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THE ATIYAH-JONES CONJECTURE

C P. BOYER, J. C HURTUBISE, B. M. MANN, AND R. J. MILGRAM

Abstract. The purpose of this note is to announce our proof of the Atiyah-

Jones conjecture concerning the topology of the moduli spaces of based su(2)-

instantons over s4 . Full details and proofs appear in our paper [BHMM1].

1. Introduction

In 1978 Atiyah and Jones [AJ] proved a foundational theorem on the low-
dimensional homology of the moduli space of based SU(2) instantons on S4

and made a number of conjectures. In this note we briefly explain how, using

methods of algebraic geometry and algebraic topology, we analyze the global

geometry of these moduli spaces, which we denote by Jfk , and prove the Atiyah-

Jones conjectures. More precisely, let Pk be a principal SU(2) bundle over S4

with second Chern class k . Let J?k be the space of based gauge equivalence

classes of connections on Pk that satisfy the Yang-Mills self-duality equations of

SU(2) gauge theory. There is a natural forgetful map ûk : Jtk —► ¿%k where ¿8k

is the space of based equivalence classes of all connections in Pk . Atiyah and

Jones [AJ] showed that 3§k is homotopy equivalent to Ùf,SU(2) and proved

Theorem [Atiyah-Jones].   ßk induces a homology surjection

Ht(jrk) (^' Ht(Çi\SU(2)) - 0

for t <q = q(k) « k.

The main point of the Atiyah-Jones result is that the homology of Q3SU(2)

is completely known so that the surjection sheds some light, for small values

of t relative to k, on the heretofore unknown groups Ht(Jfk). Notice that,

as k increases, the target spaces Çl3kSU(2) = fí¿+1SÍ/(2) remain homotopy

equivalent, whereas the topology of the J£k , which are 4/c dimensional complex

manifolds, changes as k varies. Atiyah and Jones then made the following
conjectures:

1. (ûk)t is a homology isomorphism for t <q(k).

2. The range of the surjection (isomorphism) q = q(k) can be explicitly

determined as a function of k.

3. The homology statements can be replaced by homotopy statements in
both conjectures 1 and 2.

The last and strongest statement became commonly known as the Atiyah-

Jones conjecture.  Notice that, while it is a simple fact that there are natural
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maps jk : Q3kSU(2) -^ Q3k+lSU(2), there is no obvious map on the Jfk level

that raises the instanton number k . Rather, it follows from analytic results of

Taubes [TI] that there are compatible inclusions ik : Jfk —> ¿#k+\ on the instan-

ton moduli space level such that the following diagram homotopy commutes

■ «<u

(1.1)

fk+\

0k

&kSU(2)   4   Çl3k+lSU(2)

This diagram permits one to take direct limits and hence formulate the stable

version of the Atiyah-Jones conjecture. This was proven by Taubes [T2].

Theorem [Taubes Stability Theorem]. Let JH^ be the direct limit of the Jik 's
under the inclusions ik and let i? : ^#oo —► il3)SU(2) be the direct limit of the

maps &k in diagram (I.I). Then ß is a homotopy equivalence.

Using different methods Gravesen [Gra] independently proved that ß is a

homology equivalence. However, these are stable results and do not directly

address the structure of Ht(J[k) or nt(J(k) for any fixed t or k. In another

direction, [BoMa] showed that (dk)t is a surjection in Z/p homology for t < k

but the techniques used there do not extend to analyze the kernel.

In [BHMM1] we prove the following theorem, which settles conjectures 1, 2,

and 3 of Atiyah and Jones in the affirmative.

Theorem A. For all k > 0, the natural inclusion ûk : J£k —► Q?kSU(2) is a
homotopy equivalence through dimension q = q(k) = [k/2] - 2.

By a homotopy equivalence through dimension q(k) we mean that ûk in-

duces an isomorphism nt(Jfk) Si nt(Q.3kSU(2)) = nt+3(SU(2)) for t < q(k).
Thus, for example, the low-dimensional homotopy groups of Jfk are finite.

The statement in homotopy implies the weaker statement that \ induces an

isomorphism Ht(Jfk ; A) = H,(Q,3SU(2) ; A) for t < q(k) and any coefficient
group A . Here, the homology groups on the right are completely known.

Actually, Theorem A is a corollary of the main topological result in [BHMM1].

Theorem B. For all k > 0, the inclusion ik : dfk —► ¿#k+i is a homotopy
equivalence through dimension q = q(k) = [k/2] - 2.

These topological results are actually formal consequences of our detailed

geometric analysis of Jfk . This is explained in the following section. Lastly, it

is likely that the explicit bound q(k) can be improved as explained at the end
of the next section.

2. Outline of proofs

A key tool in our approach is a theorem of Donaldson [D], that allows us

to work in a purely holomorphic context and study a certain moduli space of

holomorphic bundles. To prove Theorems A and B we study this equivalent

holomorphic moduli space by following the program used in [MM1] and [MM2]

to study the topology of holomorphic maps from the Riemann sphere into flag

manifolds.   This should not be surprising since these holomorphic mapping
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spaces correspond, by results of [Hu2] and [HM], to moduli spaces for SU(n)-

monopoles. The main idea is to construct a stratification of the entire moduli

space by smooth manifolds, each with an orientable normal bundle, and each

contained in the closure of higher dimensional strata. These strata are then

organized into a filtration, and the resulting spectral sequence is analyzed to

prove homology versions of Theorems A and B. More precisely, we prove

Theorem C. For each k and all coefficient rings A, there are homology Leray

spectral sequences Er(Jik ; A) converging to filiations of H»(Jfk ; A) with iden-

tifiable El terms (see [BHMM1] for the precise statement). Furthermore, the in-

clusion ik : Jfk —> Jfk+i induces a map of spectral sequences ik(r) : Er(^k ; A) -»

Er(Jik+i ; A). In particular, differentials in these spectral sequences are natural

with respect to ik(r).

Next, we show that the map ik induces an isomorphism of the E2 terms

in Theorem C through dimension q(k) + 2. Since differentials are natural, it

follows that ik induces a homology equivalence through dimension q(k) + 1.

This gives the homology version of Theorem B, namely,

Theorem D. For all k > 0 and all coefficients A, the inclusion ik : Jfk —> ¿#k+\
induces an isomorphism in homology (ik)t : Ht(^k ; A) = Ht(^k+X ; A) for
t<q = q(k)+\.

Combined with the homology Taubes-Gravesen stability theorem, Theorem

D implies the homology version of Theorem A. However, as Jtk and Çl3S3

are not simply connected, Theorems A and B do not trivially follow from their

homology analogs. Thus, we analyze the induced map on the universal covers

(&k)t : H,(Jtk; Z) -* Ht(Q3S3; Z) and show this is an isomorphism for t <
q(k). This now implies Theorems A and B.

Thus, to complete the outline of the proof we need to explain how we prove

Theorem1 C. It is nontrivial to obtain a stratification for ^k that is suited to this

type of topological analysis. In fact, much of the work in [BHMM1 ] is devoted

to understanding the geometry of Jlk in sufficient detail so that we can construct

such a stratification. As mentioned above the starting point for this analysis is a

result of Donaldson [D] saying that the framed SU(2) instanton moduli space

is equivalent to the moduli space of rank two holomorphic vector bundles on

P2 with Ci = 0 that are trivial when restricted to a fixed line £ with a fixed

trivialization there. Moreover, as was noticed in [A] and [Hul], it is convenient

to perform a birational transformation on the line £ to obtain a surface ruled

by lines, for example, P'xP1. Let J?k(M, S) denote the moduli space of

isomorphism classes of rank 2 holomorphic bundles on M with ci — 0 and

c2 = k that have a fixed trivialization on S. Then there are diffeomorphisms

Jfk ~ Jfk(F2 , £) ~ Jfk(Yx xP'.^V £2).

Thus, the geometry of Jfk is described by isomorphism classes of certain

framed semistable holomorphic rank 2 vector bundles E over P1 x P1. It is

known that such E are trivial on almost all lines P1 x {x} and that the structure

of E is determined by its behaviour on neighbourhoods of a finite number of

jumping lines P1 x {jc,} , lines over which the holomorphic structure of E is

that of a sum of line bundles cf(h) @ cf(—h) with h > 0. In particular, if

{co} in the second P1  corresponds to the line £i, then the possible jumping
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lines are parameterized by the complex plane C ~ P1 - {00} . At each jumping
line there is an associated integer m called the multiplicity. Let Qm denote

the framed isomorphism classes (on a neighbourhood of a jumping line) of

framed jumps of multiplicity m . To each instanton co is thus associated an

isomorphism class [Ew] of bundles Ew and, in turn, to each [E^] is associated

a point in a labelled configuration space. Elements of this space are given by

configurations of points z, in the complex plane C determined by a finite

number of nontrivial jumping lines each labelled by elements /, e Qm¡. Here

the total charge k is the sum of the multiplicities. Thus, as shown in [Hul],

there is a natural holomorphic projection n : Jfk -» SPk(C) that associates
to any equivalence class of framed bundles [E] its divisor of jumping lines

E/=, m,z, in SPk(C). The fibre at a point z G SPk(C) with multiplicity

(mi, ... , mr) is the product Qm¡ x ■■■ x Qmr where Qm denotes the space of

equivalence classes of framed jumps of multiplicity m . This is the "pole and

principal part" picture of Segal-Gravesen [Gra].

However, as each Qm is not necessarily a smooth manifold, this decomposi-

tion of Jfk is yet not sufficiently fine to apply the techniques of [MM1, MM2].

Therefore, a refined local analysis of Qm is required. To each multiplicity w,

we associate finite sequences G = (ho, hi, ... , /î/_i) of decreasing integers

called "heights" such that 2^/=o hj = m¡. We refer to these sequences G as

"graphs" and show that to each framed jumping line of multiplicity m we can

associate a unique graph G. This is done by setting, for each k ,

,        ,.    J sections of E ® cf(-\) on the jumping line which extend 1

k~   im \   to the icth formal neighbourhood of the line in P1 x P1   J '

We thus obtain a decomposition Qm = \_\gFJq where each F JG is the col-

lection of framed jumps of a fixed graph type and the union is taken over all

graphs G of multiplicity m . Most importantly, we prove

Theorem E. Let G be a graph with heights h = ho > hi > ••• > h¡_i > h¡ = 0,
length I, and multiplicity m = J2n¡- The space of framed jumps FJG with

graph G is a smooth complex manifold of complex dimension 2m + l.

Let So,.g, denote the set of equivalence classes of framed holomorphic

bundles with r jumping lines (Lx, ... , Lr) with graphs &(r) = (G\, ... , Gr),

respectively. Thus, we have the disjoint union decomposition J£k = \J S g.

Furthermore, the map n now restricts to a map H&(r) : Sg-^ —> DPr(C) with

fibre FJGl x • • • x FJGr. Here DPr(C) is the deleted product; that is, the space

of r distinct unordered points in C, which is a smooth complex manifold of

complex dimension r. From Theorem E follows

Theorem F.  Sg(r) is a smooth complex variety of complex dimension 2k + l + r.

We then prove that this decomposition of Jfk by the S& submanifolds is

a stratification of the type required. In particular, it is necessary to know the

codimension of each stratum (which is given in the last theorem), that there is a

natural lexicographical order on the graph types, and, with respect to that order,

what the intersection of the normal bundle of a fixed stratum is with the other

strata. In addition to checking these facts we verify that our constructions are

all compatible with the stabilization maps ik in diagram (1.1). After combining
these results Theorem C follows as in [MM1, MM2].
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Finally, we note that the stability argument given here does not require ex-

plicit calculation of differentials in the spectral sequence given in Theorem C but

uses only information at the E1 level and naturality. In a sequel [BHMM2]

we will examine the structure of the El term and of the differentials much

more carefully. This will permit us to both sharpen the explicit value of q(k)

and, more importantly, obtain much more detailed information about H*(^k)

above the range of stability.
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