. The subgroup
G®” ={ae G |a-x=x} is the stabilizer of z in G. We say that X is homogeneous
if X = G-z for some point, x € X. In that case X = G - z for all points x in
X. If X and Y are two G-sets, then a map ¢ : X — Y is G-equivariant, or a
G-map, if p(a-z) = a-p(x) for all a € G and all x € X. If X is homogeneous, then
gG® — g -z defines a G-equivariant bijection G/G* ~ X. If GG is a Lie group acting
smoothly on a manifold X (always assumed separable), then G* is closed for all
x € X and G/G* is a manifold. The group G acts smoothly on G/G* and G/G”
is isomorphic to X as a manifold and as a G-space. In the algebraic category, the
variety G/G* ~ X if the map aG* — a - x, is separable. To explain the title of the
book we can now say that G/H <5 X is an equivariant embedding if X is a normal
variety with a G-action and ¢ is G-equivariant map with an open image in X. In
that case it is common to identify G/H with ¢(G/H) < X. Finally, if 7 : G - G
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is a group homomorphism, then we set G™ = {a € G | 7(a) = a} and if H is a
subgroup of G, then X = {x e X | (Vhe H) h-x = z}.

2. EARLY HISTORY

The connection between geometry and groups was the focus point of Felix Klein’s
famous Erlanger Program in 1872. Loosely interpreted, the program states that a
geometric structure is determined by its symmetry group. The Euclidean (metric)
geometry corresponds to the group of rigid motions G = O(n) x R™ where (a, b)
acts on R™ by v — a(v) + b. It is also the invariance group of classical Newtonian
physics. The invariance group for the Lorentzian geometry and Einstein’s theory
of special relativity is the Poincaré group O(1,d)* x R where in general O(p, q)
stands for the invariance group of the symmetric form B, ,((z1,...,Zp1q)) = 23 +
R 1:?, — a:123+1 — x§+q. The ™ in O(1,d)* indicates the subgroup mapping
the forward light cone into itself. We refer to [BHOT7] for detailed exposition of the
role of symmetries in geometry.

Felix Klein left Leipzig in 1886 and was replaced by his friend Sophus Lie.
who, in collaboration F. Engel, was creating what later became known as the
theory of Lie groups. The three volumes on transformation groups [L88| were
published in the years 1888 to 1893. This work was mostly local with the ex-
ception of some results related to classical groups. The global theory was de-
veloped later, in particular by H. Weyl [PW27,[W24,[W25,[W26] and E. Cartan
[C131[C23/[C26[C27al[C29[C30LIC32LIC35]. Particularly noteworthy is Cartan’s clas-
sification of Riemannian symmetric spaces, first local in [C27a] and then global in
[C27b]. The modern geometric presentation of Cartan’s work was first published
in 1962 as the original version of [H78]. An excellent presentation of this history
from the point of view of representation theory can be found in [B98] and [M92].
Other good references to learn about the subject include [CC52L[B01LW11].

Cartan’s work was analytic in nature, and even if some work was done earlier,
at this point the algebraic viewpoint was less the focus of the development than it
was later. As turning points one can mention the work of Chevalley [CT46}C47],
A. Borel [B56], and A. Weil [W55al[W55b], just to name a few. Today this is a
blooming field of active research.

3. SYMMETRIC SPACES

We will always assume that G is a real Lie group, in most cases contained in a
complexification G¢. One of the interesting aspects that opens up as we consider
real homogeneous spaces is that one can study different real forms of the same
complex homogeneous space or open G-orbits in a complex homogeneous space
Gc/Pc. We concentrate our discussion on the important class of symmetric spaces
and spherical, or multiplicity-free, spaces.

The best understood multiplicity-free spaces, both with respect to structure
theory as well as representation theory and analysis, are the Riemannian symmetric
spaces. Let H be a closed subgroup of G. Then (G, H) is a symmelric pair,
and H is a symmetric subgroup, if there is an involution 7 : G — G such that
(G™)o € H < G7 where the index , indicates the connected component containing
the identity element. If H < G is symmetric, then we say that X = G/H is a
symmetric space. If G is semisimple without compact factors and G” is a maximal
compact subgroup of G, then 7 is called a Cartan involution of G and we usually
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write @ instead of 7 and K = GY. In this case K is always connected if G is
connected and G/K is simply connected. It is a Riemannian symmetric space of
the noncompact type.

A simple example of a symmetric space is the group itself. Let H be a Lie group,
and let G = H x H. Identify H with the diagonal subgroup {(a,a) |a€ H} = G™ <
G, where the involution 7 is given by 7(a,b) = (b,a). The map (a,b)H — ab™!
defines a G isomorphism G/H ~ H intertwining the action of G on G/H with the
right-left action (a,b) -z = axb~! on H.

Another well-known example is the upper half-plane C* = {z € C | Imz > 0}.
In this case G = SL(2,R) acts by fractional linear transformations

a b az+b
(C d> T ard
The stabilizer of i = +/—1 is the subgroup SO(2) and C* =~ SL(2,R)/SO(2).
The Cayley transform z — (z — i)/(z + 4) identifies C* with the unit disc D
= {z € C||z| < 1} giving us a simple example of a bounded symmetric domain or a
hermitian symmetric space. Finally the open cone of positive-definite n x n-matrices
is symmetric and isomorphic to GL(n, R)/O(n) under the map aO(n) — aa®.

It is often convenient to realize G/G" as a closed submanifold of G using the
smooth map 7(aG™) = ar(a)~!. The image of 1 is contained in the set {a € G |
7(a) = a~!'} and if G/G™ is connected, then the image is exactly the connected
component containing the unit element e. The G-action on G/G” is transformed
into the action a - b = abr(a)~!. As an example, if 7 : GL(n,R) — GL(n,R) is
the involution a — (a=1)T, then n(GL(d,R)/O(d)) is the above realization of the
positive definite matrices with the GL(n,R)-action a - z = aza®.

On the Lie algebra level, we say that (g,b) is a symmetric pair if there exists
a nontrivial involutive Lie algebra homomorphism d7 : g — g such that h = g,
If (G, H) is a symmetric pair corresponding to the involution 7, then the derived
involution dr : g — g is an involution on g and g = h ® s where h = g% and s is
the (—1)-eigenspace of dr. Furthermore, b is the Lie algebra of H, T(X) ~ G x g s,
and T%(X) ~ G xg s* as homogeneous vector bundles. If G is semisimple, then
the Killing form restricted to s defines an H-invariant nondegenerate bilinear form
on s and hence a pseudo-Riemannian structure on X. It is Riemannian if and only
it H/Z(G), Z(QG) the center of G, is compact.

Let z, = eH, and let X = G/H. Then X is a globally symmetric space with
symmetry given by sp.s (@ - x,) = n(b) - (1(a) - x,). In the realization of G/G7
inside G we have the simpler expression s,(y) = x7(y)x. As dr|s = —id we have
(dsy), = —idp,x for all x € X.

Symmetric spaces always come—at least locally—in pairs. To see this, we note
that (g, ) is a symmetric pair if and only if there exists an h-invariant complement
s of b in g such that [s,s] € h. Define g° = h @ is. Then g° is a Lie algebra and
(g°b) is a symmetric pair. Denote by G° the simply connected Lie group with Lie
algebra g¢ and note that 7 defines an involution on G¢. As G¢ is simply connected
it follows that (G¢)™ = H is connected ([L69, Thm. IV.3.4]) and X¢ = G¢/H is
simply connected. If X is a Riemannian symmetric spaces of the noncompact type,
then the dual space X¢ is a simply connected symmetric space of the compact type.
In the case where GG is contained in a complex Lie group G¢ with Lie algebra g¢
such that 7 defines an involution on G, there is a more “natural” way to define
X¢. Assume that H = G7, and let Hc = G¢. Let G¢ be the analytic subgroup
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of G¢ corresponding to g¢, and let H = (G°)" = G° n He = G° n G. Then X
and X¢ = Gc/fl are two transversal real forms of the complex symmetric space
Xc = Gc/Hc.

As mentioned earlier, the Riemannian symmetric spaces were classified by E.
Cartan in 1927. As a step toward this classification, one proves the following
theorem:

Theorem. Assume that X is a Riemannian symmetric space. Denote by I(X) the
group of isometries of X, G = 1(X), and K a stabilizer of a point x in X. Then,
in the compact-open topology, G is a finite-dimensional Lie group, K is a compact
subgroup and (G, K) is a symmetric pair.

o If X is of noncompact type, then K is a connected maximal compact sub-
group of G, X is simply connected, and s — X, X — Exp(X) = exp(X) -z
is an analytic diffeomorphism. All mazimal compact subgroups of G are
conjugated by elements in G.

o If X is of the compact type, then K is not necessarily connected and hence
there might be several locally isomorphic spaces corresponding to the sym-
metric pair (g, ).

e The space X is of noncompact type if and only if X is of compact type.

An important class of irreducible Riemannian symmetric spaces are bounded
symmetric domains or symmetric spaces of hermitian type classified by E. Cartan
in [C35]. They are characterized by ¢ not being semisimple or, equivalently, s¢
not irreducible as a K-representation. In fact the center 3 of ¢ is one dimensional
and there exists an element z € 3 such that ad(z)|s defines a G-invariant complex
structure on X. Let s, denote the +i-eigenspace of ad(z) in sc. Then s, is abelian,
K¢S+ (S4 = expsy ) is a maximal parabolic subgroup in G¢, and G/K is an open
G-orbit in G¢/KcSy. It can also be realized as a bounded symmetric domain in
5.

Those spaces play important role in both geometry and representation theory.
They were studied by A. Borel [B52] and A. Borel and Lichnerowicz [BL52], but
the realization as bounded domain was later given by Harish-Chandra [HC55]; see
also [HT78|, Chapter VI. For more information, in particular on the orbit structure
of the closure, see [KW65a,[KW65bLISS80,[W69,[WT2].

The semisimple symmetric spaces were classified by M. Berger [B57] who also
described the natural representation of H on s.

4. EXAMPLES

For ne N and 1 <p <d/2,let U =S0(n) and ¢ = n — p. Define

7(a) =1, 4al, 4, where I, , = (Ié’ (} > )
T q

The derived involution dr is given by the same formula. We have

(4.1) U™ =8(0(p) x O(q)) = { <8 2)

and U/U™ = Gr,(R"), the space of p-dimensional subspaces of R™. We note that
K, = SO(p) x SO(q) = K so U/K, and Gr,(R") are two locally isomorphic, but
not diffeomorphic, symmetric spaces both corresponding to the same symmetric

a € O(p),be O(qg) and detadetd = 1}
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pair (so(n),so(p) x s0(q)). For p = 1 this corresponds to the double covering
Sl — P(R").

The noncompact dual of U is locally isomorphic to G = SO,(p,q) = O,(p, q).
Let X be the set of x in Gr,(R™) such that 5, 4 is positive definite on x. The group
G acts transitively on X, the stabilizer of the point z, = {(z1,...,2,,0,...,0)7 |
r1,...,7, € R} is K,, and X = G/K,. The closure X of X in Gr,(R") is a
compactification of X and X < X is a G-equivariant embedding.

The spaces Gr,(R"™) and SO, (p, ¢)/SO(p) xSO(g) are hermitian symmetric spaces
if and only if p = 2. On the other hand the complex analogues Gr,(C") =
SU(n)/S(U(p) x U(g)) and

Y =SU(p,q)/S(U(p) x U(q)) ~ {z € M(p x ¢,C) | I; — 2"z > 0}

are always hermitian symmetric spaces.

Denote by ¢ : Y — Y the complex conjugation. Then Y? = X realizing X as
the bounded real domain {z € M(p x ¢,R) | I, — 272 > 0}. The closure in M, ,(R)
is a compactification of X. It is a fact that all classical Riemannian symmetric
spaces, sometimes extended by R™, and some exceptional symmetric spaces can be
compactified in this way [OOO]. There are several other natural compactifications of
symmetric spaces. We will give examples of wonderful compactifications in Section
Gl For good references on compactifications of symmetric spaces, see [BJOGLIO78],
Sa60] or Chapter 4 in [S84].

The above mentioned Grassmanians Grp(]Kd), K = R, C, fits into other interest-
ing classes of homogeneous spaces. The group SL(n, K) acts transitively on Gr,(K%)
and the stabilizer of the basepoint x, is the maximal parabolic subgroup

P46 3)
S(GL(p,K) x GL(¢,K)) x KP? .
T N

ae GLy,be GLy,detadetb =1 and z € Mpxq}

12

Thus, Gr,(K?) is an example of a symmetric R-space [KN64]. All the compact
symmetric R-spaces U/K have the property that the noncompact dual G/K, can
be realized as open orbits in U/K.

The R-spaces are closely related to other classes of symmetric spaces. There
exists an involution 7 on G such that L = G7. The symmetric space G/L is an
example of a para-hermitian symmetric space studied in detail by S. Kaneyuki
[K85L[K03|. The para-hermitian structure is given by an element = € s such that
ad(z) has the eigenvalues 0, +1, the group L is the centralizer of z in G, and dr =
e™d(@) and G/L ~ Ad(G)x < g ~ g* is a coadjoint orbit. The symmetric space
G/GPT has a G-invariant partial ordering and is sometimes called a noncompactly
causal symmetric space [HOQ?, 091]. Finally, taking the c-dual with respect to the
involution 76 gives a symmetric space of hermitian type G°/K° such that K&S; n
G =P and K¢ = Lc¢.

5. COMMUTATIVE SPACES

In the category of Riemannian homogeneous spaces, multiplicity-free spaces go
under several different names in the literature, such as weakly symmetric spaces
(introduced in 1956 by A. Selberg [S56]) or commutative spaces. A good source of
information is [WQT].
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A Riemannian space X is said to be weakly symmetric if for every x € X and
every nonzero £ € T, X there exists an isometry s, ¢ : X — X, which might depend
on ¢ and not only the point x, such that

(5.1) sz.¢(x) =z and (dsq.¢)o(§) = —€.

In particular, every symmetric space is weakly symmetric. Denote again by I(X)
the group of isometries of X, G = I(X), and K = G* the stabilizer of € X. Then
K is compact and X ~ G/K.

If the group G acts on a set Y, then G acts on functionson Y by a- f(y) = f(a™
y). For an algebraist, the important space of functions would be the space of regular
functions or algebraically defined sheaves of functions on Y. Invariant measures and
hence L2-spaces, are not algebraic objects because algebraic groups are in general
not even Hausdorff in the Zariski topology. In analysis the topology starts to play a
role, and the representations are realized in locally convex topological vector spaces
often constructed using invariant or quasi-invariant measures. It could be a long
section by itself to discuss some of the aspects of this interesting field, but the
only thing we need to know here is that if H c G is reductive, then there always
exists a G-invariant measure on X. Hence the left translation defines a unitary
representation on L?(X). Harmonic analysis on general weakly symmetric spaces
is not as well developed as in the case of Riemannian symmetric spaces, and several
natural questions, including the explicit form of the Plancherel density, are open in
general.

If K is compact, then (G, K) is said to be a Gelfand pair, or X = G/K is
a commutative space, if the Banach convolution algebra L'(X)¥ is commutative
(or equivalently the algebra C®(X)X is commutative). There are other equiva-
lent definitions; one of the more algebraic definitions is that the action of G on
C[X] is multiplicity-free. The corresponding analytic definition is that the unitary
representation of G in L?(X) is multiplicity-free.

Assume that G < G¢, H < G a compact subgroup, B < G is a Borel subgroup,
and (7, V) is an irreducible finite-dimensional representation of G¢. We have the
following equivalent conditions for X to be commutative (see [T11] for the algebraic
side and [W07] for the analytic part):

1 .

Theorem. Let the notation be as above. Then the following are equivalent:

1) X is a commutative space.

) X is weakly symmetric.

) The representation of G in C.(X) is multiplicity-free.
) The representation of G in C[Xc] is multiplicity-free.
) X¢ is spherical.

) dim Ve < 1.

) If x : Hc — C* a homomorphism, then

(
(2
(3
(4
(5
(6
(7

dim{v e V| (Vh € Hg) w(h)v = x(h)v} < 1.

(8) C[X]® =C.

(9) Hc has an open orbit in G¢/B.
(10) There exists a g € G¢ such that gc = Ad (g)hc @ b.

11) There exists a Borel subalgebra b in gc such that gc = be @b.

12) For any G¢ variety Y and y € YH¢, the closure of the G orbit Gc -y has
finitely many Gc-orbits.
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(13) For any Gc variety Y and y € YH¢, the closure of the Gc orbit Ge -y has
finitely many B-orbits.

Examples of weakly symmetric spaces that are not symmetric include some circle
bundles over hermitian symmetric space; see [MT7ILIN97] and [W0O7, Section 12.3].
The classification of reductive weakly symmetric spaces was completed by Yakimova
[Y02]; see also [Y05]. This history and individual contributions are well documented
in both [T11] and [W07].

6. THE Book

In the following we assume for simplicity that G is a complex semisimple or
reductive algebraic group or a Lie group, although the book treats algebraic groups
over more general fields. Let B < G be a Borel subgroup (a maximal solvable
subgroup), and assume that X is an algebraic G-variety.

Basic definitions and results on algebraic homogeneous spaces can be found in
Chapter 1. In the second chapter the rank and the complexity are introduced. The
rank of a homogenous space G/H is zero if and only if H is a parabolic subgroup
or, equivalently, G/H is projective. The complexity is the minimal codimension of
B-orbits in X. In particular, X is of complexity zero, or a spherical variety, if and
only if X contains an open B orbit or, equivalently, such that G/B contains an
open H-orbit. Horospherical varieties, symmetric varieties, and toroidal varieties
are examples of spherical varieties.

Let (m, V) be a finite-dimensional representation of G. Denote by P(V) the
projective space of lines in V. Then G acts on P(V) by g - [v] = [7(g)v], where
v +— [v] denotes the canonical projection V' — P (V). For example, SL(2,C) acts
transitively on P(C?) and the the stabilizer of [1,0] € P(C) is the Borel subgroup B
of upper-triangular matrices. Thus the rank of P(C?) is zero. The B-orbit through
the point [0,1] is {[z,w] | z,w € C w = 0}, which is open and dense. Thus the
complexity is zero. Similar arguments hold for SL(n,C) acting on P(C™).

The two invariants, the rank and the complexity of X, are described in terms
of the geometry of the cotangential bundle T*X. General methods for calculating
complexity and ranks, developed by Knop [K90] and Panyushev [P99], are dis-
cussed. The classification of homogeneous spaces of complexity < 1 is given in the
case where X = G/H with H reductive. A different approach to the classification
is given later in the book.

Two important problems related to equivariant embeddings ¢ : G/H — X are
(a) the classification of possible embeddings and (b) the description of the or-
bit structure of the boundary ¢(G/H)\¢(G/H). The most important embeddings
are those where the boundary has finitely many orbits. In analysis on homoge-
neous spaces, one prefers embeddings where ¢(G/H) is compact. One then studies
boundary value maps defined on natural function spaces on G/H and Poission-
type transforms from function spaces on the boundary to function spaces on G/H,
[KMOT78.I078,[083,[0S80] and [S84, Ch. 6].

In Chapter 3 the important Luna—Vust theory of embeddings [LV83] is discussed.
The chapter includes an extension of this theory by D. A. Timashev [T97]. A very
readable introduction to the theory based on embeddings of spherical varieties can
be found in [K91]. The chapter ends with an overview on intersection theory. In the
next chapter the theory of G-invariant valuations of the function field of a G-variety
X is developed.
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Chapter 5 is devoted to homogeneous spaces and spherical varieties. Several spe-
cial cases like weakly symmetric spaces, symmetric spaces, and Gelfand pairs are
discussed. Various characterizations of spherical homogeneous spaces are proven,
and the importance of those space in representation theory is well presented. This
chapter contains a detailed discussion on toroidal embeddings, wonderful varieties,
the Demazure embedding (or wonderful compactification), and combinatorial clas-
sification of spherical subgroups and wonderful varieties.

As an example of a wonderful compactification, let H be a semisimple Lie group
and let G = H x H as in Section[Bl Let (7, V) be a representation of H. Then G acts
on End(V) by (a,b) - T = w(a)Tm(b)~!. The operator T is H-invariant if and only
if T is an H-intertwining operator. Furthermore, an irreducible representation of
G has an H-fixed vector if and only if it is of the form End(V') for some irreducible
representation of H. In that case, Schur’s Lemma implies that End(V)# = Cid,
where id is the identity operator. Thus we have an embedding G/H — P(End(V))
given by gH — [g -id]. The variety X = G - [id] is compact and contains H as an
open dense orbit. It is the wonderful compactification of H; see [EJOS].

For another example of a wonderful compactification, assume that X = G/H is
spherical and that H = Ng(H). Let k = dim§. Then we have a G-equivariant map
¢ : X — Grg(g) given by aH — Ad (a)h. The closure of p(X) is the Demazure
embedding ([T11, Prop. 30.7]).

The book is well and clearly written. Sometimes the explanation is quite short
for a nonexpert, but then the reader can always find exact references to the origi-
nal work. The book includes several important classifications of special classes of
homogeneous spaces and equivariant embeddings. The material is often clarified
by well-chosen examples.

Representation theory of reductive groups plays an important role throughout
the book, which makes it a good source for spherical representations, decomposi-
tions of tensor products, and restrictions. This is a book on algebraic groups, so
the representations are usually finite dimensional or on spaces of regular functions
on G-varieties. Unitarity and L?-spaces, important in analysis, play no role here.

The choice of topics is motivated by the author’s interest and work, but the book
discusses extensively the work of others, including Brion, Knop, Luna, Vinberg,
Vust, and Yakimova. The book contains an extensive list of references, both to
original research articles as well as to books and monographs. It is surely a welcome
guide for nonexperts who want to enter the subject and a good reference for the
specialist,.
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